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CHAPTER T 

REAL NUMBERS. SECTIONS 

1. The Continuous Vaiiable. In §9 of the Elementary 
Treatise on the Calculus a continuously varying number x^is 
represented as the abscissa of a point P on an axis, and the 
assumption is made (§ 4) that, when an origin 0 and a unit 
segment OU have been chosen, there is a one-to-one corre- 
spondence between the numbers x and the points P. tn § 148 
the existence of a limit is discussed on the same assiunption. 
Now the correspondence between numbers and points obviously 
fails if number is restricted to mean rational number, that is, 
positive or negative integer, or zero, or fraction (the quotient of 
an integer by an integer) ; for example, if OP is equal to the 
diagonal of a square of side OU there is no rational number that 
corresponds to P since the diagonal and the side of a square are 
incommensurable. It is customary to say that the abscissa 
of P is 1*41 or 1*414 or 1*4142, ... approximately ; in other words, 
in order to make the one-to-one correspondence complete, it 
is assumed that there is a number corresponding to P, denoted 
by >/2, and called an irrational number, and that 1*41, 1*414, 
1*4142, ... are rational approximations to it. 

The theory of irrational numbers is very much harder than 
that of rational numbers, and in books on elementary algebra 
the definition of an irrational number and the discussion of 
the laws of operation of such numbers are necessarily rather 
sketchy. It is desirable, however, that the advanced student 
should face the difficulties and see that a purely arithmetical 
theory of irrational numbers can be constructed ; it will be 
found that the conception of the continuity of the straight line 
can be stated in such a way that the correspondence between 
“ number md point ” can be re-established. 
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Definitions of the irrational number have been given by 
Dedekind, Weierstrass, G. Cantor and M6ray, and it is on one 
or other of these definitions that the treatment is now usually 
based. Of English textbooks to which the student may be 
referred for a discussion of the modem conception of number 
the most important is Hobson’s Theory of Functions of a Beal 
Variable. Good but less elaborate discussions will be found in 
Chrystal’s Algebra, Part II, (2nd Ed.), pp. 97-109, iHardy’s 
Pure Mathematics and Bromwich’s Infinite Series (A]|^pendix 
I). The sketch that follows is intended to call attention 
merely to the more important parts of the theory ; as Chrystal 
remarks {l.c. p. 98), “ the initial difficulties of the theory lie 
not in framing definitions, but in seeing where new dafinif i nns 
and where demonstrations are really necessary.” The dis- 
cussion now to be given is based on Dedekind’s exposition in 
his tract Stetigkeit und Irraiionale ZaMen. 

2. Continuity of a Straight lane. Dedekind’s definition of 


the irrational number will probably, at a first approach, seem 
rather strange to the student, and it may be helpful to sketch 
the geometric considerations that suggested his dafinifinn 
The problem before him was that of finding a mathematical 
test of continuity such as would form the basis of Tna.t,banTfltripftl 
deductions, and these geometric considerations may be stated 
briefly in the following way. 

The following relations hold for points on a straight line : 

(1) If A lies to the left of B and B to the left of C, then A 
lies to the left of C and B lies between A and C. 

(2) If A and B are two different points on the line, there is 
an unlimited number of points between them. 

(3) H A is a given point on the line it divides dU the points 
0 e line mto two classes — the left or lower class (L say) a nd 
the right or upper class {U say). The class L contains aU 

S' A ^ I ^ ^ to the right 

^ while the pomt A itself may be assigned either to L or 


IW divi^on of the points of the line is caUed a ” section.” 
tolfffc ^ generate the section ; the section is considered 

to the same whether A is assigned to Z or to U. 

Now Dedekind considers that the characteristic property of 
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continuity may be expressed by the converse of (3), and he 
states it in the form : If all the points of a straight line are 
divided into two classes, L and U, so that every point in L lies 
to the left of every point in U then there is one and only one 
point that generates the section. 

This statement is to be taken as an Axiom ; it seems to be 
consistent with “ common sense ” conceptions of the con- 
timuty of the straight line and, when the irrational number has 
been defined in the purely arithmetical manner proposed by 
Dedekind, the expression x . OU for the length of a segment OP 
in terms of a standard unit segment OU ie recovered. 

The definition of the irrational number presupposes the 
knowledge of the rational numbers, and the student is advised 
to make a careful study of the early chapters of Chrystal’s 
Algebra so that he may appreciate the gradual extension of 
the meaning of “ number ” and of the laws of operation on 
numbers. There may, for example, be three things in a group ; 
the natural ” numW 3 which specifies this characteristic of 
the group is not a number in the same sense as the “ positive ” 
number 3 although the same symbol is used for both and the 
word number ” is applied to both. The justification of the 
extension of the word “ number ” to positive, zero, negative 
or fractional numbers lies m the fact that the laws of operation 
on these numbers are consistent with those applicable to natural 
numbers and a similar justification holds in regard to “ irra- 
tional ” numbers. 

Though no appeal is made to geometry the parallelism 
between the geometrical statements (1), (2) and (3) of this 
article and the corresponding arithmetical statements in the 
next article should be noted. 

3. The Ualicmsl Humber. In. this article the word “number” 
means “ rational number,” and it is supposed that the laws 
of operation on such numbers are known ; the expression 
“ rational number ” will only be employed when it seems to be 
desirable to emphasize the restriction. 

The fdlowing relations hold for rational numbers : 

(1) If a< 6 and 6 < c then a < e and 6 is said to lie betwem 
a and c. Further, if a and b are two numbers one and only one 
of the following alternatives is true : a>b,ot a<h,oe 
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The system of rational numbers is therefore an ordered 
system ; that is, just as a set* of points on a straight line, 
counted say from left to right, has a definite order, and, of any 
pair of different points, one always precedes, or lies to the left of, 
the other so, of any pair of different rational numbers, one 
always precedes, or is less thou, the other while the numbers 
in any sot of rational numbers have iuter se a defini'^e order, 
namely the order of magnitude. ^ 

The system of rational numbers will be denoted by JE. 

(2) If a and b are two different numbers, there is an uiflimited 
number of numbers between them ; in other words, if k is any 
positive integer, no matter how large, there are more than 
k numbers between a and b. 

For if a <b all the numbers 


2(6 ~ a) 


3(6 - a) 


, ..., a + 


(n-l)(6~a) 


where n is any integer greater than (A: + 1), lie between a and 6. 

This property of the system R of rational numbers is ex- 
pressed by saying that R is dense or compact.’’ 

(3) If a is any number it separates all the numbers in R 
into two classes, a lower class L and an upper class U ; the 
class L contains all numbers less than a and the class U all 
numbers greater than a, while a itself may be assigned either 
to i or to U, 


If a is assigned to L it is the greatest number in L, and 
then*C7 has no least number ; if a is assigned to U it is the least 
number in U and then L has no greatest number. There 
cannot be both a greatest number a in L and a least number b 
in U because a and 6 would be different and all numbers 
between a and 6 would escape classification. 

This separation of the numbers in R into two classes is called 
a section of R, and the number a is said to generate the section ; 
a is either the greatest number in L or the least number in U. 

The question at once arises : if all the numbers in R are 
separated into two classes L and U so that every numb^ in L 
is less than every number in 17, is there always a number in R 
that generates the section ? Certainly not, as the following 
simple example shows. 

• The word “ set ’’ means here simply “ finite number. 
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It is easily proved * that there is no poinlave (rational) 
number whose square is 2, and therefore every positive number 
X is such that either x® < 2 or *• > 2. Now form two classes 
L and U of the numbers in 12 by assigning to ii all the negative 
numbers, zero and the positive numbers whose square is less 
than 2, and to {7 all the other numbers in B, that is, all the 
positive numbers whose square is greater than 2. It will be 
shown that in this case L contains no greatest number and 
U no least. 

Suppose a positive and a®< 2 so that (2 - a®) is positive ; a 
greater number, a +h say, can be found whose square is also 
less than 2. To see this, choose h so that 0< A< 1 ; then 

(o + A)® < 2 if 2aA +A* <2-0®, a positive number. 

But 2ah+h*<2ah+h since 0<fe<l so that (a+A)® will 
be less than 2 if (2a +1)A is less than (2 - a®). It is possible 
to choose h so that {2a+\)h will be less than (2 -a®) ; for 
example, (2o + l)A is less than (2-o*) if A = (2 -a*)/(2o +2). 
It now follows that, whatever positive number be taken in L, 
there is always a greater number (in fact, an unlimited number 
of greater numbers) in L whose square is less than 2 so that 
L contains no greatest number. 

In a similar way it may be shown that if a is positive and 
o®>2 a positive number A may be found such that a-A is 
positive and (a - A)® > 2 ; IJ therefore contains no least number. 

The numbers in B have therefqre been separated into two 
classes L and U such that every number in B occurs either in 
If or in 17, and every number in Z is less than every number 
in U, but there is in X no greatest number and in 17 no least 
oo that the section is not generated by a number in J2. The 
student will easily construct other examples of sectionB of B 
that are not generated by numbers in B. (See Exercises I.) 

When a section is generated by a number in i2 that number 
may be said to correspond to the section, but when tiie section 
is not generated by a number in B there is no number 
with which to put the section in correspondence; in the 
geometrical anali^e of § 2 there is, on the assumptiGn of 
Bedekind’s Axiom, always one and only one point that 
* See E^Kerctses I, 1, 9. 
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generates a section. The arithmetical problem is now to 
extend the number system so that every section of the number 
system shall be generated by a number in the system the 
extension leads to the system of Beal Numbers. 


4. Beal Numbers. The definition of the real number is as 
follows, it being understood that both of the classes L and V 
exist. I 

Definition. If by any method all the rational Humbero 
are separated into two classes Z and U such that every number 
inZ is less than every number in U, the section so detem^ed is 
said to define a real number. 

The symbol (L, U) may be used to denote either the real 
number or the section ; this double use of the symbol causes 
no confusion. 

If there is a greatest number in Z or a least in U then (Z, V) 
corresponds to the rational number which generates the section 
and is called a real rational numier. If L has no greatest 
number and U no least then (Z, U) does not correspond to any 

rational number ; in this case (Z, U) is caUed a reed irrational 
number. 


In regard to the terminology the following remarks of 

Hobson may be quoted {Funationa of a Real Variable, Ist Ed. 
p. 29) : * 

numbers are frequently regarded as identical 
with the red numbers to which they correspond, and are 

I*^thedevelopmentof Analysis. 
theor^Tm^ difficulties ; but in the fundami 

obviatelogicaldifflculties, 
that coordinating Cantor’s theory with 

^d to^J“, • do not cone- 

AS,C,.. and tli« ^®no*ed by capitaHottMB 

- nd the corresponding upper classes by the 
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oonesponding accented letters A', B', C A typical 

(rational) nuBilMr of A, B, C ... will be denoted by o, b, c, ... 
and a typical number of A', B', C', ... by o', b\ c', .... When 
(A, A’) is rational the generating number may be considered 
to belong either to A or to A', and ^he rational number that 
generates the section wiU be indicated by the suffix 0 attached 
to the typical letter. We adopt the convention that the 
generating number is to be the greatest number in the lower 
class ; thus if (A, A'), (B, B'), {C, C) are rational real numbers 
the generating numbers of the sections are a^, b^, Cq respectively. 
(See Note, below.) 

The real numbers (A, A'), {B,B'), {G,C') ... whether rational 
or irrational will often be denoted by the corresponding Greek 
letters a, y, ... . 

As yet the real number is little more than a name, and 
properties will now be assigned to it by means of definitions, 
the properties of rational numbers being assumed. 

Positive Number. Negatiyb Nithbbb. Zero. 

The niunber ( A , A ') or a is defined to be positive if A contains 
a positive number, negative if A' contains a negative number. 
If all the numbers in A are negative and all those in A' positive, 
the section defines the number zero. 

It may be noted that if A contains one positive number, k say, 
it contains an unlimited number of positive numbers ; for 
ib/2, kfZ, ... are positive and being less than k are all in A. 

Equality. 

The number a or (A, A') is defined to be equal to the number 

or (B, B’), and jS to be equal to a, if the numbers in A are 
the same as those in B or — ^what amounts to the same thing — 
if the numbers in A' are the same as those in B\ In symbols : 
a = 

iiott. Whoi the real number is rational the number that generates 
the section has been chosen to be the greatest ntunber in the loww dhkss, 
but this, of course, is merely a convmition. If Og is the greatest number 
in A and the least number in B" the sections (A, A') and (B, S') wiU 
give the same real ralaonal number if Og and are equal ; the munbeis 
defined by the sections must therefore bo equal even though the claas A 
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contains one number that is not in B (and B' one that is not to A'). 
To justify the convention it will be sufficient to show that if there is 
onZy one number in A. say o„ that is not in B, thra Oi is at once the 
neatest number in ^ and the least in B' because when this is the case 
the sections {A. A’) and (S, B') define the same real n^^r. 

Now since is not in B it must be in B' ; let Oj be denoted by 0i 
when considered as a number in B'. But o^ is the only number of A 
that lies in B' and therefore every other number in A lies m B so 
is less than bi, that is, less than Uj. Hence is the greatest i^imber 

Again, every number less than 6 j is less than and, as has bee^seen, 
lies in B so that 6', is the least number in B'. Since =b\ the sections 
(A, A') and (B, B') are generated by the same number and therefore 

define the same real number. \ 

Thus, when the class B' contains a least number it may be transferred 
to the class B, which will then have a greatest number ; this transference 
is always supposed to be made. 

If there were two numbers in A that were not m B then there would 
be (§ 3, (2) ) an unlimited number of such numbers and the sections 
(A, A') and (B, B') would be quite different. 


Inequality. 

If a and P are not equal a is defined to be greater than p 
and p less than a when A contains all the numbers in B and 
more (see above Note). In symbols : (yi> Pi P< 

It may be observed that if a and p are real rational numbers 
CL> p oT (x.<p according as Oo>6o or aQ< 6 q, where and fig 
are the rational numbers that generate the sections {A, A') 
and (B, J5'). (Compare Ex. 2 below.) 

Further, it follows readily from the definitions that if a > /? 
and p>y then a > y. (Compare § 3, (1).) 

Next suppose a> p. Let a be any rational number that is 
not in B and is therefore in B\ By convention, B' contains 
no least number and therefore there is an unlimited number of 
numbers in B' less than a ; all these numbers are in ^4, so that, 
if r is any one of them and q the corresponding real number, 
f^>Q> P- Hence, between any two different real numbers lies 
an unlimited number of real rational numbers. (Compare § 3, (2).) 

Theobsm. If rfg is any given arbitrarily smaU positive 
ratumd number it is always possible to find rational numbers, 
z and in the lower and upper dosses respectivdy of a section 
{A, A') such that x'-x< d^. 
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Consider the arithmetical progression 

a, a +d, a +2d, ... , a +ni (i) 

where a is any number in A and d is a positive rational number 
less than dg. It is possible * to take n so large that nd shsill 
be greater than a' -a, where o' is any number in .4', and 
therefore so that o +nd shall be greater than o' and therefore 
be in A'. Let a +pd be the last number of the progression (i) 
that is in ^ ; then o +(p + l)d is in A' so that if x =a +pd and 
x'=a + {p+ l)d we have *' - » =d <dg, and the numbers * and 
x' satisfy the conditions of the theorem. 

Ex. 1. Show that ol> 0 if a. is positive and 0>a. if a is negative. 

Ex. 2. If (A 9 A') is the real number determined by assigning (as 
in § 3) to the upper class A' every rational number whose square is 
greater than 2 and to the lower class A all the other rational numberSt 
explain the meaning of the inequalities 

Here 1*41 and 1*42 are real rational numbers, determined by sections 
whose generating numbers are the rational numbers 1*41 and 1*42 
respectively. The class A contains the rational numbers 1*414, 
1*4142, ... and therefore the real number 1*41 is less than the real 
number {A^ A'). Similarly the real number (A, A') is seen to be less 
than the real number 1*42. 

A real number can only be compared, as respects the properties of 
** greater ” and less,” with other real numbers. It may, however, 
be observed that the real rational number corresponds to the rational 
number in such a way that in inequalities like that given above we may 
simply take the rational numbers in the respective classes^ and re-name 
them, calling them real rational numbers, and then the comparison 
becomes valid. The farther we proceed the more evident it will 
become that the real rational number has no properties that are distinct 
from those of the corresponding rational number (compare the quotation 
from Hobson in § 4). See the Note on Terminology in § 7. 

6. Laws of Operation. There is no question of “ proving the 
laws ” ; the problem is to prescn6e laws of operation that will 
be consistent with those that hold for rational numbers. The 
notation of § 6 is retained. 

* The asBumption that, if a and b aie any two positive nnmben aad a leas 
than t, an integer n cm always be found such that no is greater t han 6, is 
usually oalted the Axiom of Ardtimtde* (sometimes, perhaps more appro* 
priatdy, the Axiom of Evdoxui, See Heath’s EutsKd (2nd Hd.), vol. iii. 
pp. 16, 16.). 
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Addition. Let a, a' and b, b' be typical numbers in the 
classes .4, A' and B, B' respectively, and let o +6 =c, o' +6' =c' ; 
then c<c'. Now form the classes C and C by assigning to C 
and C all numbers of the type c and c' respectively. 

If a and p are both rational Og and tg are the greatest numbers 
in A and B respectively ; hence Cg, where Cg=Og +6g, is the 
greatest number in C7 so that (C, C) is a section generate^ by 
the rational number Cg. But Cg is the sum of Og and and 
therefore, if the real number {C, C) is defined to be the sum of 
the real numbers (A, A') and (B, B'), the law of addition twill 
be consistent with the corresponding law for rational numl^iB. 
If then the classes C and C" define one, and only one, number in 
all cases, the number {C, C) or y will be defined to be the sum 
of (A, A') or a and (B, B') or In symbols 

{A, A') +{B, B') = {C, C) OT a. +fi=.y 

It will now be proved that the classes C and C' always 
define one, and only one, real number. In all cases c <c' 
there cannot be more than one rational number that does not 
occur either in C? or in C. For if there were two, say x and y 
where x <y, then c'-c could not be less than y-x. But, by 
the theorem of § 5, the numbers a, a' and b, b' can be chosen 
in their respective classes so that o'-o<|d, b'-b<id, and 
therefore so that c'-c, which is equal to (a' -a) +{b' -i),*shall 
be less than d where d is arbitrarily small. Now d, and there* 
fore c'-c, may be taken to be less than y-x; hence there 
c^ot be more than one rational number that does not occur 
either m C or in C'. If there is none, (C, C) is a definite 
mataon^ n^ber; if there is one, assign it to C and then 
(C/ , c ) IS a dennite real rational number. 

Svbtraction. If denotes the class of numbers obtained 
by changing the sipi of every number in the class A, the number 
{A, 18 defined to be the negative of (.4, .4') ; that is, 

{-A', -A)=-(A,A'). 

^ tron. a i. deBned by th. 

a -/l=a +(-;!), 

«nd is therefore reducible to addition. 
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Absolute Value of a Number. The absolute or numerioal 
value of a is a if a is positive, - a if a is negative and zero if 
a. is zero. The absolute value is denoted by | a |. 

Ex. 1. Prove that a. - a =0. 

Ex, 2. Prove that P -a. — —(a.-p). 

Ex, 3. Prove that | ad: /) | = | a | + | ^ | but ^ | | a | - I ^ 1 1> aod 
distinguish the cases in which the sign = must be taken. 

Multiplication. Suppose first that a and are both positive 
and take {A, A') and {B, B*) to be sections of the positive 
rational numbers ; the conditions that in general determine a 
number will obviously, when all the positive rational ntunbers 
alone are taken, determine a positive number. 

Let ab =c and a'b' =c' ; then c <c'. Form the classes C and 
C, as in defining addition ; it is easy to prove as before that 
these classes determine one and only one real number. When 
a and are rational and are the greatest numbers in A 
and B respectively and aJ>Q=CQ so that the definition of 
multiplication, when a and are positive, will be 

(A, A') X {B, B')=iC, C') or a^ = y. 

To extend the definition to negative numbers assume the 
" rule of signs ” as part of the d^nition so that we have, a and 
being positive, 

{-a)x^= -(ax /J)=ax(-/5); (-a)x(-/S)= +(axj8). 

Division. This operation is reduced to multiplication by 
first defining the reciprocal I /a of the poative number a. 

Let a be determined by the classes A and A' of the positive 
rational numbers (zero excluded) and let If A and 1/A' denote 
the classes which contain the reciprocals of all the numbers in 
A and A ' respectively. It is easy to prove that 

(1/A', l/A)x(A,A') = l, 

and the number (1/A', 1/A) is defined to be the reciprocal 
of (A, A'), that is, 

(1/A', 1/A)=^ when (A, A')=a>0. 

If a is n^ative, as -a' where a' is positive, 1/a is defined 
to be - 1/a', that is, 1/a = - 1/( -a) when a is negative. 
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The division of fihyoL is now defined to be the multiplication 
of fi by the reciprocal of a. ; in symbols : 



Note. Division by zero is expressly excluded in the above 
definition. 

The fundamental laws of operation have now been stated. 
A full treatment would go on to show that the associative, 
commutative and distributive laws of operation persist \^en 
the laws are defined as above, but in this sketch there is\no 
room for the discussion and reference may be made to Chrystl^rs 
Algebra or Hobson’s Theory of Functions. We may take one 
example to indicate the method when the real number is 
defined as in § 4. 

To prove that a + jS = ^8 +a note that the t 3 ^ical number a +5 
in the lower class that defines a + /8 is equal to the t 3 ^ical 
number b +a in the lower class that defines -foe, since the 
commutative law holds for rational numbers. The lower 
classes are therefore the same for )8 -f a as for a+/8, and 
similarly the upper classes are also the same. Hence the two 
numbers oe + )8 and p + rx are equal. 

The student should prove the foUowing cases in the same 
way. 


Ex. a.p = pa.. 

Ex. 6. (a^) X j»=a/Jy=sa.x{j8y). 

Ex.B. («. + ^)xy=ay + /Jy = y(«. + ( 9 ). 
Ex.l. ax0=0xoL=0, axl=l xa=a. 

Bx. 8. I <»./? 1 = 1 a I X I (8 |. 


7. S^ons of the Beal Numbers. The relations (1) and (2) 
stated for rational numbers in § 3 are true also for real numbers 
M follows from the definitions and developments stated in § 6. 

numbers, 'which will be called the 
^ rational 

svHtem ’ “ ^ ordered system. Further, like B, the 

N passes a property that is absent from B ; namely, while 
^ are sections of B that are not generatek by a 

m A every section of 5 is generated by a number^N. Bya 
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section of 8 is meant a separation of all the numbers in 8 into 
two classes, a lower class L and an upper class U, such that 
(i) both classes exist, (ii) every number in 8 appears either in 
LotinU, and (iii) every number in Z is less than every number 
in U. That every section of 8 is generated by a number in 8 
may be proved in the following way. 

Take any section (L, U) of 8 . Let and Uq contain all the 
rational numbers in R that correspond to real rational numbers 
in L and U respectively ; then (Lg, fJg) is clearly a section of 
the system R and therefore defines a real number, that is, a 
number in jS. If a is this number it must belong either to the 
class L or to the class U since L and U together contain all the 
numbers in 8. Suppose a to belong to U and let be any other 
number in U. By § 5 there are real rational numbers between 
a. and and, since these numbers correspond to numbers in 
Ug, they are all greater than a so that is greater than ol. 
Hence a. is the least number in U. 

In the same way it may be shown that if a belongs to 1/ it is 
the greatest number in L. Thus in every section {L, U) of 8 
either L has a greatest number or U has a least ; it is not 
possible that there should be both a greatest number in L and a 
least in U, because all numbers between them would escape 
classification. 

Hence every section of 8 is generated by a number in 8 ; 
this property marks the essential distinction between the 
systems R and 8 and gives the character of continuity to the 
system of real numbers (see § 9). 

Note on Terminology. Up to this point the distinction 
between the real rational number and the rational number of 
the system R — ^which may be called for convenience the 
“ ordinary ” rational number — ^has been preserved. The 
adherence to the distinction in the further development would, 
however, occasion intolerable prolixity and therefore the real 
munb^rs that correspond to the ordinary rational numbers 
will be called rational numbers, tmless there be some special 
reason for emphasizing the distinction. 

Even in the use of the ordinary rational numbers, as remarked 
in § 2, tliere is tbia use of the same term to indicate numbers 
that are eono<^tually distinct. Thus the numbras 2 and 2/1 
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are both said to be equal to “two,” but the fraction 2/1 is 
taken to be equivalent to the integer 2 as a convention or 
definition ; the natural number 2 is not a quotient and would 
not be considered as a quotient except for reasons based on the 
development of the theory of fractions. 

Again, there is no means of distinguishing whether symbdte 
such as 1, 2, 1/2, -7, ... represent ordinary or real ratjianal 
numbers but the context in which they appear will usually 
enable one to decide. If irrational numbers are associated 
with them the symbols must be interpreted in the sense of ^ireal 
rational numbers (see § 6, Ex. 2) ; if no irrational number is 
associated with them it does not matter which meaning is 
taken. But, as remarked in connection with Ex. 2 of § 5, any 
change needed amounts in actual work to a simple re-naming 
of the numbers since the real rational number always corre- 
sponds to an ordinary rational number, and the order of 
magmtude is the same for both, so that no confusion can 
occur. 


The distinction of terminology between ordinary and real 
rational numbers will therefore, as a rule, be dropped. Furthw, 
any letter may be used to represent a real number, whether 
rational or irrational; the special use of Greek letters as 
denoting real numbers will therefore not be 


fi'x. 1. If the symbol V2 denotes the number (A, A') defined in S 6. 
Ex. 2, prove that (i/2)*. that is. (V2) ( V2) is equal to 2. 

If o and o' are typical numbers in ^ and .4' then the classes of which 

0 and o • are typical numbers determine a number, 6 say ; h is greater 
than every o*, leas than every o'» and is therefore equal to 2. 

#f*’ number (A, A') when 3 takes the place 

01 2 to S 2*’ ^ ^ V2)( V3) = V6 where 6 takes the place 


8. Decimal Be^entation. Let a be a real number gene- 
lati^ a ction (Z, U) of the system S of real numbers and, 
lOT defimteness, suppose a to be positive. 

“ tte greatest integer in I,, then Oj -1-1 will be a number 

in 17 ; 0 , may be zero. Thus we may write : 


«#^a<ao+l. 

Next, form the arithmetical progressioni with diff^enee 1/10, 

“0+ «o+Trtr. — , Oe+A-, Oo + l. 
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Of these eleven numbers one, which may be called a, +aJ10 

where is one of the numbers 0, 1 0, is the greatest in L, 

and then a, +(oj +1)/10 is the least in U. Hence 

Oq + Oi/lO ^ fx < + (ffli + 1)/10. 

Similarly, forming an arithmetical progression with Ug +0^/10 
as its first term and with 1/10* as common difiierence, we see that 

Og+Oj/lO+Oj/lO* g a<ao+Oi/10 + (aa + l)/10* 


where a, is one of the numbers 0, 1, ... , 9. 

Proceeding in this way we find, in general, that 


®^10^10» 


+ + +1P + 


<*n +1 . 
10 * ’ 


or, say, 


Qn ^ ^ ffn "t" 0n 


( 1 ) 


where each of the numbers o^, Og has one of the 

values 0, 1, ... , 9, and gj, - = 1/10". 

There are two cases to be considered. 

(i) For n>p we may have a„ =0. In this case a is a rational 
number 

OL =^0 • 

in the usual decimal notation. 

(ii) The set of numbers %, Ug, ... may be unlimited, and 
a will, in the usual terminology, be represented by an infinite 
decimal 

a=Oo . OiOgOg (2) 

If the decimal “ repeats ” or “ circulates ” a will be rational ; 
otherwise a is irrational. (See Chrystal’s Algd)ra, Part II, 
2nd Ed., Chap. 25, § 33.) 

Cor. In the same way it may be proved that, if 6 is any 
positive integer not less than 2 

o«^a<o«+l/6*=o'« 

where o'*=Co+^^+p+ — 

and C0 is an integer (or zero) while each of the numbers 
Cj, €2, has one of the values 0, 1, ... , {b - 1). 

ApproxinuUiona: The numbers gn may, if be 

called ra tion a l approximations, in defect and in excess 

jp 
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respectively, to the number a, the absolute error m each 

approximation being less than 1/10**. 

Between q, and a there is, if a>e„, an unlimited number 
of real numbers, as also between a and ; ii x ib any real 
number between and a, and x' any real number between 
a and then 

-x< Qn Qm that is, X —X<. 

Since n may be taken so large that 1/10** is less than s, w^re 
e is any arbitrarily small positive number, the following theoifem 
is proved : 

Theoeem. It is cblwdys 'possible to find teal numbeTs x and x 
in the lower and upper dosses respectively tJuit define the real 
number a so that x* -x<e, where e is any arbitrarily small 
positive number. 

9, Correspondence of Number and Point. Suppose that, as 
in Anal 3 d;ical Geometry, 0 is the origin and OV the positive 
unit segment on an axis X'OX. 

Let the points 0 and V correspond to the numbers 0 and 1 
respectively. 

If a; is a positive rational number, say x=mjn where m and n 
are positive integers, take a point P on the same side of 0 as F 
such that the segment OP is m times the nth part of OF ; let 
the point P correspond to x. If x is negative ( = - min), take 
P' on the opposite side of 0 from F so that the segment OP' 
is of the same length as OP ; let the point P' correspond to x. 
In the usual language of Analytical Geometry x is the abscissa 
of P. In this way the rational numbers are put into corre- 
spondence with points on the axis X^OX ; for convenience let 
points which correspond to rational numbers be called “ rational 
points.” 

If a; is an irrational number, suppose it to be determined by 
a section [L, U) of the rational numbers and let A and A' be 
typical rational points corresponding to the typical numbers 
a and a' in L and U respectively. Now form a section of the 
points on the axis XVX by assigning to the lower (or left) 
class Li all points that correspond to rational points A or that 
lie to the left of any point A, and to the upper (mr right) class 27| 
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aU points that correspond to rational points A' or that lie to 
the right of any point A'. 

In the class there is no point that lies furthest to the right 
since the class L contains no greatest number, and, similarly, 
since the class U contains no least number, there is no point 
in the class that lies furthest to the left. We now assume 
Dedekind’s Axiom (§ 2) that there is one (and only one) 
point P on the axis X'OX that generates the section (Lj, Uj) 
and we make P to correspond to x, so that x is the abscissa 
ofP. 

The correspondence between numbers and points on a line, 
assumed in § 4 of the Elementary Treatise, is therefore proved 
in so far as “ proof ” is possible. It is perhaps better simply 
to say that the system 8 of the real numbers forms a continuum 
or a continuous system of numbers, because every section of 8 
is generated by a number in 8, and that the continuity of the 
straight line is represented by the correspondence between tlie 
numbers in 8 and the points of the line : to rational numbers 
correspond rational points and to irrational numbers correspond 
irrational points. 

The following definitions of terms that constantly occur may 
be given here. 

Continuous Variable. The number x is said to vary con- 
tinuously as it changes from the value a to the value 6 if , as it 
increases from a to 6 when a < 6 or as it decreases from a to 6 
when o > 6, it takes every real value between o and 6. 

Interval. The system of numbers x such that a^x^h is said 
to form a closed interval (a, h) ; the system of numbers x such 
that a<x<b is said to form an open interval (a, b). The 
interval (a, 6) is said to be “ open at 6 ” if a^x<b and open 
at o ” if a<x^b. 

The number f is said to be “ within the interval (a, 6) ” or 
“ interior to the interval (a, 6) ” if there are nmnbers x" such 
that o < ^ f < 6. 

10. Boots. Indices. An important theorem will now be 
proved. 

Thbobem. If a is any positive real number and n a positive 
integer the equation r” =0 has one, and only one, positive root. 
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That there cannot be more than one positive root follows 
from the fact that if x and y are positive 

ar» - y" = (a: - y) +x"-®y + . . . +*y"“* +y"”*)> 

and the product on the right cannot be zero unless x=y, since 
all the terms x"-*y, ... are positive. Thus a?" and y" 
cannot both be equal to a if x and y are two different positive 
numbers. ^ 

To prove that there is one root form a section of the pos^tve 
rational numbers. (In the terminology the distinction between 
real rational number and “ ordinary ” rational number is 
dropped ; see Note in § 7.) To the lower class L assign the 
rational number c if c»^o, and to the upper class U assign the 
rational number d if d“>a. All the rational numbers are 
therefore classified and every number in the lower class is less 
than every number in the upper. The section therefore 
defines a real positive number, b say. 

That 6»=a follows at once from the definition of multiplica- 
tion. The typical numbers in the lower and upper classes that 
define the product 6" are c" and d", and it is merely a repetition 
of the process in § 6 to show that the section determined by 
the classes of which c" and d" are typical numbers defines a 
real number, is the one number which is less every 
number d» and greater than or equal to any number c" so that 
h" and a are the same number. 

This positive number b is the unique »th root of a is 
denoted by the symbol Xja. 

Cor. 1. If » is even, there is a second root but it is negative 
namely -6. .» » 


Cw. 2. If » is odd and a negative, say a= -a' where o' is 
positive, there is one negative root, namely, -^o'. 

Li textbooks of algebra it is shown that when o is a positive 
re^ mrabOT the root ;/o may be denoted by the symbol o»/», 
and thw mdex notation is then extended so that the symbol o- 

c^plete symbol o« is called a poicsr ; o is the haee and * the 
*nd^ or «QKmcn< of the power. It has to be mecially noted 
at the base o and the power c« are both positive so^t o* 
» amgle-valued. For exarqple, 4^ means %.2 and not -2 
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even though the square of - 2 is 4. Although a root such as 
Hj'i - 8) is a real number the notation ( - 8)^ will not be used 
to indicate the root imtil the theory of the complex number is 
considered. With the conventions stated the power a* is well 
defined when x is any rational number. 

When the Theorem of this article has been proved the various 
laws of operation with rational indices, as developed for example 
in Chrystal’s Algebra, are readily established, and it will be 
assumed that the student is familiar with them. 


11. Inequalities. Some inequalities are frequently needed 
at later stages, and it seems to be desirable to state them^ere 
for reference.* They are based on the identity, n being a 


positive integer, 

-pn _ yn _ (j. _ 4. a:»-*y + . . . + ary"-* + y"“*) (A) 

It follows at once from (A) that if x and y are positive and n 
a positive integer 

ar" > = < y“ according as * > = < y (1) 

Next, the identity {A) shows that if a: > y > 0, 

«(ar - y)x"-^ >3!^ ~y^>nlx- y)y"-* (2) 

The inequalities (2) are very important ; when n is not a 


positive integer the set requires a double statement which takes 


the following form : 

If a: > y > 0 and m a rational number 

m(a: - y)ar"-i > a:« - jT > m (ar - y)jr-i, ^ J (3) 

m{x - <x^ - m{x - 0 < w< 1 (4) 


The proof of (3) and (4) is a little tedioiis. In (2) let 2 / = 1* and 
the first of the inequalities gives jc** - 1 < n(x - and this inequality 
may be put in the forms 

(n - l){x^ - l)>n(a:«-i ^ (^.n ^ - l)/(n - 1). 

In the second form put n - l,n-2, ... + 1 successively inploce of n; 


it follows that, p being a positive integw, 

(a:** - l)/n > (iP** - l)/p, n >p^l (i) 

Now in (i) let a?** =a > 1, n/p =m > 1 ; this gives 

-l>w(a-l), o>l, fn>l (ii) 

while if a^* «a > 1, p/n ~m < 1, we find from (i) that 

o>l. 0<m<l (iii)^ 


*On the subject of this' article the student should consult Quystal's 
Part 11 (2nd Ed.h Copter XXjy, 
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Next, in the second of the inequalities (2) let * = 1 so that 0<y<l. 
The inequality 1 - y" > «( 1 - may be put in the form 


( 1 - y»)/n< ( 1 - y»-‘)/(»i - 1 ). 
and therefore, n, p being jiositive integers, 

(1 -y")/n<(l -y^)lp, n>p^l (iv) 

Now lot y»’=6<l, nip =m > 1, and (iv) gives 

1 -6’»<w(l -6), 6<1, »»>1 .t..(v) 

while if y" =& < 1, pin =m < 1, formula (iv) gives \ 

l-6™>m(l-6), 6<1, 0<m<l Uvi) 


Put xly for a in (ii) and ylx for 6 in (v) ; these substitutions give the 
inequalities (3) for the case m > 1 while the same substitutions in (iii) 
and (vi) give the inequalities (4). 

Finally, if m> 0 i)ut a for x, 1 for y and m + 1 for m in formula (3) 
which has been established for these values ; then 
£jtn+i _ 1 <(^ + l)(a - 1 ) 0 ^** gives 
otn+i - 1 > (w + 1 )(a - 1) gives a”*" - 1 < - m(o - 

so that if xly is now put for a the formula (3) for the case w<0 is 
established. 

From (3) another formula may be deduced. Suppose a>0, 
6 > 0, m = ~ > 0) and r a positive integer. In the first of 

the inequalities (3) let x—a + rb, y=a+(r~l)fc, and in the 
second a:=a+(r + 1)6, y—a+rb] then 

1 ?— _> 

[o+(r- 1)6]“ {a + rby^ (o + rd)""^* 


^(a + r6)“ [a+{r+l)bf 

If o > 6 > 0 the formiila (5) holds when r = 0. 

The following particular cases of the formulae (3) and (4) 
may be noted : If o > 1, 

o"* > 1 or o’" < 1 according as m > 0 or m < 0 (6) 

Further, since o» -o*=o*(o»-" - 1), it follows that if o> 1, 

o* > o* or o* < o* according as y > a: or y < a; (7) 


Hence when x increases, taking rational values alone, the 
function o* steadily increases ; or, as x varies through ratwnol 
^values from —N to -hN, where is a large positive number, o* 
steadily increases from the small number o-^ (or l/o^) to the 
large number a^. 
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Again, the foUowiDg eimple particular cases of (3) and (4) 
may be stated. 

If h>0, (1+A)’"> l+mA when m> 1 ; (1+A)*"< 1+mA 

when 0<m< 1 (8) 

and if 0<h< 1 and 0<mA< 1 


(1 - A)”* > 1 - mh > 0 when m > 1 ; (1 - A)"* < 1 - mA 

when 0<m< 1 (9) 

The following inequalities are important in connection with 
the exponential function. 

In (3) let * = 1 ■\-\jn,y~l,x-y = \ln, m=nlp, where n andp 
are positive rational numbers and n>p; then 

n 


and 




.( 10 ) 


Next, in (3) let a: = 1, y = 1 - 1/», a; - y = 1/n, where m, n, p are 
as before except that p > 1 ; then 

and therefore (11) 

From (10) it follows that (1 4 - 1 / 2 )* steadily increases as z 
increases through positive rational values, and from (11) that 
(1 - 1 /;:)-“* steadily decreases as z increases through positive 
rational values. 

Again, in (11) let p=2 and for n put n 4-1 ; then 

/ 1 \-(n41) 

(‘-ra) (“«) 




so that 




<4 if 7i> 1, . 


.(lOa) 


(' -sii)'"'"" - (■ 4 “ »> '• •••<■") 
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EXERCISES I. 

L If (2 is a positive integer but not the square of an integer show 
that d is not the square of a rational fraction. 

[The following solution is given by Dedekind (Steligkeit u,b,w.^ 
pp. 13, 14). 

If possible suppose d to be the square of a rational fraction tju in its 
lowest terms (all numbers positive) ; then =0. There is ^Iways 

an integer X such that Au < ^ < ( A + 1 )u and therefore t - Xu{ =ii' say) 
is a positive integer less than w. Let t'-du- Xt ; then t' is also a 
positive integer (du* - Uu—t* - Uu^^tu'), Now ‘ 

r* - dti'* = ( A* - d)(t* - du^) = 0, 

and therefore d^={t'luy. But u'<u so that f/w is not in its loVest 
terms ; the hypothesis made is thus untenable.] 

2. If d is defined as in Ex. 1 let y =a?(ar* + 3d)/(3x* +d), where x is a 
positive rational number and show that 

3x*+d » ^ “ (3x»+d)*‘ 

Deduce that the section of the (positive) rational numbers, determined 
by assigning to the upper class all rational numbers whose square is 
peater than d and to the lower class all the other rational niimbers, 
is not generated by a rational number. 

3. Show that the formula for the nth root of d, corresponding to that 
of Ex. 2 for the square root, is 

~l)x"+(n-f l)d} 

^ (n-f l)x»»+(n-l)d * 

Apply the formula to calculate approximations to 'ijd. 

1^^./*^**/”"** sign as x-y and that the product 

(*"-d)(y*-d) IS positive.] 

4. If y={h!+d)l{x+ X) where x, A, d are positive rational numbers 
(a not a perfect square), prove that 

y-x=^?‘ 

* + ^ (x+A)* 

• * rational approximation to and A the 

“PP^^in^tion is given by 
Lh J SI jr ■‘PP'«*i“ations are either both greater or 

integem , show tLt " *nd B. are positive 

^,+x=a.d +dB B„+x=:oB,+^„ 

By takings, =a, = 1. show that the fractions 4,/B,forn= 2; 8, ... 



EXSEGISES I 


1 .] 

give approximations to sjd of increasing accuracy. The value 
is that given by Ex. 2. (a =a?, AJB^ =y.) 

6. Let a be a rational approximation to t^d and let 



prove that a^, a 2 » ... are approximations to tjd of increasing accuracy, 
the approximations being in excess. Show that 

- s/d _ fa ^ - 

df^ + \/d \Oj^ + sjd) 

7. Prove that, if c is an approximation to XIa in excess, C| where 

is a closer approximation, also in excess. 

Show that a still closer approximation, also in excess, is where 

[Let -k, where k is positive and small, 0 < k<c^; then 

1 

= - Jb) =c(l - A;/c“)rt. 

Expand by the Binomial Theorem. To find reject all powers of k 
above the first and put (c" - o) in place of k. To find C| reject all 
powers of k above the second, and so on for closer approximations. 

In calculating by this method we may begin by taking c to be 
the integer next greater than V^* ^ gives a sufficiently 

close approximation for ordinary needs, but of course the process can 
be repeated.] 

8. If g^, g, g„ and 6i, ^ numbers which 

may be either positive or negative, prove that 

where r and 8 take the values 1, 2, ... , n. 

Deduce that 

(3gA)*S(3gr»)(W). 

The equation is usually referred to as Lagrange's Identity and the 
inequality as Schwarz’s Inequality* 

9. From the inequality on p. 173 of the Elementary Treatise^ 

»>0. y>0. 

'where p, q are cuay positive rational numbers, deduce the inequalities 
(10) and (11) of § 11. 

I*=!l +l/p, y = l gives (10) andiCsl, y = l -l/?(g>l) gives (11).] 
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10. Prove from the inequality in Ex. 9 that, if p and q are any positive 
rational numbers ((?>!), 

(■-;)’<(-;) 

[Let » = 1 + 1/p and y — l-ljq. This result gives the additional 
information that every value of (1 + l/p)^ is loss than every value of 
(1 - 1/3)~®, q being greater than unity so that 1 - 1/g may be positive.] 
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CHAPTER II 

SETS. SEQUENCES. LIMITING POINTS. LIMITS 

12. Sets. Sequences. * In § 9 it has been shown that there 
is such a correspondence between the real numbers and the 
points on a directed line or axis that to each number corresponds 
a point and to each point corresponds a number — in other 
words, the correspondence is “ one-to-one.” This corre- 
spondence frequently enables us to simplify theorems by iisi^ 
the language of geometry, and the words ‘‘ number ” and 
“ point ” are often used as interchangeable ; care must, 
however, be taken against the surreptitious substitution of 
geometrical for arithmetical conceptions in any demonstration. 

A part of the system of real numbers or of points on a line 
is often called a set or aggregate of numbers or of points, and 
the numbers or points are spoken of as the “ elements ” of the 
set or aggregate. The set is said to be infinite if the number of 
elements in it is not limited, aj[id finite if that number is finite. 
As finite sets are of little importance for our purposes, the 
word “ set ” will be understood to mean “ infinite set ” unless 
distinctly specified to be a ‘‘ finite set.” 

A sequence is a particular case of a set. If to the integers 
I, 2, ..., n, ... there correspond definite numbers a 2 , 
a„, ..., the set ^ 3 ^, as, ..., a„, ... is called a sequence; the 
element corresponding to 0 , is frequently taken as the first 
element of the sequence. Thus in a sequence the elements are 
arranged in a definite order while in a set the order of the 
elements is indifferent. 

To indicate a set or aggregate one may use a letter, S say, 
and specify the nature of the elements : for example, the 
set S of all rational numbers ” or the set 8 of all rational 
numbers in the interval ( 0 , 1 ).” 

25 
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The sequence a,* •••» ••• ^^7 be, and indeed is 

usually, denoted by enclosing the general element in a 
parenthesis, thus (a„) ; it is to be gathered from the context 
or from an explicit statement whether the first element of 
the sequence is or or some other element. 

A set of numbers is said to be bounded above if there is a 
number K greater than every number of the set, boun40d 
below if there is a number i less than every number of the ^et 
and simply bounded if both X and i exist. \ 

The special numbers called “ the upper bound ** and “ the 
lower bound " of a set are defined in the next article. 

13. The Upper and Lower Bounds. In the rest of our work 
there will be frequent use of “an arbitrarily small positive 
number ; the letter e will be reserved to indicate such a 
number so that it will be freely used in this meaning without 
further explanation, though of course occasions will arise 
when it may seem proper to state the meaning explicitly. 
When the symbol is used in any other sense an explicit state- 
ment of the meaning will be given if that meaning is not clear 
from the context. 

Xote 1. It may be noted in passing that if a and b are 
constants such that 1 a - fc j <e we must have a—b\ the proof 
of this assertion is “ obvious.” 

Two theorems of fundamental importance will now be 
proved. 

Theokem I. If a set S is bounded above there is a number H 
which has the following properties : (i) no number of the set is 

greater than H, and (ii) at least one number of the set is greater 
than if - 

This number H is called the upper bound of the set 8, 

Since the set 8 is bounded above there is a number K greater 
than every number of the set. Two cases ore possible. 

number, a say, that is greater 
than all the other numbers of the set. In this case o=i5r 
^ 1 ^ no number in 5 is greater thana, while o itself is greate^ 

( 2 ) No n^ber of the set is greater than all the rest. In this 

case a section of the real numbers may be f tamed as follows : 



§ 13] SBTS. SBQITENCICS. TTFFBB ASH I.OWEB BOVNBS 27 

Let X be any reial niunber. If there is a number in 8 which is 
equal to or greater than x assign x to the lower class L, but 
if a; is greater than every number in 8 assign x to the upper 
class U. Obviously both classes exist, since K and every 
number greater than K belongs to U while the numbers in 8 
belong to L ; further, every ntunber in 2/ is less than every 
number in U, and every real number occurs either in L or in 17. 
Therefore the section {L, U) determines a number and this 
number is H, as may be shown in the following way. 

By the construction of the section number greater 

than is in 17 and is also greater than every number in 
8, so that no number in iS is greater than H. On the other 
hand, there is always a number in L, and therefore in 8, 
which is greater than H -e, because every number in L is 
equal to or less than some number in 8, 

Note 2. When the set 8 has no greatest number there is not 
only one but an unlimited number of the numbers of 8 between 
H-e and H because, if there were only a finite number, one 
of them would be the greatest of the set — contrary to the 
hypothesis that 8 contains no greatest number. 

In the same way the following theorem is proved. 

Thuobbm II. If a set 8 is bounded below there is a number h 
which has the following properties : (i) no number of the set is 
less than h and (ii) at least one number of the set is less than 
h +e. 

This number h is called the lower bound of the set iST. Jl 8 
contains no least number there is an unlimited number of the 
numbers in 8 between h and h +e. 

If the set 8 is bounded (that is, bounded both above and 
below) both numbers H and h exist. 

If a set is not bounded above there is a number in the set 
greater flian K, no matter how large the positive number K 
may be ; in this case (by a stretch of language) the set is 
said to have + oo as its upper bound. In the same way if 
a set is not bounded below there is a number in the set less 
than -K, no matter how large fdie positive number K may 
be, and in this case the set is said to have - w as its lower 
bound. . 
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14. Liniits. Notation. In the EUmmtary Treatise, § 41, 
two definitions of a limit are given, and the distinction between 
limit and ‘‘ value is pointed out ; there seems to be no 
necessity for repeating the definitions here, but the student 
would do well to read the more important articles in Chapters 
IV and V and the earlier pages of Chapter XVII of the 
Treatise, as a knowledge of the working rules of limits is n^w 
assumed. 

We shall now, however, use the symbol to indicate thi^t 
a variable tends to a limit ; the symbol is due to the latp 
Dr. Leathern, and is a very valuable improvement in notation^ 
Thus, for example, we now write 

inateadof 




3-»*0 


X 


or 


i. sin X , 

Iim = 1 

* 


instead of 


smx , 
hm = 1. 

*-o ® 


Again, when it is said that “ the sequence (o„) tends to the 
limit I,” what is meant is that “ the variable o„ tends to the 
limit I when n tends to infinity ” ; in symbols 


when oo , or, 

n-*’Co 

The sequence is understood to be an infinite sequence so 
that t^ explicit statement that n tends to infinity is hardly 
necessary ; compare the corresponding expressions for series. 

Nvll Se^pimce. When the sequence («„) tends to zero the 
sequence is frequently called a Null Sequence. 

Finally, when it is said that a variable tends to a limit it is 
^ways to be understood that the limit is & finite number nnlftps 
it is expressly stated or clearly implied that the vimable tends 
to +00 or to -oo. See jff.T.* §§ 40, 41. 

15. Monotonie Functions. If f{x) is a single-valued function 
* t J /(**) when > *1 the function /(*) is said 
’* * \ f ^ “onotonic increasing function of x, while 

“ /(»*)^/(a;i) when a: 2 >a:i the function f{x) is said to be a 
monotonie decreasing function of *. When the sign = is 

letter indicate that the reference i. to the 
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excluded f{x) may be called a strictly increasing or “ a 
strictly decreasing ” function of x, (It is merely a con- 
vention, but a convenient one, to use the words “ increasing 
and “ decreasing ” instead of the more accurate descriptions 
“ not decreasing ” and “ not increasing ” respectively.) A 
sequence (a„) is an increasing sequence if and a 

decreasing if 

The two following theorems, which are expressed in terms 
of sequences (a„), apply to monotonic functions /(a;), it being 
understood that f{x) is defined for an infinite set of values of 
X and that x tends to infinity ; the reasoning is the same in 
both cases. 

Theobem I. A monotonic, increasing sequence (a„) tends to 
if the sequence is not bounded, but if the sequence is bounded 
above, say an<k for every value of n, the sequence tends to a 
limit I, and l^k. 

If the sequence is not bounded above then, however large 
the positive number K may be, it is always possible to find an 
integer m such that an>K if n>m (or a value x^ of x such 
that f{x) >K it x> x^). This is the condition that a„ tend to 
-f Qo when (or that /(a;) -foo when x-> +«> ). 

Suppose now that (a„) is bounded above, and let J^ be the 
upper bound of the sequence (or of the set of values of f{x)). 
By the properties of the upper bound (§ 13) for every 

value of n {f{x)^H for every value of x) and, given e, there is 
a value, Wq say, such that a^^>H-e (a value Xq such that 
f{xQ)>H -e). Hence, since a^'^a^ if n>n^ {f{x)'^f(x^) if 
X > x^, we have 

H -e<a„^H iin>n^ {H -e<f{x)^H if a:>a:o), 

and this is the condition that a^ (or that f{x) ->H ) . Further, 

H cannot exceed k so that l = H ^k. 

Cor, If f{x) is monotonic and increases as x tends to a 
monx>Umicfblly, f{x) either tends to x or tends to a limit 

Let a:=:a + (l/y) or a -(1/y) according as a? tends to a through 
values greater than a or through values less than a\ th^ 
a?->a when . 

In the same way the next theorem is proved. 
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Theobem II. A monotonic, decreasing sequence (o„) tends to 
- 00 if the sequence is not bounded but, if the sequence is bounded 
bdow, say a„>k for every value of n, the sequence tends to a 
limit I, and I'^k. 


Cor. If f{x) is monotonio and decreases as x tends to o 
monotonically, f{x) either tends to - » or tends to a limi^. 

r. , 111 

Ex.l. «»=3-3-YoS- 

Here wo may take ifc = 1/3 and obviously a„-f 1/3. (There is no 
of n for which = 1/3.) 


Ex. 2. 


. Jl , 1 , 

» 4- i + 2'^n +3 



Here a«< — ^-- 4 -— 4 - ... to n terms or a«< 1, so that we 

"n4-ln4-l ”n + l 

may take k — l. Further, 

««4i "“n ~2n 4 - r 2n + 2 n 4 - 1 “{271 4 - l)"(2n + 2) ^ ' 
so that (a,,) is an increasing sequence. The sequence therefore heus a 
limit which is a positive number not greater than 1. 


Ex. 3. If p is a fixed (positive) integer and equal to the sum 

J- + ^ 

n4*l n4-2n4-3 *** n+pn* 

titiow that the sequence (a^) tends to a limit. 


Ex. 4. If 0 , 1 , =^1 4*^^ and =^1-1^ show that the sequenoes 

(Of^) and (6„) tend each to a limit and that the limit is the same for both. 

From the inequalities (10) and (11) of § 11 the sequences (a„,) and (6„) 
are respectively increasing and decreasing ; by the inequality (lOa)^ 
am < 4 so that (a^) tends to a limit, s say. Further 

so that tends to the same limit as 0 ^. It is better, however, to apply 
the result of Exercises 1, 10, from which it appears that b^>a„, bo that 
the sequence (6„) is bounded below and therefore tends to a limit. The 
inequality (12) of § 11 then shows the two limits to be the same ; or 
use E.T. p. 95 (iii). 

Bx.6. Suppose a>b>0 and lot a.=l(o + 6) and bt^Jiab). If 
and 6, an detennined by the equations 

= V'(a«_i6«_i), n=2, 3,4,... 

*ow that (i) (a,) is a decreasing sequence, (ii) (6,) is an 
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Bequence, (iii) each «equeaoe tends to a limit and (iv) the limit is the 
same for each. 

Here o„_i -a„ = - b^i), b„ - 6„_, = ( Vo_i - s/6„_i)Wi 

the results (i) and (ii) are easily proved by induction. 

Again «» -t. =i(v'®ii_i - V6«_i)*>0 so that a„>6,. Now (b,) 
is an increasing sequence and therefore a„ > b ; the sequence (a„) 
therefore tends to a limit a.. Similarly b„<a and the sequence (bn) 
tends to a limit )J. The equation On =l(®n-i +^b-i) that a. = fi. 

The common limit a. is called by Qauss the Aiithmetico-geomet^ 
Kean of the munbers a and b, and is frequently denoted by M{a, b). 

Ex. 6. If a>b>0, ai=ii(a+b), bi=iabHa+b) and a„,b^ are 
determined by the equations 

^n=2an_ibn_i/(®n_i + bn_i), ns2, 3, 4, ... 
show that the sequences (a„) and (b^) have a common limit— called the 
Arithmetieo-harmonic Mean of a and b. 

Show that this mean is equal to s/(ab). 

16. Sequence of Interrals. A useful method of determining 
a number depends on the construction of two monotonio 
sequences, one {a„) an increasing and the other (&„) a decreasing 
sequence ; when a„ and b„ are represented as points on a 
directed line, say the x-axis of Coordinate (Geometry, the seg* 
ment of the line which represents the interval (a„, 6«) may, 
subject to certain conditions, be made to contract as n ten^ 
to infinity so as to determine a point. 

The sequence (a„, h„) at intervals defines a number when 
the following conditions are satisfied : 

(i) (a„) is an increasing and (b„) a decreasing sequence of 

real numbers ; 

(ii) o, < bn for every value of n ; 

(iii) given an arbitrarily small positive number e, there is 

an integer m such that - a„ < e if n ^ m. 

That these conditions define a number is clear ; for by (i) and 
(ii) the sequences (a„) and (6„) have limits, a and b say, while 
b-a^£(bn-an)=0, by (iii), so that 6=o. This number a is 
tile number defined by the sequence (a„, &„). 

Zn tile geometrical interpretation every point a« is to the left 
of every point &,; tiie point a is either inside each of the 
intervals or else, after a certain stage, at one end of 
eadi interval /«, and, as n tends to infinity, the intwval /. 

Q.A.O» D 
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contracts, the end-points and K tending from opposite 
sides to a. 

It may happen that =a if n > p, or again that =o if n > ^ ; in 
those cases a is an end-point of each interval when n is greater than 
p or q respectively. 

The number a will be said to be common to each interval 
{a„, hn), it being understood that each interval is elosed. ' 

For purposes of reference this method of determining a 
number may, for want of a better name, be ealled the mepiod 
of the decreasing interval. 

17. Limiting Points or Points of Condensation. Let 8 be an 
infinite set of numbers, or of points corresponding to them on 
a directed line. 

Definition. If there is a point f such that the interval 
(f “ f +e) contains an infinite number of points of the set, f 
is called a limiting point, or a point of condensation, of the set. 
As a number, f is a limiting number of the set. 

f may be but is not necessarily a point of the set as the 
following examples show. 

Ex. 1. S consists of all the rational numbers x such that 

Every irrational number in the interval (0, 1) corresponds to a 
limiting point — or, as it may be stated, every irrational point in (0, 1) 
is a limiting point ; but S contains no irrational points. 

Ex, 2. S consists of all the points in the open interval (0, 1). 

The points 0 and 1 are limiting points but do not belong to S, 

Ex, 3. S consists of all the points in the closed interval (0, 1). 

Every point of the interval is a limiting point. 

Ex, 4. 8 consists of all the positive or negative integers. 

There are in this case no limiting numbers ; it is, however, sometimes 
said that -f oo and - oo are limiting numbers of this set. 

Theorem I. Every infinite bounded set has at leaM one limit- 
ing point. (The Bolzano-Weierstrass Theorem.) 

Apply the method of the decreasing interval. Since the set 
is bounded there is a number a less than every number in the 
set and a number b greater than every number in the set ; let 
aU the numbers be represented on an axis. 

Bisect the interval (a, b). In one or, it may be, in both of 
the half-intervals there will be an infinite number of points of 
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the set ; if there be an infinite number in both select the half* 
interval on the right, that is, the interval [i(o + 6 ), 6 ]. Denote 
the ends of the half-interval selected by and 6 ^ where < fej. 
If the right half -interval has been selected Oi=|^(o-i- 6 ) and 
bi=b, but if the left half -interval has been chosen 0^=0 and 
bi = i(o + 6 ). In both cases a ^ 6 ^ 6 i, 6 i - = ^(6 - o). 

Next bisect the interval (a^, bj) and proceed exactly as in 
the preceding case. One at least of the new half-intervals 
contains an infinite number of points of the set, but if both 
half -intervals contain an infinite number select the half -interval 
on the right and call it (Oj, 62 ). We now have 

Proceeding in this way we find an increasing sequence (a„) 
and a decreasing sequence ( 6 „) where a„ < 6 „, (b„ - a„) — {b- o)/ 2 " 
and each interval (a„, b„) contains an infinite number of points 
of the set. Further, since (6 -o)/ 2 ’‘ may be made arbitrarily 
small the sequence of intervals determines a point f . 

Hence within the interval (I - e, f +e), where e has the usual 
meaning, there lies an infinite number of points of the set, and 
therefore f is a limiting point of the set. 

Thus the set has at least one limiting point ; but there may 
be more because, each time an interval is bisected, it is possible 
that both halves may contain an infinite number of points of 
the set. When an interval occurs which contains an infinite 
number of points of the set, that interval, by the theorem 
just proved, has at least one limiting point of the set. 

The point f determined by the construction first given isj 
if there be more limiting points than one, that which lies furthest 
to the right ; f is the greatest of the limiting numbers of the set 
and will be denoted by O. The characteristic property of 0, 
as appears, from the method by which it is determined, is that 
the interval {0-e, (? -f-c) contains an infinite number of points 
of the set but that only a finite number (and there may be none) 
of the points of the set lies to the right ot G +e. 

The number O is called the greatest of the limiting numbers 
of the set or, simply, the greatest of the limits of the set. 

When there are more limiting points than one of the set it 
iQay be Seen that, if in the construction the left half -interval is 
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always selected instead of the right half, there is a limiting 
point g such that the interval (ff ~ 9 + £) contains an infinite 

number of points of the set, but that only a finite number (and 
there may be none) of the points lies to the left of ; - s. The 
number g is the least of the limits of the set. 

Theorem II. If the set is bounded and has no greatest number 
the upper bound H is a limiting number of the set and JI =f?, 
while if the set has no least number the lower bound h is a linkting 
number of the set, and h—g, \ 

If the set has no greatest number then the interval (H ~ e^H) 
contains an infinite number of elements of the set so that H is 
a limiting number. Again no number in the set is greater than 
H so that Similarly for the lower bound. 

The greatest and the least of the limits are often called the 
Maximum Limit and the Minimum Limit respectively of the 
set. Other names are limes superior (or upper limit) and limes 
inferior (or lower limit). 

When the set is denoted by 8 the following notations are 
used : 

=:iim 8 or (?=lim. sup. 8 ; g=lim 8 or gr=lim. inf. 8. 

When is a sequence (a„) the notations are 

0 =lim =lim ; gr =lim a„ =lim a„, 

n*~*’Oc 

the indication “ n-^oo ” being omitted when no ambiguity 
arises. 

The notation to is sometimes used when it is a matter of 
mdifierenoe whether the maximum or the TnioiTnuTw limit, jg 
taken. For example, the ine<|uaIitieB 

a < Im < 6, 

imply that o<flr and 0< 6. 


-Sete. If c is a limiting point of a 

<«' *)• “<«. » monotonic, increasing 

(*„) can be selected from S such that (xj tends to c. Thk 

statement seems to be ** obvious ’* but a fjiri.. i . . 

Tf;r - 1 . ^ formal proof may be given. 

« where »,>o is any pomt of the set and Oj =(*, +c)/2, infinitely 

^ “ “y ^ ^ pointed 

S^SslTtL'v let *, be one of the 

^ («!» c) ; thena^>a:, aiidc-ay.<(c-«)/2*. 

Next, let o, =(*. +c)ti and a point may be chosen from the pc^ta 
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of (S' in (Oj, c) Buoh that x^>a;f and e -x^<(c -a)/2*. In this way a 
monotonic, increasing sequence (x^) is obtained and (a;^)->c, since 
c -ar„<(c -a)/2"~^. Clearly the sequence may be chosen in infinitely 
many ways. 

Similarly, if c is a limiting point of a set S' that lies in (c, 6), where 
c<&, a monotonic, decreasing sequence (x^) can be selected (in infinitely 
many ways) from S' such that (x^) tends to c. 

If c is a limiting point for both of the sets S and S' let 
and then the sequence (x^) tends to c, so that from the set S''^ 

consisting of the sets S and S' and lying in the interval (a, b), a sequence 
(xi ) — of course, not monotonic — ^has been selected which tends to c, 
where a <c <6 and c is a limiting point of S", 

18. Limits of Indeterxnination. The maximum limit 0 and 
the minimum limit ^ of a bounded sequence (a^) are sometimes 
called respectively the upper limit of indetermination and the 
lower limit of indetermination of the function a^ for n tending 
to 00 . 

Every element a« of the sequence (a„) lies between H and A, 
the upper and lower boimds of the sequence but, when the 
question of a limit for arises, the only values of that are of 
importance are those corresponding to large values of n, and 
it is on these large values that the limit depends. Now, when 
e is given, there is only a finite number of values a„ that are 
greater than & + £ while there is an infinite number greater than 
0-e ; so also there is only a finite number of values of a„ less 
than g-e but an infinite number less than By § 17, 

Theorem II, provided (a„) has no greatest number, and 
g—h provided (a„) has no least. 

Next let f(x) be a bounded, single-valued function of a;, 
defined for an infinite set of values (not necessarily all values) 
of a; in an interval (f - fi, f +«), f being a limiting point of the 
set of values x. Since f{x) is bounded the set of values of f{x) 
is a bounded set and has therefore a maximum limit 0 and a 
minimum limit g. 

Now let e tend to zero. It is easy to prove, if it be not 
considered to be obvious, that as e tends to zero 0 cannot 
increase and g cannot decrease, so that 0 and g are bounded 
monotonio functions of s, say 0{e) and g{B). It follows there- 
fore from § 15 that G{e) and g(e) tend to limits, and g^ say, 
when e trads to zero. 
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These two numbers and are called respectively the 
upper avd the lower limit of indetermination of f{x) for x tending 
to I 

If the interval for which /(a;) is defined is (f, | +e) then x can 
only tend to f through values greater than f or — ^in the usual 
notation — x tends to | +0. As before 0 and g tend to limits, 
O'o and go say, when +0; (?; and go are called the twht- 
hand upper and lower limits of indetermination of f{x) Apr x 
tending to f +0. \ 

Similarly if the interval is (f-e, I), so that x tends tp f 
through values less than f -* 0), there are left-hand upper 
and lower limits of indetermination of f{x) for x tending to 
f - 0 ; these may be denoted by Go and g'o respectively. 

In all these cases it must be remembered (i) that there is no 
sense in speaking of a limit for x tending to f unless f is a 
limiting point of the values of x for which the function is 
defined, and (ii) that the limits Gq and g^ depend on values of 
f(x) for values of x such that 0 < | ^ - a; | < (S where d is positive 
and arbitrarily small. 

Again the difference G-g is never negative; when ^->0, 
then G-->Gq, therefore 

The conditions that (a„) should tend to a limit when n->oo 
and that /(a;) should tend to a limit when ar-^f may be readily 
derived from the above statements about the limits of in- 
determination. The conditions in these cases are, however, 
of so fundamental a character that they will be considered in 
detail in §§ 19 and 21. 

19. Existence of a Limit. Sequence. We shall now prove 
Cauchy’s Test for the existence of a limit of the sequence (a^) 
{E.T. p. 378, Th. Ill) ; the general case for the limit of a 
function of x is considered in § 21. 

. Theoebm. The necessary and sufficient condition. ^ <Ae 
sequence (a^) tend to a limit, I say, is that, given an arbitra/rUy 
smaU positive number e, there shall be an integer m such that 
1 ®«+. — a„\<. e if n'^m, whatever value the integer p may take. 

(i) The condition is neceasary. For if o,-> I there is, by the 
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§§ 18 - 20 ] 

definition of a limit, an integer m such that \ l-€^\<^e if 
But 

1 ®n+p "" I ~ I (^n+J* “ ^n) | S 1 ^ “ ®n+p | + | ^ I 

and therefore 

I “ «n I < ie +ie, that is, | a^+j, - a„ | <£ if n ^ m, 
so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is an integer m such that if n ^ m 

I l<fi, or, «n-e<a„+^<a„+e, 2 ) = I, 2, 3, 

and therefore the sequence (a^), where // take the values, m +1, 
m +2, m +3, ..., is bounded and has a maximum limit G and a 
minimum limit g. In other words, if w ^ m, 

so that O^G -g^2e. 

Hence, since e is arbitrarily small, <?=gr, and there is only one 
limiting point in the sequence. The sequence (a„) therefore 
tends to a limit ; the limit is 1, where l — G^g, 

The student should prove that the other method, specified in 
the enunciation of Theorem III (E,T, p. 378), of stating the 
condition is equivalent to the above. 

20. Examples, The following examples contain some inter- 
esting theorems in limits ; others will be found in the Exercises 
at the end of the chapter. In some cases a knowledge of the 
chief theorems in the convergence of series is assumed. 

Ex. 1. If and tend to zero when and if further (6„) is a 

monotonic decreasing sequence so that tn>^n+i>^ least for suffi- 
ciently large values of n), then 



n— ►« fi—^oo 


provided that the second limit exists, whether that limit is a finite 
number I or infinite. 

(i) Suppose that (a„ feuds to a finite limit 1. In 

this case there is an integer m such that if 


7 41 

1 


<€, or l-e<^ — ?^<Z+c, 

On ~ °n+l 


5r, since - 6„+i is positive, {m may be taken large enough to make each 
positive) 




{I - c)(6|, - b^+i) <€tn ■” ®n+l +^)(^n " ^n+l)* 
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In (a) put n + 1, n+2, n+p -1 in tom for n and add ; then for 
every integer p 

{I -€)(b„ -5„+,)<a, -o^,<(f+«)(6„ -6«+,), nS*n. 

Now let ^ tend to oo ; then therefore 

(*-«)6|i£«nS (*+«)&». «§*». 

or, dividing by the positive number b„, 

or jf n^m. 

Hence ajb^^ I when n-^oo . 

(ii) Suppose that (o,, -a„^i)/(6„ -6^41) tends to oe. In this qase 
there is an integer m such that, given any positive number K, if n ^ \n, 

since (6„-6„4.i) is positive. Proceeding as in case (i) we find that 

®n+j» ^ “ ^n+l»)» ®n := -^^n* ^ ~ ^ 

and therefore aJb^'^K if n im. Hence aJb^-^-cc when n-^-oo since 
K is any positive number. 


Sx, 2. If 6^41 > b^ and if b^->co when n->oo , then 


jCr^jCr 

^ 0^ A» 6„, 


-Ofi 


provided that the second limit exists, whether that limit is a finite 
number I or infinite. 


(i) Suppose the limit of - K) to be the finite number 1. 

As in the proof of Ex. 1 we find, since 6n+i>^>n» that 

(^“<)(^>n+P ’'K)<^n^p “On< (^+«)(&n+i» ~&n) if 
or, writing a„, in place of 6^4,, and o,„, b„, in place of a„, 6^, 

(/ - e)(6„ - 6„j) < - o„j < (f 4- e)(6^ - bm) if n > m. 

Now divide by the positive number b^ and then add ajb^ to each 
member of these inequalities ,• this gives, if n >m, 



I^t ^e nwbers he kept fixed and let n, which is greater than 

m, t^d to infinity ; since 6„ tends to infinity with n it is therefore 
possible to choose N so that 

f-2e<o,/6„<f+2e if 
and thorefore a./i, tends to I when n-*aa, 

(u) S^]^M thrt (o^j -a»>/(6»+i -K) tends to oo ; then, as brfote, 
we can find m so that, whatever positive number K may be, if n > m, 

a„-a„>K{b„ -b„) or -^)+f2. 

Keeping a„ and 6„ fixed, we o«i choose N so that o„/6, be 
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greater than £ - e it n>N. Hence when n-^oo since K is 

any positive number. 

Compare E*T. p. 420, paragraphs 1 and II, with the theorems of 
Ex. 1 and Ex. 2. 

Ex. 3. Prove the following theorems, usually called Cauchy's 
First and Second Theorems. 

First Theorem. If Oi + 0 , + ... +o„=.9„, and if when n -►00 

so does where ejn is the Arithmetic Mean of the numbers 

Oi, O], ... , a„. 

'Second Theorem. . If ... are all positive and if aja^i tends 
to a limit, r say, when n -> 00 , then also tends to r when n . 

The First Theorem is a particular case of Ex. 2 ; in that example 
let =n, and we get the First Theorem. 

Next write a« in the form 

1 

therefore log (•>„) 


Now aja^^i’->r and therefore, since log a? is a continuous function 
of X, log (an/®n-i)“^ First Theorem the fraction to which 

log (VOfi) ©qual tends to log r so that V»n tends to r. 

It should be observed that sjn may tend to a limit though does not. 
For example, let a,| s=( - 1)^*^ ; does not tend to a limit but the mean 
Sjn tends to zero. 


Ex. 4. If the sequences (a,|) and (6„) tend to a and 6 respectively 
then the sequence (c„), where 

e» =^(“1^1. + — +»A) 

tends to ab. 

Let Of s=a +df. ; then 

+^n-l + ••• +^l) + (^i^n + ••• 


By Cauchy's First Theorem (^n+^n-i + ••• tends to h. Next 

each of the numbers bf is finite, say | 6^ I <-®» while 0 ; therefore 


(di^n + ••• 




and, again by the First Theorem, this expression tends to zero so that 
(e„) tends to 06. 

21. Existence of a Limit. Function of x. We now take the 
general case of Cauchy’s Test for the Existence of a Limit ; the 
theorem of § 19 is limited to the case of a sequence. 

Let f{x) be a bounded, single-valued function of x, defined 
for an infi^ute set of values of 2 ; in an interval (a, b ) ; it is to be 
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understood that in the following discussion the values assigned 
to X are those values in (a, b)— admissible values they may be 
called — for which f{x) is defined. Since these admissible values 
form an infinite set there is at least one limiting point f of the 
set. The theorem to be proved is as follows : 


Theorem. The Tiecessary and sufficient coTidition that f{x) 
tend to a limit, I say, when x tends to | is that, givm an 
arbitrarily small positive number e, there shall be a positive 
number rj such that \f{x*) -f{x*') | < e, when x* and x” are^any 
two values of x, such that 0 < | a;' - f | < and 0 < | ~ f | < ij. 

It should be noted that i itself is not an admissible value of x. 
(i) The condition is necessary. For if f{x)->l when x-->S it 
is possible to choose rj so that 1 1 - f{x') | <ie and [ Z -f(x'') \ <\e 
when I <7; and 0< | a:" - f | < ?/. Now 

and therefore 


!/(«') I < e if 0< I a;' - II < t; and 0< | - 1 1 < t;,' 

so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is a number rj such that 

\f{x')-f{x") |<£, or, fix") - e<f(x')<f(x'') -he 
when 0< | |^a;' \<rj and 0< | l-a;'' | <r]. 

Thus the set of values of f{x) obtained by assigning to x all 
the admissible values of a; in (| | is a bounded infinite 

set and has therefore a maximum limit 0 and a minimum 
limit gr. Hence 

f(x'')-€^g^0^f{x'') +e 
so that 0^O-g^2e, 

But, as rj tends to zero, 0 and g (see § 18) tend respectively to 
and g^, where and go^g; therefore 

Og(?o“?o^2e. 

As e is arbitrarily small it follows that O^-g^ and therefore, 
when a:-^|, the set of admissible values of f{x) has only one 
limiting number or g^ and Z=(?o= jo* 

If I is a limiting point for values of x greater than f , 
reasoning shows that f(x) wUl tend to a limit when +0 
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if, and only if, there is a number rj such that | f{x') -fix'*) | < e 
when 0< I f -rr' I < 7 ] and 0 <\ \ < 77 (a:' > f , > f ). 

If f is a limiting point for values of x less than ( then /(a?) will 
tend to a limit when x->^ - 0 if, and only if, there is a number ij 
such that 1 fix') -fix") 1 <e when 0 < | f - a;' | <?/, 0 < | f - a;'"] < 
(a:'<f, x"<S). 

Again to find the condition that fix) should tend to a limit 
whena;“>+Qo let x = l Jy axad fix) =^Fiy). Whena:->+«> the 
new variable y tends to zero and the condition 

I Fiy') - Fiy")\ < e if 0<y'<?7 and 

becomes 

\fix')-fix")\ <e if x'>N and x">N, 

where N I jr}, and therefore N is an arbitrarily large positive 
number. 

Similarly if a? - 00 the condition for a limit of fix) is 
\fix')-fix")\ <eitx'<--N s^ndx"<-N, 
where N is an arbitrarily large positive number. 

Continuity of fix). If fix) is defined for all values of x in the 
interval ii-rj, f +17) the condition that fix) should be con- 
tinuous at f is iE.T. p. 87 ) that fix) should tend to /(f) when x 
tends to f ; in other words that the limit of fix) for x tending 
to f should be equal to the value of fix) for x equal to f . This 
condition may now be stated in another form. 

Let («„) be any sequence that tends to f ; if the sequence 

/(*2). /(*s). - 

tends to /(f) whatever particular sequence (a:„) be chosen, then 
fix) will be continuous at f. 

That the two* forms of the condition are equivalent may be proved 
as follows. 

(а) If f , then m may be chosen so that | f - I < ^ when n^m; 

hence if l/(f ) -fix) | < s when \ ( -x\<fi,we shall have |/(f ) -/(a:„) | <e 
when n ^ m, so that/(a:„)-^ /(f) when (»„)-> f . Thus, when the first form 
of the condition is satisfied, so is the second. 

(б) When the second form is satisfied, so is the first. For, if /(») does 
not tend to /(f) when x tends to f , it will be possible to choose c so that 
l/(f ) -/(«) 1 S c for infinitely many values of x (for a set 8 , say) in the 
interval iS -fj, ( -+-17) ; because, if there were only a finite number of 
such values of x, one of them («', say) would difier from f by less than 
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any of the others and then |/(f ) “/(*) | would be less than e when 
If-*)! <ti', where »»' = 1 f so that f{x) would tend to /({) when 

X tended to (. 

Now from the set S in the interval (( -rj, ( & sequence {x^) can be 
selected which tends to { (§ 17, Note) ; hence |/(f ) | for every 

value of n, so that f{x^) does not tend to /({) when (x^) tends to (. 
This conclusion contradicts the condition that every sequence/(a;„) tends 
to /(f) when (a;„)-^f ; it is therefore possible, when the second condition 
is satisfied, to choose rj so that | /(f) -/(«) | < e when | f - a; | <iy. Thu^^ 
when the second form is satisfied, so is the first. ^ 

The student may, as an exercise, deduce the conditions in' 
§ 21 from those in § 19. 

22. Exponential Functions. The exponential function a* 
is, up to this stage, defined for rational values of the variable x 
alone. The definition will now be extended to irrational 
values of x by showing that if (x^) is any sequence of rational 
numbers that has x as its limit the sequence (a*^) also has a 
limit and this limit is defined to be the value of o*. The 
discussion is rather long but it is not difficult ; the inequalities 
of § 11 are required. It has to be remembered that the base a 
is positive. 

(1) a*“>l when x tends to zero through rational values. 

Suppose a > 1 and let = 1 where a„ is positive and n 

a positive integer ; then (§ 11, (8)) 

a = (1 +«„)'* > 1 +n a„, <(a - l)/n 

and therefore and when n~>oo . 

Further, a""^/^ = l/a^/” and therefore a‘’^/"->l when n-^oo , 

Next, let (Xn) be any sequence of rational numbers that tends 
to zero and let N be an arbitrarily large positive integer. It 
is possible to choose m so that x^ will lie between -IjN and IjN 
if » > wi, and therefore also so that lies between and 
iln>m. But, given e as usual, N may by the preceding 
part of the proof be taken so large that both and lie 
within the interval (1 - e, 1 ; so therefore does a** if n > m, 

and therefore a*«->l when 

Suppose next that a<l. Then 6 = l/a>l and a«" = l/5*- 
so that a®"->l since if n-> oo. 

(2) Next let (aj„) be a sequence of rational numbers that 
tends to x. We may suppose that x^ lies between two fixed 
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rational numbers u and v for all values of n so that a*^ lies 
between a* and a* and is therefore bounded, say a*»<k for 
every value of n. 

The sequence (a**) tends to a limit, a say ; because 
I o«»+p _o*» I = I - 1) I < i I - 1 I 

and I o**+»^*" - 1 I -> 0 if n->« since the sequence {x„) is 
convergent and therefore ««+» -»n->0 if n-^co . 

Again if (y„) is any other sequence of rational numbers that 
tends to x the sequence (a*-) tends, by the above proof, to a 
limit, P say, but p=a., as may be seen thus. The integer m 
may be chosen so large that and y„ differ from x and from 
each other by less than e if n > m ; further, 

I -o** I = I - 1) I < ifc I - 1 I 

and I ->0 when n->-oo because when 

n ->06 . Hence /9= a. 

The limit a. is therefore the same whatever be the sequence 
(a®-) when (x„) is a sequence of rational numbers that tends to x. 
a. is defined to be the value of the function o® for all real values 
of X, and it will be noticed that a® cannot be negative. 

(3) If a > 1 and c any rational number in the upper class of 
the section that defines x, when x is irrational, then a®<a'’. 
Hence o®- > or < o* according as a: > or < y, while if 
o<l, o* > or < a* according as a; < or > y. These con- 
clusions follow readily from § 11 and the definition of 
inequality (§ 5). 

Again, it is easy to prove that the index laws 
o* X o» =o*+‘', a-* = l/o®, (o*)* =o*» 
are valid when x and y are any real numbers. Thus, for 
example, let x and y be defined by the sequences (a;„) and (y«) of 
rational numbers ; then, by the fundamental theorems of limits, 

(o“» X o*") rsjT (o*»+'^), that is, o* x o» =o®+» 

since all the limits exist. 

(4) a*’ is a continuous function of x. 

Suppose a>l. It is always possible to choose rational 
numbers y and z such that, whether x is rational or irrationail, 
y<x<z and z-y = ljn. 
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Now, let x' be any real number such that y<x'<z\ then, 
by (3). «* < ®*' < ®‘- When y and * both tend to ® bo does 
*' ; but in this case, by (2), both a* and a* tend to a* and 
therefore a”' also tends to o*. 

A aimilnr proof holds if o < 1. Henoe, whether x' tends to 
X through rational or irrational values of *, a*' tends to o* and 
therefore a” is a continuous function of x. 

(6) It follows now that, if o>l, the function a“ is b 
monotonic, strictly increasing, continuous function of aJj 
o*->+oo when *->+<» and o^-s-O when »— > — oo. It may 
further be noted that o®— >1 when a;-^0. 

If o < 1 let a = 1/6 where 6 > 1 so that c* = 1/6“ and it follows 
that a“ is a monotonic, strictly decreasing function of x. 

The student should note specially the following inequality, 
which is required in § 24, and is generally useful. 

If 6 >a>l then when a;> 0, but b^<a^ when a:< 0, 

where a; is a real number. 

23. Logarithms. In this article a theorem will be assumed 
which is more conveniently discussed in the next chapter (§ 32), 
namely : If f(x) is a monotonic, strictly increasing, continuous 
function of x for a given range of x the equation f{x) defines 
X as a monotonic, strictly increasing, continuous function of y 
for the corresponding range of y. The two functions are said 
to be “ inverse ” to each other (E,T, p. 18). 

In the preceding article it has been proved that a® is, if a > 1, 
a monotonic, strictly increasing, continuous function of x that 
increases from 0 to c» as x increases from - x to x . The 
inverse function is called a logarithm, and if y>0 and a*=y 
the definition is that “ a; is the logarithm of y to the base a,” so 
that, in the usual notation, 

if where a>l andy>0. 

It is obvious that log^y =0 if y = 1 and that log^y is positive 
or negative according as y is greater than or less than unity, 
(In practice the bcLse a is usually assumed to be greater than 
unity.) 

There is no need to discuss the well-known rules of operation 
with logarithms, but one property may be stated explicitly, 
namely, that if (y„) is any sequence of real numbers that tends 
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to y the sequence (log ^„) tends to log y. This property follows 
from the fact that log y is a continuous function of y {§ 21). 

24. The Base e. Theorems in Limits. It has been proved 
in § 11, (10) and (10a) that, if n is a positive rational number, 
(1 + l/n)“ increases as n increases but that (1 + 1/w)” is less than 
4 for every value of n. Therefore (§15, Th. I) (1+1/n)" 
tends to a limit, usually denoted by c, when . 

Next, let z be any real number greater than unity and let the 
positive integer n be chosen so that n^z<n +1 ; therefore 
when either of the numbers z and n tends to infinity so does the 
other. 

Now 1 + < 1 ^ 1 -f - , 

n+1 z n 


and therefore (l +^J<(n.i)*<(l 
But 

(* +iTi) “(* ■^STl) /(* 

and therefore both [I -f - -- - - j -j and ^ 1 tend to e when 

w->oo , since ^1 does so for all rational values of n. Hence 
IV 

1 +“ j tends to c when z tends to infinity through real 
(positive) values. 

Nextlet«= -y - 1 where y>0 ; then 2 ->~oo wheny-^+co. 


But 

and therefore 


^1 tends to c when ~ oo . 


The above result may be stated as a theorem. 

Theobbm I. The expression +~) ^ a definite limit y 

denoted by s, when z tends through real valves either to + qo or 
to -00 ; or, {if l/z is substituted for z) the expression (1 +«)'/* 
tends to the limit e when z tends to zero through real mines which 
fMvy he either positive or negative. 
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This number «, as the student knows, is taken as the base 
of the logarithm in all theoretical investigations, and the 
function c* is “ the exponential function oi x." If o is positive 
the function o®, which is of course an exponential function of x, 
may be expressed, in what is considered the standard form, as 
In accordance with the usual practice; the symbol log a 
is here taken to mean log, a. 

Theorem 11. h>0 or k<0. 

A— . 

Suppose a> 1. Then a* = l +£ ; i: is positive or negative 
according as h is positive or negative and k->0 when 
Now Aloga=log(l 4-^;), and therefore 

a* - 1 _ Jc lo g a _ log a 

~ir "i^i +r)“i^T(i 

But (Th. I) (l+i)’/*->c and therefore, since log* is a con- 
tinuous function of *, log [(1 +!:)>/*]-»• log c when ik->0. The 
theorem is therefore proved since log 6 = 1. 

If 0 < o < 1, let 6 = 1/a ; then 6 > 1 so that 

A— K) A— ►O 

Cor. Let /i = 1/n where n is a positive integer ; thenn(;ya-l) 
tends to log a when n tends to infinity. 

Theorem III. f 

^ h z 

Since x must be positive we suppose a; ^ c> 0. Now 


Let hlx=k; then k-*0 when h-^0 since * ^ c> 0. As before 
log[(l+ip] tends to logc, that is, to unity when so 
that the theorem is established. 

Theorems II and III show at once that the derivatives of e®, 
o® and log x are c®, o®log o and Ijx respectively. 

Derivative of when n is irrational. Since a;", whmi »> 0, 
may be expressed as we find 


dx dx • dx 


=iB" . -=na®~*, 

X 
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SO that the usual rule for the derivative of 7^^ applies whether 
n is rational or irrational. However, when n is irrational, x 
must be positive. 

Notation. The exponential function €® is frequently ex- 
pressed by the notation exp(a;); this notation is specially 
useful when the index is a somewhat lengthy expression such 
as {ax^ -\-bx -^c)l{a'x^ ’^b'x +c') or n log (1 +a;/n). 

25. Limits and Inequalities. The examples now to be given 
establish some theorems in limits of logarithmic and exponential 
functions and also some inequalities that are frequently re- 
quired. 

Ex. 1. If the product nk tends to x when | n | tends to infinity, so 
does the product n log (1 +A;). 

The proof depends on the theorem which has been applied so often 
in § 24 that log [( 1 + k)Vh'\ tends to log e, that is, to unity when k tends 
in any way to zero. 

If nk tends to x whether n tends to + oo or to ~ oo then k tends to 
zero whether a; is or is not zero. Now 

n log (1 + A;) log [(1 +A;)V*] 

and therefore 

log (1 +k) ^ jTinh) . [(1 -f-A?)!/*] =a?. 

Ex. 2. If the product nk tends to x when | n | tends to infinity, then 
(1 +A;)” tends to e®. 

(1 +A;)" =e®n where x^^ =n log (1 +ifc). 

By Ex. 1, x^-*- X and therefore, by § 22, (4), e*. 

Two particular cases of this theorem are important. 

(i) Let k :=xln ; then ( 1 + x/n)” tends to e* when n tends either to + oo 
or to - 00 . 

(ii) Let nx =w ; then, if x is not zero, | m | tends to infinity when | n | 
does so. Therefore 

If « =0, (1 + l/n)*»* = 1, and therefore the limit is 1 and 1 =e®. 

In these and similar examplls it has to be remembered that n and k 
must be such that (1 4- A;) is positwe. 

Ex. 3, Prove the following inequalities : 

(i) e® > 1 if a: >0 ; (ii) 6“* > 1 if 0< j»<1 ; 

(iii) x - Ja:* < log (1 +a?) <x if 0<a?<l; 

G.A0. a 
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Qpm 

(iv) x< ~log(l + if 0<aJ< 1 ; 

(v) 2a?<log|-~<2a;+^y^— j if 0<a;<L 

For the extreme values 0 and 1 of a: it is best to test the value of the 
function. In all cases the inequalities become equalities for x—Q; 
for a: = 1 the inequalities (ii) and (iii) persist but the logarithms in (iv) 
and (v) tend to infinity when a?->l. ^ 

These results are proved very simply by the method used in {the 
Elementary Treaiiae, p. 132, examples 24, 33, 34. To illustrate vthe 
method take the inequalities (v). Let \ 


fix) =log - 2» ; g>ix) =log (2* r^)- 


Here 


. 2a:* % x- 

^ ”1"^’ ’’ ~ “3 (1-^*' 

and therefore /'(a?) is positive and (p\x) negative if 0< a:<l. But /(a:) 
and q>{x) are both zero when a:=0 so that the increasing function /(a:) 
is positive and the decreasing function 9? (a:) is negative for the range 
0 < a: < 1. The inequalities are therefore proved. 

I2n<fi+r) 


Ex. 4. Prove that e < 1 


< c xe 


where n is any positive number. 

The inequalities (v) of Ex. 3 may be expressed in the form 

Now let X = l/(2n + 1 ) where n > 0 ; then 


12n(n + l)‘ 


BO that 


1<1 


< 1 +, 


therefore, passing from logarithms to numbers, we find the 
inequalities stated in the ftramplA , 

Ex. 6. If ,,(») =(cos and if 0 and /(«)->« when »-♦«, 
discuss the question of a limit for 9?(n) when n-^ao . 

♦ ^(w) =e“» and the problem reduces 

to that of todmg the limit of This problem is, however, indeter- 
mmate until a relation between e„ and/(«) is given. 

Now by Ex. 3, (iv) the limit of [log (1 -*)]/* when * tends to zero 
18-1. But log (cos e„) = i log ( I - sin* 0„) and 

«n = i/(n) log ( 1 - sin* 0.) = i/(«) . 0 ‘ r}g gll-Bin«0, )-] /sin e„Y 

' "L sin*0, J-ro; /’ 

so that the limit of u„ is the same as tfaq limit of - i/(n)^ the 
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factors sin 0J6„ and log (1 -Bin*fl„)/8in*0„ tend to 1 and - 1 respec- 
tively. Hence 

OS -*0, q>(n)-*l ; 

if /(n) 6® a*. u„-*- - ^a*, <p(n)-*- e-Jo*; 

if/(n) fl*^+oo, 9 >(n)-^ 0 . 

If 97(n) =(sin let sin6„/d„ = l- "g"”* where a.~>0 when 

0 (that is, use the first two terms of the series for sin d^) and then 
proceed as before. Or, note that {E,T, p. 77) sin BJO^ lies between 1 

and cos when | 

Ex, 6. If m > 0, (log x)lx^-^ 0 when a:->oo . 

Let x=ev and apply tho method of Examples 8, 9, p. 99 of the 
Elementary Treatise, 

26. Extension of Range of Definition. The method by which 
the range of definition of the function a® has been extended from 
rational to real values of a; is of a general character, and may 
often be applied. The principle of the method may be stated 
in the following way. 

Suppose that a tunction Jbias the two properties : 

(1) f{z) is a bounded, single-valued function of defined for 
all rational values of z in the range a^z^b ; 

(2) if f is any rational v«i|ue of z in the range, f{z) tends to 
/(^) when z tends through rational values to f . 

Now every point f in the interval (a, 6) is a limiting point 
of the set of rational points in the interval and by Cauchy’s 
Test (§ 21) f(z) tends to a limit, say, when z tends through 
rational values to f whether f is rational or irrational. When 
f is rational is the value /(f) of the function ; now, if f is 
irrational, let be defined to be the value of f{z) when a:=f 
and f{x) will be defined for all values of z in (a, 6), and 
further, /(a?) will be continuous for the range a ^ a? ^ 6. 

To see that f(z) is continuous, let f and c be two values of 
X in the range, f being rational or irrational and c rational. 
When z tends to f through rational values, /(a;), by the 
extended definition, tends /(f) ; it has to be proved that 
J(x) tends to /(f) whether z tends to f through rational or 
through irrational values. 

In the first place, rj may be chosen so that 

l/(c) -/(«•!< ie if lc-fl<»7 (i) 
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Next, let f' be any number, rational or irrational, between 
S and c ; there is in the interval (f', c) a rational number c' 
such that \f{c')-f(S')\<ie. It is possible that c' may be 
taken to be c ; if not, substitute c' for c in the inequality (i) 
(this substitution is manifestly admissible) and let the one 
symbol c' be used to cover both cases. We now have 

a^id \f{c')-m\<ie, |/(c')-/(r)l<K 

so that, if I - f I < ?7, we find 

\m -m I = 1 {/(c') -m > ~ {/(c') > i 

or, e. ^ 

Thus f(x) tends to /(f) when x tends to f through irrational 
as well as through rational values, and therefore f{x) is con- 
tinuous at f . 


EXERCISES II. 

~ ^/(7^• + 1)“** V(w* + 2) s/{n* + 3) >/(n* + n) 

o„->l when n-^ao . 

9 jt ^ ^ ^ , n , n 

when n-^oo . 

3. If On+i=l(®n+M and ^n+i=v'(o„+i6„), a„>0, 6„>0, the 
sequences (a„) and (6,^) are monotonic and converge to the same limit, 
a say. 

H ai=oos9, 6,=1. then a=Bme/9; if ai=coshu, 6.=1 then 
a=sinhu/«. (Borohardt.) 

H o„+,=y(o^iO„) and o„ >0, the sequences (o,^j) and (o^) are 
both monotomo, one increasing and the other decreasing ; the sequence 
(o„) tends to (OiO^)^. 


6. K o«+>-i(o^i+a„) and a„>0, the sequences (o.«_,) and (a^) 
behave as m Ex. 4, and the sequence (o„) tends to J(oi + 2o,). 

6. If ^+i=V(o+o.), where each number is positive, the sequence 
(®») tends to f, where J is the positive root of the equation »* =* +o. 
[Here o«+i -oi+a=<i„ -o„^i so that (each number being positive) 
V ^"iing as o„ >or< that is, (o,) is monotonic. 
A^, smoe f =t+o we have so that o,>{ if Oi>f; 

also if o,>f'(the positive root of a!»=a; + o) then (^>o+o,=<^ or 
'^us when (a„) is a decreasing sequmce each o. is greater 
f, with a similar conclusion if o. < Hence, since o, and o^, 
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tend to the scune (positive) limit, rj say, we have 97*=a + i 7 so that 
rj-i-] 

7. If =a/(l (each number positive) the sequence (a„) tends 

to a limit the positive root of the equation a;* +» =a. 


8. If =<H'n “ log ^ ^-od =H„ - log (n + 1 ) where 

= 1+5 + 1 + -+^. 


show that (u^) and (v^) tend to the same limit, y say ; y is a common 
(though not universal) notation for the limit which is always known 
as Euler’s Constant, (y = 0-677 215 664 ...). 

[By the inequalities, § 25, Ex. 3, we have 


-««+i =;rTi ® ’ 


M„ -v„ =log (l +^) > 0. Mn >V 


Thus (u^) is decreasing, (v,j) increasing, but and < Wi- Hence 

(u„)-> a limit ol and a limit P while 0, so that ct.:=^p^y. 

Or, we may proceed as follows : 


.,23 
n + l=T 


n + 1 
n 




so that v» = S{^~^°8(i+>)} 5 0<'»n<i2p- 

The series 21/^ converges and therefore v„->a limit; 
and the sequence {u^) tends to the same limit.] 

Cor, = y +log w + where 6^“^ ^ when n->ao . This expression 
for the sum of the first n terms of the harmonic series is often useful. 


9. U o„=~ + r4-s + ...+: ^ 


n + l n+2 n-fn' 

prove that a„~>- log 2 when n-^oo and deduce a series for log 2. 

[o„ = = ( y + log 2n + o;) - ( y + log n + e;), 

a* =log 2+ (On- K)-*- log 2 since 0, OJ-v 0. 


so that 
Again 

so that 




r-i 


r-l 


2 n I n I 

‘.-Si- 


10. If 
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prove that ~ 

and deduce that 

[Here a„ - 6„ =H«„ - 1H*» - JH*. The infinite series 

i+i-J + i+?-i + - i 

is a derangement * of the series in Hx. 9 for log 2, so that this deranj^- 
ment alters the sum of the series.] 


11. If p and q are fixed positive integers and if 

n n 

On— 2 ~ 2 d,., 

r»l r-1 

show that (i) a„ - =H 2 j,n - - 4Hg„. 

(ii) ;^(On-6«)=J‘>g2+2log|- 


1 


State the result as a theorem on the change produced in the value of 
the series for log 2 (Ex. 9) by a derangement * of its terms. 


12. If p is a fixed positive integer and if 

^ ^ ^ ^ ^ 4. 


* 


1 


n + 1 n +2 n + 3 


n +pn 


and 


fc = 2 2 2 

” 2n + 1 "*”271 + 3^2n + 6 ^ ^2n + 2pn - 1* 


show that both o„ and tend to log (p + 1) when n->oe . 

13. If On —{\(aVn +5i/n)}n, show that On tends to sj{ah) when n->« . 
[Here a„=(l+A:)*» where nA; = i{n(ab'« - 1) +n(6i/» ~ 1)} and (§24. 
Th. II, Cor.) nk-^ J log (ah) when n->oo .] 

1 ^ /"l*' + 2»» + 3»» + ... 1 , ^ 

u. ^ p + l>0. 


15, 




nw-i 

+ 2P + 3*» + ... +n** 




'ir5T)-r '■>*• 


.1 /-{(I 


+c)y -^.( 0 4-2c)*^ 4-... -H(a-i-nc)>^ 

n» ~pTij 

=(c» + 4c)c*^^, p>0, a^O, c>0* 

* On derangement of series, see § 59, 
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17. If /(n) gg y show tfaftt n“i-p/(n)-^0 when 

n-^oo and then prove 

(i)/‘n-y(n)=l; (ii) /*{=-/(«)} =1. 

n-^oo fi~Mo 

jg ^.l+s/2 + V3+J'4 + ...+Vn^l_ 

n-+-» 

»■ 

n-^oo n-->-ao 

1 

/*^{(” + l)(«+2) -(«+«)}"=*• 

n-HJc 

1 

22. ^~ {(* + !)(* +2).. .(*+n)j’*=^, (ft fixed). 

23. If a„ +CiXj^ +Caa:j + ... +c,ja:,j, = 0 ® +Cx +Ca + ... where 

Cy(r=0, 1, 2, ... , n) is positive (at least for all values of r greater than 
a fixed integer) and when n-^oo , prove that if tends to a limit! 

r CoiCo -f CiXj + . . . + ^ 

Aoh^ Cq +C i + ... +c,i 

n->oo n-^QO 

!is not necessarily finite (see § 20, £x. 2). 

24. If the symbol denotes the binomial coefficient 

n(n - l)(n -2) ... (n -r + l)/r ! 

show that, when r is a fixed integer, (r)"^ ® when n-^oo . 


D 


2«\r; 


» if n-^oo 


r!’2” r!ewlog 2 

26. If On=a^o + (?)a:i + ( 2 )®a + ... +(^)a?r + ... show that 
a„/2"-^ 0 if (««)-► 0, and that a„/2’*-> x if (xn)’-*x. 


Now if (*„)-► 0 we can. choose r so that | «, | < if p>r and then, 
if n>r, 

AKtJ l)*'+‘+(r+2)*’-+* + - +0*«] <i* 
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Choose r and keep it fixed ; the other part of a„/2^ contains a flniU 
number of terms, namely (r + 1), each of which tends to aero when 
n-^oo , and therefore their sum will be less than Je when n>N. Thus 
a„/2” is less than c if n > JV so that 0 if 0. 

If (a?„) tend to x we may write 



and 6„/2»»-> 0 since («„ 0 so that aJ2^-^x,j 

26. jTicoB x)^sse’'h and ^^(sin 3?)®*“® = !. 

27. If tan at = A tan (kn/n), where 0< A^ 1 and A: is a fixed positive 
integer, prove that 

(i) jT COB (ncLh)- COB Xkn; (u) j^(co8a.jfc)" = 1. 
n— ^co n->oo 

The following Examples 28-30 lead to Stirling's approximation for n t 

28. If (p{n) =n!e**/n^+* apply Ex. 4 of § 25 to prove that (p(n) is a 
monotonic, decreasing, positive function of n and therefore tends to a 
limit k when n->oo , Show that A: > 0. 

' «p(n + l)<,p(n). 

-J_ 

To prove A; > 0,let^(n) -e y^^<p{n) ; then^(n + 1) > V^(n). Since ^(n) 
has the same limit as <p{n) and increases to its limit k, it follows that 

*> 0 .] 

29. From Wallis’s expression for w/2 (E,T. p. 307) prove that »J(nl2) 
lies between PJkJ{2n) and PJ»J(2n + 1) where 

P„=:(2«.n!)*/{2n)! 

and therefore 

(2" . n!)*/(2n) ! = + e„), 0 < «, < 1. 

Deduce that 

1.3.5... (2n-l) , 1 , 

so- Show that 

and therefore that k—tj(2n), where k is defined in Ex. 28, so that 
*/{2n) when n-^co . 
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n.3 

[By Ex. 28, ip{n) h greater than & and ^(n) or ^(n) is less than 
Jk or sli^n ) ; that is 

q>(n) > sl{2n) but ^(n) <^/(2jr)el2» 
and therefore ^(n) = V( 25 i)e®/i 2 n, 0 < 8 < 1. 

Thus finally n ! iv/( 2 ^n)e^/i 2 n, 0 < 8 < 1 . 

The factor is less than 1 +yj^(^ > 1) tends to unity when 

n->x . The value 

(njey^slifinn) 

is known as Stirling’s Approximation to n! when n is large. 

For the form in which Stirling states his theorem see Tweedie’a 
James Stirling : A Sketch of hie Life and Worke^ pp. 43-44.] 
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fonction f{x) is not bounded above. Similarly, if /(*) is not 
bounded below in (a, b), there is a point in (a, b) such that 
in the interval (f'-e, S' +e) the function /(a:) is not bounded 
below. 


Note. A function f{x) may be finite for every given value 
of X in the closed range (a, b) and yet not bounded in (a, b). 
For example, let f{x) be defined as the limit when n ->■ ao <jt 
nx/(l +JM!®); then f {x)=0 if a;=0, but /(*) = !/* if x is nat 
zero. Thus f{x) is finite for every given value of x but, in 
any interval which contains the value 0 of x, the function 
f(x) is not boimded since, if is any arbitrarily large positive', 
number, | f(x) \ > K when 0 < | a: 


\ 


28. Theorems on Continuous Functions. Throughout this 
article the function f{x) is supposed to be single-valued and 
continuous for a range a^x^by or in the closed interval (a, 6) ; 
in the interval x varies continuously — that is, x may take any 
value between a and 6, including a and 6. 

The phrase “ neighbourhood of f ” will be used occasionally, 
and by a neighbourhood is meant the sot of values of a: in the 
interval (f-<5, f + 5), excluding f, where <J is an arbitrarily 
small positive number. If f ==a the interval is (a, a +6) and 
if f =6 the interval is (6 - 6, b). 

Theorem I. If f{x) is continuous at c and if f{c) is not zerOy 
then f{x) has the same sign as f{c) for all values of x in the 
neighbourhood of c. 

By the definition of continuity | f{x) -/(c) [ <eif|a;-c|<A 
so that/(c)-a</(a;)</(c)+e if 0<\x--c\ <h. When f{c) 
is not zero e may be chosen so that both/(c) - e and/(c) -f s have 
the same sign as /(c), and therefore f{x) has the same sign as 
/(c) when 0< | a?-c 1<A. 

Theorem II. If f{x) is continuous for the range a^x'^b 
and if f{a) andf{b) hive opposite signs^ f{x) will be zero for at 
least one value of x between a and b; further, if f {a) —A and 
f{b) =B, f{x) will take once at least every value between A and S 
when X varies continuously from a to b. 

The second part of the theorem is a simple corollary of the 
first part. For/ if < C7< B or .4 > (7> J8, let q>{x) =/(«) -<7; 
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then f{a!) is continuous for a^x^b, <p(a)=A-C, <p{b)=B-C 
so that 99(a) and 99(6) have opposite signs. Therefore, by the 
first part, there is at least one value f, where a<(<b, such 
that 99(f) =0 and therefore /(f) =C. 

To prove the first part of the theorem suppose, for definiteness, 
that /(o) is negative and f{b) positive, and apply the method 
of the decreasing interval. 

First let c=\{a +b). If f{c )=0 the theorem is proved, but 
if /(c) is not zero, let 0=0^ and c=bi when /(c) is positive, but 
lest c = Oj and 6 = 6^ when /(c) is negative. Thus /(a^) is negative, 
/(6i) is positive and/(a:) is continuousfor where 6^ 

is equal to |(& - a). 

Now repeat this process. If Ci = |(Oi+6i) either /(Ci)=0, 
in which case the theorem is proved, or else /(c^) is not zero, 
and then we take 0^=02, 01=62 when /(c^) is positive, but 
Cl =02, 61=62 when /(cj) is negative. Hence is negative, 
f(f>^ positive and /(x) is continuous for a2^x^62, while 

63 — 02=J(6i — Oi) = 22(^ -o). 

Proceeding in this way we find either a number, say, for 
which /(c,)=0, in which case the theorem is proved, or else a 
sequence (a„, 6„) of intervals which determines a number f , 
common to every interval, and /(a„) is negative, /(6„) positive 
for every value of n. 

The continuity of /(x) now comes into play. If /(f) is not 
zero /(x) has the same sign as /(f) in the neighbourhood of f. 
But however small the positive number h may be, n may be 
chosen so that the interval (a„, 6„) lies wholly within the 
interval (f - A, f +A) and therefore, since /(o„) and /(6„) have 
opposite signs, /(x) has not always the same sign as /(f) when 
X lies in (f-A, f +A). Hence /(f) must be zero and the 
theorem is proved. 

Ex. If n is a positive int^ier and k a positive (real) number the 
equation x" =k has one and only one positive (real) root. 

Take 6 so that b>k and also 6 > 1. Then a:” =0 if x =0 and x” =6” > A; 
if X =6. Therefore as x varies firom 0 to 6 the continuous function x” 
must, for at least one value of x, be equal to k. Further, if x > 0 and 
V >0,x” and y” are unequal if x and yare unequal, so that there is only 
one positive value of x that mtdees x” f=k. 
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Theoeem III. If fix) is continvxms for the range a^x^b 
and if e is any given arbitrarily small positive number there is 
a positive number h such that | f(x') — fix") | < e, where x' and x" 
are any two values of x in the range such that \x' —x" \<.h. 

Several proofs of this important theorem have been given ; 
the following is by Peano. 

First, choose Oi>o so that | /(a:) -/{<*) | if 

this choice is possible because of the continuity of fix). Neidi 
choose a^>ay so that \fix) -fiaf) \ < Jc if a^^X'g.a^, and let 
this process be continued. It has to be proved that a finite 
number of values, say a^, Oj, Os, ... , a„, can be found such tha« 
in each of the (w +1) intervals ' 

(a, Oi), (Oi, Oj) ... , (o„_i, a„), (o„, b) (1) 

l/(»)-/(«r) I <ic if Oo=«. On+i=6. 

If a set tti, Uj, ... , a„ is not finite the me 'hod of determining 
these numbers gives a sequence (a„) which tends to a limit c 
where c^6, because each element of the sequence is less 
than 6 and the sequence is monotonic and increasing. It 
will now be shown that the supposed sequence has no limit- 
ing point and that, in fact, c may be taken to be one of the 
numbers a„. 

The function fix) is continuous at c and therefore there is a 
number such that |/(a:) -/(c) | < if c^^agc. Again since, 
by hypothesis, c is a limiting point of the sequence {«„) there is 
an element, a„ say, of the sequence such that Ci<a„<.c and 
therefore, by the last inequality, |/(Om) -/(c) |<ie. Hence 
if a^^x^c 

-/(««) I ^ i/(*) -m I + i/(c) -fiaj , < is, 

BO that c may be taken to be the element a„+i. The 
supposition therefore that the point b cannot be reached in a 
finite number of steps is untenable. 

The interval (a, b) must be closed ; if b were only a limiting 
point of the set of values of x and not itself a value of x the above 
reasoning would fail. 

Suppose now that h is the least of the intervals (1), that is, 
that h is the least of the differences (a^ - o), (a* - Oj) . . . , (6 - a „) ; 

!/(*') -/(x") \ < e if \ X' - 1 < k. 
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For, eiOier x' and x" lie in the same intei^al, {a^, say, 
and then 

!/(*') -/(Or) I < ie. lA*') -/(Or) I < ie, 

SO that 

\f{x') -fix") 1 g \f{x') -f(a^) I + Ifix") -/(o,.) I < |c< e ; 
or else, x* and x*" lie in adjacent intervals a^) and (a^, a^+i). 
In this case, x* being in a^) and x"" in (a^, a^+i), 

!/(*') -/(o,_i) I < I , I /(a,_i) -/(o,) I < I , I fix") -/(«,) I < I , 
and therefore 1/(^0 I < «• 

Thus I f{x*) -f(x'') I < fi if I a;' - a;" I < A. 

Uniform Continuity. This theorem expresses the property 
of uniform continuity. In virtue of the continuity of f{x) it is 
possible to choose so that \f{x) -f{Cy) \<eii | a; ~ | <hi, and 

also to choose Ag so that \f(x) -f{c^) | < c if 1 a; - Cg | < JI 2 5 
it is quite possible that would have to be less than h^. The 
theorem however proves that, no matter what point c in (a, 6) is 
taken, there is always one value of h such that | f(x) -/(c) 1 <e 
i \x-c\<h. The uniformity of the continuity lies in the fact 
that the same value of h secures the inequality | f{x) - /(c) | <e 
when |a;-c|<A whatever point in the interval (a, 6) the 
point c may be. 

Theorem IV. If f{x) is continuous for the range a^x^b it 
is bounded for that range. 

Let a, a^, a 2 , ... , a^, b be an increasing set of numbers that 
divide the interval (a, 6) into (n+1) sub-intervals such that 
ctr+i — and 

!/(*) -/(a,) I <c if I a: -o, I <*, r=0, 1, , n, Oo=o, o„+i=6. 
If o,< we have 

fix) =fia) +{/(Oi) -/(«)} + {/(aj) -/(Oi)} + ... + {fix) -fiaf)) 
and therefore 

\fix) 1^ 1 /( 0 ) I + |/(Oi) -/(o) I + |/(Ot) -/(«i) I +••• 

+ 1 /(®) -/(“r) 1 < 1 /(o) 1 + (r + 1) c. 

Now (r + l)e^(n +l)c, a fmite number, and therefore if 
l/(®) [ +(» +1)«=I? we have | fix) \ <k when a^x^b ao that 
fix) is bounded. 
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The theorem follows at once from §27. If f(x) is not 
boimded in (a, 6), there is at least one point | in the interval 
(a, b) in the neighhomhood of which f{x) is not bounded ; but 
this is impossible, because f(x) is continuous at S <uid therefore 
f{x) lies between /(£) -e and /(f) +c, when x is any number in 
the interval (f -c, f +c). 

Theorem V. If f{x) is corUinuous for the range a^x^b theh 
the upper bound M and the lower bound m of f{x) are values qf 
/(x) ; or, /(x) attains its upper and lower bounds. ^ 

By Theorem IV, /(x) is bounded and therefore has an upper\ 
bound M and a lower hound m ; it has to be proved that M \ 
and m are values that/(x) actually has — ^that is, that there is 
at least one value f for which /(f) =Jlf and at least one value f' 
for which /(f ') =m. 

The Theorem of § 27 proves that there is at least one value f 
in the neighbourhood of which the upper bound of /(x) is M. 
Now/(x) is continuous at f and therefore, given e as usual, there 
is % positive number h such that | /(x) -/(f) 1 < e if | x - f | < A. ' 
But M is the upper bound of /(x) in the interval (f - A, f +A) 
and therefore there is a value of x in this interval such that 
M ^(x) >M-e or M -/(x) < c. Hence 
I M ~/(f) I = I (M ^f{x) ^f{x) --/(f) \^\M ^f(x) I + \f{x) ../(f)l 
so that I M -/(f) I < 2e. But M and /(f) are constants and s 
is arbitrarily small ; therefore M =/(f ). 

In the same way it is proved that m =/(f ') where f '^6. 

M is the maximum and m the minimum value of f{x), 

29. Discontinuity. In § 44 of the Elementary Treatise the 
discontinuity of a function which is in general continuous is 
briefly referred to ; Fig. 27, p. 88, and Fig. 32, p. 155, of that 
book are graphical representations of certain types of dis- 
continuity. Fig. 32 should be specially considered, as it 
represents cases that actually occur and not cases manufactured 
to, prove a possibility. 

Removable Discontinuities. Suppose f{x) to be defined for 
alrange a^x^b ; if a < c < 6 it may happen that when c +0 
(that is, tends to c through ^lues greater than c)f{x) tends to 
a limit I and that when — 0 (that is, tends to c through 
values less than c) f{x) tends to the same limit Z, but that I is 
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not the value /(c) which the function has by its definition. 
The function is therefore discontinuous at c. In this case the 
definition of f{x) for the value c of a; may be changed and /(c) 
taken to be equal to Z ; if c is the only point of discontinuity 
in an interval {c-h, c +%) this change would make f{x) con- 
tinuous in the interval. 

In this case the discontinuity is said to be removable and when 
the case occurs the change is usually made. 

Discontinuities of the First Kind, If f{x) tends to a limit Z 
when a:-> c - 0 and also to a limit V when x tends to c +0 and 
Z is not equal to l\ whether or not one of the numbers Z, V is 
equal to /(c), the discontinuity is said to be of the First Kind. 
As a rule, f{x) is not, by its original definition, defined for the 
value c of a;, but in this case no value assigned to /(c) will make 
f{x) continuous at c. It is not unusual to define /(c) to be 
|^(Z4*Z') — ^the mean of the two limits Z and V {E.T. Pig. 27, 
illustrates this type).* 

Discontinuities of the Secorid Kind. If one (or both) of the 
limits oif{x) when a:-->c -0 and when x->c +0 does not ejdst 
the discontinuity is said to be of the Second Kind. The fimction 

sin illustrates this ease : the function does not tend to 

\x-y 

a limit either when a;-^c -0 or when a:->c +0. 

30. Derivatives. If f{x) is defined for the range a^x^b 
and if x and x-^ are any two values of the argument in the range, 
f(x) is said to have a derivative, denoted by for the 

value a?! of the argument when the quotient q>{x), where 

?’(*)={/(«) -^i) (1) 

has a limit I for x tending to It is to be specially observed 

that the limit must be the same whether x tends to x^ +0 

or to - 0. The number I is supposed to be finite ; the cases 

1 = + ao and 1= -00 are considered a little further on. 

When the number I exists f(x) is said to be differmtiabU ai x^, 

or to have a derivative when x=Xi. 

It may happen that tiie quotient f(x) tends to a limit 

when x->-Xji +0 and to a different limit Z,.when x->Xi -0. In 

this case /(x) is not differentiable at x^ but f{x) is said to have 

* The letter. ' S.T," indicate the BUmentary TrttOUt m tho Oaleuku. 
oiA.a V 
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at “ a derivative on the right ” or “ a progressive deriva- 
tive ” and “ a derivative on the left ” or “ a regressive 
derivative ” Unless ii = Z* the function f{x) is not differenti- 
able at ; if, however, x^ is the extremity of an interval 
(o, b) the function /(*) will be said to be differentiable in {a, b) 
if it is differentiable for every x between a and b and has a 
progressive derivative at o and a regressive at b. 

For example, let f(x) be defined as follows : 

f{x) = 1 + a; if a? ^ 2, but f{x) = 5 ~ a; if a; ^ 2. 

Here /(a;) is differentiable for all values of x except for ar=2. Ine 
quotient {/(a;) -/(2)}/(a; -2) tends to - 1 when x tends to 2 from 
above but to + 1 when x tends to 2 from below. There is a progressive 
derivative - 1 and a regressive derivative + 1 for the value 2 of x, but 
f{x) is not differentiable for the value 2 of x. 

If f{x) does not tend tof{Xy) when x tends to x^ the limit I of 
the quotient (p{x) does not exist and therefore f{x) is not 
differentiable at x^. Hence f{x) is not differentiable at x^ unless 
f{x) is continuous at x-^ ; if f{x) is differentiable for the range 
a^x^b it must be continuous for that range. 

The converse of this statement is, however, not true ; that is, it is 
possible for /(a?) to be continuous for a^x^b and yet not differentiable 
for any value of x in that range. See Hobson’s Functions of a Real 
Variahle, § 425 of First Edition. Non-differentiable functions of this 
character are outside our limits. 

Cases Z= +« and Z= -oo. If /(a:)->oo when x->Xi the 
function is not continuous at x^ and therefore has no derivative 
for x—Xj^. On the other hand, if /{x^) is a finite number and 
if the quotient (p{x) tends to -f x when x tends to Xj^ (whether 
from above or from below) it is reasonable to say, especially 
in view of the geometrical interpretation of f{Xi) as a gradient, 
that f{x) has a derivative, but that the derivative is +x. 
Similarly, if f{x) tends to -x whether x tends to x^-O or 
to +0, the derivative of f(x) for a; is - x . In all general 
theorems on derivatives^ however ^ it is assumed that the limit I is 
finite ; each case of an infinite derivative must be considered 
hy itself. 

If the derivative of f(x) for x=zXi is +ao, but if 

/(a?) =(« it has no derivative for x=:Xi since qf{x) tends to +x 
orto -00 according as a; tends to 4-0 or to -0. 
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The student might with advantage read pp. 104-108 of the 
Elementary Treatise where various considerations respecting 
the derivative are stated. It is useful to remember that f{x) 
is strictly monotonic for the range a g a; ^6 if for every value of 
X in that range f{x) is continuous and has a derivative f\x) 
that is either always positive or else always negative when 
a<x<b. At a (or b) the derivative may be 0 or + oo or qo . 

The Theorem of § 34, Ex. 4, should be noted. 

Ex. 1. If f{x) sin ^ and if /(a?) is assigned the vcdue 0 when a; =0, 

show that f(x) is continuous for a? =0 but has no derivative for = 0. 

It is necessary to assign a value to f{x) when x=0 because sin (1/a;) 
is undefined for .r = 0. The derivative oi f{x) for a;=0, if it existed, 
would be the limit for x tending to 0 off{x)lx, that is, of sin ( 1/a;), so that 
there is no derivative for x — Q. 


Ex. 2. If /(a;) = a;* sin - and/(0)=0 show that /(a?) is differentiable 

X 

for all values of a;, on the understanding that x sin (1/a;) is 0 when a; =0. 
Here /'(a;)=2a; sin “-cos- if x is not zero, but /'(a;)~0 when 

X X 


a; =0 since 






a^->0 


The derivative /'(a;) is discontinuous and has a discontinuity of the 
second kind at a; =0 ; for we have 


/>'(*) =/(2* sin 1 - cos 1) = - /*cos 
and cos (1/a;) does not tend to a limit when x-^ 0. 


1 

X* 


Ex. 3. If f(x) =a; tanh ~ and/(0) =0 show that /(a;) is not differenti- 

X 

able for a;=0, but has both a progressive and a regressive derivative 
for 35=0. 


31. XUementaxy Functions. Function of a Fimction. The 
derivatives of sl^, when n is any real niunber, and of e’‘ and logx 
have been eonsidered in § 24 ; x in the case of e*’ may be any 
real number while it may be any positive real number in the 
oases of x” and log x. 

It is possible to define sinx and cosx by infinite series 
without any assumx>tion of the geometrical meaning of the 
functions and when x is complex the functions are in fact 
defined by series (§ 69). It does not, however, seem to be 
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desirable to depart at this stage from the usual definitions, and 
it is not therefore necessaiy to reconsider the proofs of the 
derivatives of the direct trigonometric fimctions as these appear 
in the Elementary Treatise. 

The theorems on Function of a Function and Inverse 
Functions may be noted ; the first of these will be considered 
in this article and the second in the following article. | 

Function of a Function. If y=f(x) and x = <p{u), whe^ 
f)(u) is single- valued and continuous for a given range of 
and f{x) single-valued and continuous for the corresponding 
range of x, then y is said to be a function of a function of ul 
If F(u) denote this function of u, that is, F{u) =f{q>{u)'\, it will 
first be proved that F{u) is a continuous function of u. 

The function y or f{x) is continuous and therefore, e having 
the usual meaning, there is a positive number h such that 

\yi-y\ = l/(*i) -/(*) I < e if \x^-x\<h. 

Again, (p(u) being continuous, there is a positive number k 
such that 


I a?! - a; I = I ~ (p{v) | < A if \ui-u\<k. 

Hence | F(u-^) -- = |yi-y|<eif \u^-u\<h, 

and therefore F(u) is a continuous fimction of u. 

Next suppose that the derivatives f\x) and <p\u) exist, and 
let Zi and be the values of x and y corresponding to the 
vlilue Ui of u so that Xi--x = dx = d<p(u) and ~ y = iy = dF{u), 
Two cases have to be considered. 

(1) If dx is not zero for any value of in the neighbourhood 
of u we have the identity 

dF(u) _ df(x) d(p{u) 
du ^ dx du 

and therefore, since f'{x) and <p'(u) exist, 

(2) Since a: is a function of u and not an independent variable, 
it is possible that for one or more values of the increment dx 
may be zero and for such values of x the identity (a) would not 
be valid. But, by the definition of /'(«), 
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wh»e a-»-0 when d*-»-0, and therefore 

dF{u) = dy — lf'(x) +a] dx =» [f'(x) +a]69>(«), 


so that 


dF(u) 


=[/'(x)+a] 


dip{u) 


(o') 


When du-* 0 so does a and the derivative q>'(u) exists so that, 
letting du tend to zero, we get the same value of F'{u) as before. 

It should be noted that equation (a') is true even if 6a;=:0 
because dy is then also zero and the derivative f'{x) exists. If 
dx is zero for an infinite number of values of % in the neighbour- 
hood of u so is dxjdu, that is 6q>(u)l&u, and therefore sinoe q>'{u) 
exists q>'{u) is zero. In this case F'{u) is also zero. 

32. Inverse Fimctions. Let f{x) be a continuous, strictly 
monotonic function of x for the range a^x^6, that is, 
/(*2)>/(*i) X 2 >Xi or else f{Xi)<f{Xi) when 

then, by Theorem II of § 28, f(x) takes every value between 
/(a) and/(&) as x varies continuously from a to b, and can 
take each value only once since f(xj) and f{x^) are unequal 
when Xi and Xg are unequal. Hence the equation f{x)=y, 
where y lies between /(a) and f(b), has one and only one 
solution, say x = <p{y), and therefore q>(y) is a single-valued 
function of y. The function q> is called the inverse of the 
function /, and the equations /[9’(y)] —y and ?>[/(a!)] =x are 
identities {E.T. p. 18). 

If f{a)=a* and f[b)=b' the function y){y) either stead^y 
increases [that is, q>iyt)><p{yi) if yt>yi\ or else steadily decreases 
[that is, 9’(ya)<9’.(yi) ^ ya>yi] y varies from a' to b’. Further, 
tp{y) is continuous. 

For, if yi=f(xj) and if x lies in the interval {xi-h, Xg +h), 
y will, sinoe /(x) is continuous, lie in an interval (y^ - A', y^ +A*), 
and therefore if A is the smaller of the two positive numbers A' 
and A' the difference | x -x^ | will be less than h when | y -yi | 
is less than A. Hence x-^x^, that is <piy)-*v{yi), when y-^yi, 
and therefore ^(y) is continuous. 

Now let y and y' be two unequal numbms in tiie (closed) 
interval (o', 6') and let x and x' be the corresponding values of x, 
which are necessarily unequal ; we now have the identity 

-/y'-yN 
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If (y'-y)l{x' -x) tends to a limit that is not zero when »' 
tends to x, that is, if the derivative/' (a:) exists and is not zero, 
we deduce at once, since x'-*-x when that the 

derivative dxjdy or <p'(y) exists and is given by the equation 

9’'(y) =!//'(*)• 

If /(«)>/(«) whena:>a the derivatives /'(a:) and ip'{y) are both 
positive ; hence if /'(a:)-> 0 when a:-s» a the derivative <p’{y) wul 
tend to + 00 when y tends to o'. Similar considerations appw 
if /'(a:) is negative when a;>o and tends to zero when aj->-o, and 
the cases in which x-*-b can be treated in like manner. \ 

The derivatives of the inverse trigonometric fimctions may\ 
be found as in the Elementary Treatise, § 64. There is one 
change, however, that seems to be desirable, namely, that the 

7t 

range of cot-^ x should be from 0 to ^ and not from “ ^ 2 ' 

with the new convention 

tan”^ z -f-cot"*^ x 

33. RoUe's Theorem. A proof of this theorem will now be 
given in which the proposition (tacitly assumed E»T, p. 162) 
that a continuous function reaches, under certain conditions, 
its upper and lower bounds becomes one of the essential 
elements. The theorem may now be stated as follows : 

If F{x) is continuous in the closed interval (a, 6) and has 
a derivative F'{z) for the range a<x<b, that is, for the open 
interval (a, 6) ; if further J?’(a)=0 and jP( 6)=0, then F\x) 
will be zero for at least one value f where a<S<b. 

Of course F{x) is continuous for those values for which 
F'{x) exists, but for the validity of the proof it is necessary 
that, when x tends to a or to 6 from within the interval^ F{x) 
should tend to zero ; the particular form given to the enuncia- 
tion of the theorem seemes this. 

If F{x) is constantly zero F'{x) is also zero for a<ic<b. If 
F{z) is not constantly zero it must take either positive or 
negative values or both, and therefore, being a corUinuoua 
function^ must actually take for at least one value of x its upper 
bound, if F{x) is positive, and its lower botmd if F{z) is negative. 
Suppose that F{x) takes positive values; then, for at least 
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one value f such that a<f<6, F{x) is equal to Jf, its upper 
bound. If the positive number h is sufficiently small both 
F{i-¥h) and ~A) will be less than i’(f), and of the two 
quotients 

h ~h ’ 

the first will be negative and the second positive. Now the 
derivative F'{() exists and is the limit for h tending to zero of 
either quotient; as the limit of the first quotient jP'(f) is 
negative if not zero, while as the limit of the second it is 
positive if not zero. The only possible conclusion is therefore 
that F'{S) is zero, as was to be proved. The same conclusion 
follows if F{x) takes negative values, since it must be equal 
to its lower bound for at least one x such that a<x<b. 

The proof does not require that F\x) should be finite^ only 
that it should be definite ; geometrically, the graph of F(x) 
might have an inflexional tangent at [f, F{S)] perpendicular 
to the a?-axis {a<^<b). But F(x) must be continuous. 

The following method of discussing the theorem depends on 
the use of the derivative as a test of an increasing or decreasing 
function. 

By the definition of the derivative 

F(x +A) - F{x) {F\x) + A} 

where 0 when A -4- 0 so that if | ft | is sufficiently small the 

sign of F*{x) -f A is that of F\x) provided F\x) is not zero. 
Hence, so long as F'(x) is positive jP(a;) increases or decreases 
according as x increases or decreases, while so long as F'(x) 
is negative F(x) decreases or increases according as x increases 
or decreases. Conversely, F'(x) not being zero, if, for example, 
jP(;r) increases as x increases by | ft | the derivative F'(x) must 
be positive, but if F(x) decreases when x increases by | ft | the 
derivative F'(x) must be negative, | ft | being sufficiently small. 

Now if F(x) takes positive values in the interval (a, 6) it 
must, since F(a)=0, F(b)=0 and F(x) is continuous, have 
an upper bound M which it reaches for a value f of a? between 
a and 6, Hence F'(x) is positive if i-h<x<( and negative 
if i<x<( +ft when the positive number A is sufficiently small. 
If F'(i) is not zero F(x) will either increase from a value a 
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little less than F{S) to one a little greater than F{i), or else 
decrease from one that is greater than F(i) to one that is less 
as X increases from (-Ato i +A, But there is no greater value 
than F(i) and therefore J’'(f)=0. 

The same argument holds if F(x) takes negative values in 
the interval (a, 6). 

JSx. 1. Suppose that/(x) is continuous and has a derivative /'(x) i>r 
the range If f'(a) and f '(b) are unequal and if k is any number 

between f'(a) and f'(b) there is a value f such that /'(f) = k where a < f < k 

Let <p{x)=^f{x) -kx ; then <p(x) is continuous and has a derivative 
q>'(x), equal to/'(a;) - k. Now (p'{a) and q>'{b) have opposite signs since k 
lies between f'(a) and /'(6). Suppose q>'{a) > 0 and (p'{b) < 0. Since\ 
q)'{a) is positive, q>(x) increases as x increases from a, and since fp'(b) 
is negative g>(x) also increases as x decreases from b. Now (p{x) is 
continuous and therefore has an upper boimd G which it attains for a 
value, f say, between a and b ; but if 97(f) is the upper bound 97'(f ) = 0 and 
therefore /'(f) —k. Similarly it is seen that if (p'(a) < 0 there is a lower 
bound for <p{x) and therefore a value of x for which ^'(a:) =0 or /'(a;) =^k. 


Ex, 2. If F(x) and F'(x) satisfy the conditions of Rolle’s Theorem 
for the interval (a, b) and if a and P are two values of a; in the interval 
such that j^(a) ==: F(p) and a < show that there is a value f such that 
F'{() = 0 where a. < f < /?. 


Ex. 3. If Oj < Uj < a, < . .. < and if F(x) and its derivatives up to 
and including the (n~l)th derivative are continuous for the range 
prove that when F(ai), F(a^), F(a ^)... , -P(a„) are each zero, 
pin- l)(a;) 'will vanish for at least one value of a; in the interval (a^, a„). 


34. Theorem of Mean Value. This theorem {E.T. pp. 162- 
165) is an immediate deduction from Bolle’s Theorem and may 
be stated as follows : If f{x) is continuous in the closed interval 
(a, b) and has a derivative /'(x) for every value of x in the open 
interval (a, 6), then 

/(6)=/(a)+(6-a)/'(f), (1) 

where a<S<b. 

Take the function F{x) so that 

^(») =/(*) -/(o) - 5^ {f{b) -f(a)}. 

F(x) satisfies the conditions of Biolle’s Theorem, and therefore 
there is at least one value f of » such that F'{i ) =0 and o<f <6; 
thus /'(«-{/(6)-/(o)}/(6-o)=0, 

m=f{a)+{b-a)r(i). 


that is, 
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An immediate deduction from this equation is that if f'{x) 
is zero when a<x<b the function /(x) is constant for that range ; 
for if c and d are any two such values of x the theorem is 
applicable, and therefore, | being some number between c 
and d, +(d -c)/'(f) =/(c). 

Thus all the values of f(x) in question are the same. 

It follows at once that if f{x) and ^(x) have derivatives that 
are equal for every value of x in (a, b) the functions differ, if 
at all, by a constant ; for if F(x)=f{x) - 95 ( 3 ?) the derivative 
F'(x) is zero. 

The equation ( 1 ) may be put in different forms {E,T. § 73) ; 
a useful form is 

f{a +h) ^f{a) +hf'{a 0 <e<l ( 2 ) 

The theorem in Ex. 4 should be noted. 


Ex, 1. If the functions f(x)t <p(x), ylr{x) are defined for the closed 
interval (a, 6) and have derivatives for the open interval (a, b) prove that 


m 


f{a) 

Ah) 

9>(6) 

ir{b) =0 

/'(« 

v'(() 

no 


where a<(<b, and deduce the theorem of E.T. p. 419. 

Let F(x) be the determinant formed from the given determinant by 
putting /(a;), <p(x), (aj) in place of /'(f), V^'(f) respectively ; F(x) 

will satisfy the conditions of BoUe’s Theorem and F'{S) is the given 
determinant. Next let f{x) = 1 ; then if ylr'(x) is not zero for a < a? < 6 
wefind <p(b)-^(a)_,p'(S) 

f(b) -ylr{a)-r((y 

Ex, 2. If f{x) is continuous for the closed interval (a, b) and has a 
derivative f'{x) which is hounded for the open interval (a, h), say 
|/'(aj) I < Kf then |/(a?,) -/(a?i) | < iC | a?, -ar^ | where x^ and x^ are any 
two values of x within the interval (a, 6). 

The Theorem of Mean Value is applicable under the conditions 
required by Rolle’s Theorem ; these conditions do not require that /'(a;) 
^ould be finite but only that it should be a definite number, finite or 
+ oD or - 00 . If, however, /'(a?) is bounded and if a?i, a?, are any two 
numbers in (a, b) we have 

/(»t) =/(»i) + a?i < f < a:, or a:, < f < a?j, 

and therefore 

l/(a^.) -fM I - 1 \<K\x^^x^\ 

if !/'(«) I < i^when a<x<b. 
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A function J(x) which satisfies the condition 

when and x^ are any two values of a; in (a, h) is sometimes said to 
satisfy ** Lipschitz’s Condition.** 


Ex. 3. If /(^) has a derivative /'(a?) in the interval (a, &) and if c is a 
point in (a» 6) such tha,tf'(x) tends to I when x tends to c then I 


For, 

/(c+A W(£) ^ . but +eh)-*l and 



Ex, 4. Theorem. If f "(x) is a continuous function of x for the rangk 
a^x^b the quotient {f(x +h) -f(x)}/h converges uniformly to 
when h tends to zero. \ 

By the Mean Value Theorem 

f(x-^h) -f(x) =hf{x + dh) 

and therefore 


Now, since/'(a;) is continuous it is uniformly continuous (§ 28, Th. Ill), 
and therefore, given e as usual, there is a positive number k such that 
\f{x^h)^r{x)\<e, ii\h\<k 

whatever value x may have in the interval. Hence, since | | < | A |, 




< e if I I < A;, 


so that the convergence is uniform — i.e. does not depend on x. 


EXERCISES III. 

1. The functions /(a?) and /'(a;) are continuous for the range a^a;^6. 
If /(a) and/(6) are zero but/'(o) and/'(6) not zero prove that, whatever 
number k may be,/(x) ^kf\x) for at least one value of x between a and 6. 

2. Prove that e* - 1 is greater than (1 +a;) log(l +a:) if a? is positive. 

3. If f(x) =e*(a;* - Cte + 12) - (a;» +6a? + 12) find /'(a;), f{x), f"^(x), and 

show that /'(a?) is positive when x is positive. Deduce that when x is 
positive 1 11a? 

e*~i‘“a?“*"2"^T2* 

Show also that the expresuaon on the left of this inequality is positive 
when X is positive, and tends to zero when x tends to zero. 

-(a:*+x + 2) prove that when x is positive 
/(a?) increases as x increases. Deduce that if 


9)(a?) = 


e^(a;~2)-f(a? + 2) 
- 1 ) * 


ip(x) tends to J when x tends to zero, and that 
than i whatever value x may have. 


fp(x) cannot be greater 
(Hermite.) 
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6. If a< «< 6, prove that 

/(.,. (■’ -aVi^U 

where a < ajj < 6. 


6. Show that if yfr^ix) is not zero for a < a; < b, 

< p(b) - <p(a) -(b -a)<p'(a) 

^(6) -f(a) - (ft -o) Vr'(o)-Vr'(*,)’ “<*»<*• 


7- Show that if '^(»»)(a?) is not zero for a < a? < 6 


where 


/=y(6) - v(a) ^W(a), 

r««l 


J=Yr(ft) -Vr(a) - ,"- V>-M(o). 

r-1 

3. Determine the constants Cq, c, so that the quadratic function 
Q[x) where 

Q(x) =Co +Ci(a; -Oj) +c,(a; -ai)(a? -o,) 

may be equal to /(ai),/(a,),/(a3) when x is equal to Oj, a|» Ug respec- 
tively, the numbers a^, Og, a, being all different ; then prove that 

f(x) ^Q{x) (« -ai)(a? -a,)(a: - a,), 


where ar^ lies between the least and the greatest of a^, Og, Og, x. 

L. Oj ■“ Og Og ~ ®| 




/{«i) 




/(«»,) 


Next choose P so that 

f(x) =C(«) -Og)(a? -ag), 

and let F(z) =/(«) - [Q(z) +P(z -a^Xz -ag)(z -ag)]. 

The ftmction F(z) is zero for the values a^, Og, Og, x of a, and therefore 
F "{z) vanishes for a value Xi of z between the least and the greatest of 
But 

F'"{z)=^f"'(z)--l.2.ZP, 


ao that P=/"'(®i)/3! j 


9. Determine the constants e«, c,, ... e,.! so that the polynomial 
Q(x) where 

Q(*) = 0 , +c,(» -Oi) +«»(* -ai)(« -a») + ... 

+c^,{* -O jK* -«,)...{* 
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diaU be equal to /(aj), /(a,) ... ,/(o„) whem x is equal to Oj, a a, 

respeotivelyt the numbers Oj, Oj, , a„ being all different ; then prove 
that 


/(x)=Q(x)+- 




n! 


(x -aj)(x -a,) ... (x -aj. 


t Clnf 


where a?i lies between the least and the greatest of Ui, 

^Co =/(ai ) ; Cr depends only on a^, ag, ... and if 
9^f+i(i») =(a? -o*) ... (a? 

The following notation is often used : 

Cq =/(Oi)» Cl =/(ai> 02)» ^2 ®2» ^a) ®2» ••• ®r» 

and it may be proved that 

^2> *»* ^r) ^2» 1» «m) 1 

®r-Or+i J* 

/(a: + A) -/(*) = A/(x) 

A/(»+A)-A/(!r)=AV(*) 


/(®1» ®2» ®r» ®r+i) — ■ 

10. If 


A**~y(x +^) ^ A«-"y(a:) =AV(ic) 

and if, in Example 9, Oj =o, =a +r^, r = 1, 2, , 

prove that /(a;) is equal to 

/(a, - A/(a) AV(«) + ..^ 

(x-a)(x-a -h) ... f^o -(n-2)A ] 

(g -a)(a!-o -A)... [a; -o-(n- 
+ /'»)(*!). 

where x^ lies between the least and the greatest of the numbers a, 
a + (n - 1)^, X, 

11. The equation e*/* - a; =0 has no real roots if ib< e, and never has 
more than 2 real roots for any real value of k, 

12. If 0 < «. < nl2 and 0 < a? < jt, the equation 

sin (a? - a) =m sin^a: 

where m is positive, has (i) one real root if tan a > J, and (ii) one or three 
real roots if tan a. < J. There are three real roots if m lies between the 
min i mu m and the maximum values of the function sin (x -au)lmL*x, 

(Ttnerand.) 
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13. If 
show that 


‘ y =tan~^ x 


13x* + 3a; 
3*« + 14** + 3’ 


dy_ l«x«(3ie* + l)(**-l) 
a»“(l +**)(3a:« + r4** + 3)*’ 


and then prove that the eq\iation y =0 has three real roots. (TisBerand.) 


35. DifFerentials. If y=f(x) the derivative /'(a;) is the limit 
for dx-*0 of dyj&x so that 

'dx ^ 
where A->0 when 

When X is the independent variable the part f{x)dx of dy is 
called the differential of y or f{x), and is denoted by dy or df{x). 
If dx is an infinitesimal {E.T. p. 195) the difference (dy-dy) 
is an infinitesimal of a higher order, because {dy-dy)ldx is 
equal to X and when dx-^0. When in any calculation 
powers of <3:r higher than the first are to be rejected dy may 
be substituted for dy. 

If a; is a function (p{t) of t then y is a function of t, say 
y=f[<p{t)] —F{t) ; the independent variable is now t and 
therefore =f'{x)<p'{t) dt. 

But X is now a fimction of t and dx = (p'{t)dt, so that 
dy =f'{x)<p'(t) dt =f'{x)dx. 

Thus, when x is the independent variable dy=f'{x)dx, but 
when t is the independent variable dy=f{x)dx. The two 
expressions for dy will therefore have the same form, whether x 
is the independent variable or not, provided we take dx to 
mean the same thing as dx when x is the independent variable. 
There can be no objection to doing so, since dx may be any 
number whatever provided dyjdx is equal tof'{x ) ; but, further, 
dx and dx are the same thing when the function f{x) is x itself 
because in that case /'(a;) = 1 and therefore df{x) =dx. 

No confusion therefore can arise if the increment dx of the 
independent varutble be denoted by dx. There is, besides, the 
notable advantage that dy has now the same form, 

dy=f(x)dx (1) 

whethei: x be the independent variable or not ; it is this property 
of the difierential that makes it so useful. 
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Thus the differential d{uv) of the product uv is given by the 
equation d(uv) =vdv. +vdv, 

because, if u and v are functions of x. 


d(uv) 

dx 


du dv 


and 


d{uv)=v^dx + u^^dx=vdu +udv. 


]/ t w 

dx 


since du= 
not. 

If w>l the differential of the nth order ti"y, when y is a\ 
function of x, is defined by the equation 


and dv --^dx, whether x bo independent d 




d»y=/<«)(a:)(da5)"=/f">(a:)da?*, (2) 

wTien X is the independent variable. If x be a function of t, 
say x = <p{t) so that y =/[?’(<)] =-P(0> 

d*y = F''(t)dfi and d^x = q>''{t) dfi. 

Now 
SO that 





df{x) 

dx 



~ dx* 


. dx* + 


dfjx) 

dx 


d*x. 


or d*y=f{x)dx*+f{x)d*x, (3) 

and this is different from the form f''(x)dx* which is the value 
of d*y when x is the independent variable urdeas d*a; =0. There 
is no longer the advantage of the same form for d*y whether 
the variable x is or is not the independent variable, and the 
definition (2) is essentially confined to the case in which x is 
the independent variable, or, what is equivalent, to the 
assumption that dx is constant so that the differential of dx, 
that is, d{dx) or d*x, and all higher differentials of x are . zero. 
When x=q)(t) and t is the independent variable 
daf^ = [p'{t)\”dV* 

so that d (dxf^) = n [y '(«)] dt . dP* 

=»[??'(<) dfi 

d (dx") = n dx"-* d**. 


and therefore 
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If « is not independent we find by taking the cUffermtial 
of the product /'(a;)da; that 

d[f'{x)dx] =dxd{f(x)] +f'{x)d(dx) 

=d3ef''{x)dx +f'{x)d‘hc 
=f{x)dsi^ +f'{x)d*x, 

BO that the valae of in (3) may be found by taking the 
differential of dy, that is, of f(x)dx ; if a; is the independent 
variable dx is constant and d^x=0. 

In the same way 

d^y=d{d*y)=dx^[f'’{x)] +f{x)d[dx*] +d*xd[f{x)] 

+f’{x)d[dhi} 

=f'"(x)da^ + 3/*(a:)daaf*a; -^f\x)d*x. 

Similarly d*y, d^y, ... may be found. 

Ex. A curve is given by the equations 

y =?(<). 

find the equations of the tangent at the point P{Xt y, z) and the equation 
of the plane to which the plane through the tangent at P and a point Q 
on the curve tends, as its limiting position, when Q tends along the 
curve to P. 

The direction cosines of the chord through P, “ the point t,** and P' 
••the point t-bdt,** are proportional to 

f(t + dt) g{t + dt) - g{t), h[t + dt) - h(i), 

that is, to f(t) + Aj, g'(t) + A,, W(t) + A, 

where A^, Aj, A, tend to zero when dt tends to zero. Hence, if 17, ( 
are current coordinates the equations of the tangent at P are 

m'^g\t)-w{ty 

or, if differentials be used, 

dx dy dx 

The equation of a plane through the tangent at P is of the form 

A(i -a?) +B(i 7 -y) +C(f -z) =0 (ii) 

where Adx + Bdy + Cdz =0 (iii) 

If t +df is the parameter of the point Q these two equations must be 
satisfied when for a;, y, % we put a; + 6a;, y + 6y, z + 6z, and smce the 
limit for 0 is alone required we may simply take the differential of 
each equation ; therefore 

-Ada; -Pdy -Cdz—Q 

Adhi + B(Py+CiPz=^0 (iv) 
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The first of these equations is merely (iii) ; elimination of A, B, C 
between (ii)» (iii) and (iv) gives the required solution 

fj-y C-z 

dx dy dz =0. 

d*x d*y dH 


36. Higher Derivatives. An expression for the nth derivative 
of a function of x is, when the function is at all complicated, 
usually difficult to find, though the value for a;=0 may soiie- 
times be easily obtained (E,T, p. 397). Some general methods 
have been elaborated and a statement of some of these wul 
now be given ; for further information the student may consult 
the books named below * from which the following expositioi^ 
is largely drawn. 

The nth derivative of y when y=f{u) and u = ^p(x) is usually 
to be found by calculating a few successive derivatives; by 
noting the form it may be observed whether any law is 
suggested, the suggestion being then tested by mathematical 
induction. In the present case we have \ 

g = ^'(x)/'(«). g= + [99'(*)Pr(«) : 

and so on. It is at once suggested that the nth derivative 
will be an expression of the form 


>4 


f-i '• 


( 1 ) 


where the coefficients 4n,r do not depend on the function /(n) 
and will therefore be the same whatever function f(u) may be, 
80 long as q>(x) is the same. 

Now put for/(n) successively n, n*, n®, in the equa- 

tion (1) ; then 


^Li±-a . 


da?" 


=4n,i . 2n ; 


d" . 


. 3n2 +An,2 . 3n +A^2 ; 


and so on. 


* SchlOmilch, Compenditm der h&herm AtudyMia, vol. 2, and Vbtmg^btuh 
turn SPudium der hSheren Analyeis, vol. 1 ; Nielsen, Blemente der FunhHonen^ 
theorie ; Tisserand, Becueil compldmmtaire d*Bxeroieee tur k Oedeullnfinikeimal. 
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These equations give then An^ 2 > then A^,^, and 

finally A^ and the values obtained suggest the law 

= (2) 

where the symbol is the usual binomial coefficient ,.(7,, 

that is, r(r ~ l)(r-2) ... (r-s +1)/^! 

To test (2), put w +1 for n and (2) becomes 

A+i.r=s ( - 1)* (0 "* («"-*) (2') 

"o 

Now differentiate (1) ; then 

_»+4 1 1 dAn.r An,r~l <?«! ^(,), , ,ox 

dx'^+i-^Xrl dx ^ ^ 

on the understanding that -4^,0 and -4n,n+i are identically zero. 
If we have the relation 


d^n,r,.4 du_. 


.(4) 


equation (3) will show the same law as equation (1), and there- 
fore the formula (2) will hold for every value of n. Now 

and the expression within the brackets is easily found to be 

-rAn,r-i, 

because variable index s may be 

changed to « + 1. Hence 

^ +'^'-35=S< - >KD“‘ 

and the relation (4) is established ; the formula (1) where An,f 

is givep by (2) is therefore proved. 
o:An. . • 
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The expression for may be put in another form which 
is frequently more convenient. Let it be first noted that if 
f(x+g) is a function of the sum (x+g) of the independent 
variables x and g, we have 


dy(x +g) d»<p(x +g) oo that +g)1 

dx" dg" ’ dx" L dg" Jp_o' 

Now let [^(a: +e) -9’(a:)]'' be expanded by the binomial 


theorem ; we get 




where the term for s=:r disappears since it is independent of g. 

r>„j. P” • [9’(* + e)?"*! • [?>(»)]'“’ • «’■“* 

L ■ ag" Jp..o“ da:» 

and therefore 




Ux 1, If y =/(u) and u^<p{x) =a?* find 

In the formula (1) put n~r for r; this choice of the variable of 
summation often gives a simpler form to the result ; then 


d^y 

dx^ 


n-i M 


Now {ip(x + e) - = {2xq + e*)"-*’ ; 

the only term in the expansion which does not vanish, when q is made 
zero cdter the differentiation with respect to q, is that whose index is n 
and the nth derivative of is n!. llius we find 


-^«,n-r _/n~f\ nl 
(n-r)! \ r J(n-r)\ 




1 • A • •*, T 


on the understanding that this expression is {2x)*^ when r=0; and 
therefore when y —f(u) =/(«•) 


d**y_^n(n - 1) ... (n -2r + 1) 
^ "o 1.2T7f 




where m is Jn or J(n - 1) according as n is even or odd. 


.( 6 ) 
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If/(«) =(1 and if in (6) we put n - 1 forn we find 

d»-^. (1 - ««)«-* 


izrl l) •• 


( 7 ) 


where iC = 1 . 3 . 5 ... (2n - 1). 


In (7) let X =cos $ where 0 < 6 < ^ ; then 


1.3.6 .. . (2n-l) 


sin nd , . 


.( 8 ) 


by using the expression for sin nO 

n cos'^”^ 0 sin 0 - cos"“* 6 sin* 0 + ^ cos^^"* 0 sin* 0 - . 

Formula (8) was first given by O. Rodrigues in 1815, but is usually 
attributed to Jacobi who, no doubt without knowledge of Rodrigues' 
work, published it in 1826. (See Exercises IV, 14, for another 
solution.) 

Ex, 2. If y =f(u) and w =:log a; find 

The formula (1) is not suitable when t«=:loga; and it is better to 
start afresh. A little consideration will show that the form to be 
tested is the following : 


=i:2( - D' «7».o = 1 (9) 

r«0 

A further differentiation shows that the form is correct. 

Now Cn,r is independent of the form oiJ(u), and to determine these 
coefficients we take/(ti) equal to e-<» where t is any constant. Thus 
y =C~^ = S-tlogflf r=a5-f^ 

and therefore 

BO that, by substituting these values in (9), we have the identity 

ii-l 

«(« + 1)(« +2) ... (< +n - 1) = 

f-0 

By equating the coefficients of the value of Cn, r is found. When 
n is not a large integer the values of On,r can be picked out without 
much trouble, but there does not seom to be any convenient explicit 
formula^ 
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37. other Methods for Higher Derivatives. The formula (1) 
of the last article is cumbrous, and other methods are available 
that often lead to interesting results apart from the particular 
formula for the derivative. The formula suggested by a few 
differentiations may have coefficients that can be more con- 
veniently dealt with than by the method used in the last 
article. - 


I. Compcvrison of Expansions. 

y=zf{x)=^. This is a particular case of § 36, Example 1. 


Express /(x +h) as a series in two different ways. 

(i) 




A* +^)=s 

n^O 


Next we have f(x -f A) =/(a?) . . e***, 

and if each of these two exponentials be expanded in powers 
of h and their product formed the coefficient, Un(x) say, of 
h^lnl will, when multiplied by f{x), be equal to f^^^(x) in (i). 
Thus we have the second expansion. 




where 


»,(») =(2»)f t ”*" ** (2»)-"p-‘ 




The last term is independent of x when n is even uid contains 
the first power of x when » is odd. Hence 

-^=c^. «,(»). .(2) 

If t=ij{ - !)=♦ this formula gives the derivatives of cos (**) 
and sin («*) since c*^=sco8 (**)+» sin (*•) and the real and 
imaginary parts on the two sides of (2) may be equated. 

We take the same example to illustrate another method. 

II. Use of a differential equation. 

The form of the »th derivative of ^ is easily seen to be 
the product of c®* and a polynomial ««(«) ; the polynomial 
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is of the nth degree in x (or 2x), the exponents decrease by 2 
and the coefficient of ( 2 *)" is Thus we have, when y=«^, 


tUly z=i^ujx) ( 2 ') 

where 

«„(») = Co(2a:)« + Ci{2a:)»-* + . . . + 0 ,( 2 ®)"-*’’ + (a) 

and Co=<". * 

We now find a differential equation for u^ix). Write the 
value of Dy in the form 

Dy = 2xty (3) 


and differentiate this equation n times, using Leibniz’s Theorem; 
then I)“+iy = 2xt D^y + 2 nt 

But D»+*y = D"-^ = ; 

therefore it*+i = 2arftt„ + 2n<tt„_i (4) 

It would be possible to calculate from (4) if and 
were known ; now and are easily found so that ^ 3 , ... 

could be calculated. It is better, however, to find a differential 
equation for ; the process is a little troublesome though not 
really hard if the principle be grasped. We have in fact to 
eliminate and their place and «" 


where < = < = DX- 

Differentiate the equation ( 2 ') once ; therefore 
D»+»y z=e*** . u' + 2 ®< e*** . 

so that + 2®t (5) 

Elimination of between (5) and (4) gives 

tt„ = 2%t ( 6 ) 

Differentiate ( 6 ) and fortt^.i put 2 («-l)<«*_ 3 , the value 

obtained from (6) by changing n into n - 1 ; then 

K=2wt . 2(n- (7) 

Next in (4) put n - 1 forn ; therefore 

«,=2®X-i +2(n- (4') 

and then the elimination of u„_i and between (4'), ( 6 ) 
and (7) gives the required differential equation 

ttJ + 2 *< i^- 2 nftt*= 0 , ( 8 ) 


We now substitute in ( 8 ) the value of given by (a) ; the 
equatidn mi}st be then satisfied identically, and tbnef(»e the 
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coefficient of each power of x must be zero. The coefficient 
of (2®)"“*’’ is 

[-2nt + 2{n- 2r)t] c, + 4(« - 2r +2) (« - 2r + 

and as this coefficient must be zero we find 

_(n-2r + 2)(n-2r+l) . » , 

c,_ ^ _i, r-1, 2, 3,... 

the coefficient of (2a;)” being identically zero. Thus, siijjoe 
Co=<" we get 

n(»-l)(n-2)... (n-2r + l) 

TT^.f * ’ 

and therefore ii„{x) is the same as was found by the first method^ 
When t is negative, say -1, the pol 3 niomial Un(x) has 
interesting properties. 


Ex, 1. When < = - 1 prove, by applying Rolle's Theorem, that the 
roots of u^(x) =0 are all real and different. 

Let u^{x) ^v^(x) when 2 1 ; then we take 

/(*) =«-«*, /<”>(*) =e-** 

Now/(a?)=0 for a? = -00 and for a:= +oo ; therefore /'(x) vanishes 
for a value a. of x, But/'(a) = e - t?i(a.) and, as e - is not zero, Vi(a) = 0* 
Again, /'(a?) = 0 for the values - oo , a, + w of a:, and therefore the 
derivative of /'(a;), that is, f'^ix) vanishes for a value, p say, between 
- 00 and a and also for a value, y say, between ol and + x . As before 
VjCa?) = 0 for a? = /? and a; = y . Proceeding in this way it is readily seen 
that v„{x) is zero for n different values of x. It is besides clear from 
equation (8) that if t;„(a;) had two equal roots, each equal to A say, we 
should have v„(A)=0, vi(A)=0, and therefore also i;J(A)=0; if the 
equation be differentiated once it will be seen that we should have 
Vn '( A) =0, and so on, so that every derivative of r„(a;) would vanish for 
a; — A which is impossible since v„(a;) is not identically zero. 

Rodrigues’ Formula. The following relation between deriva- 
tives, known as Rodrigues’ Formula, is of importance in the 
theory of Legendre’s Coefficients : 

d«-r ^ (^2 _ l)n _ (n - r)! . {z^ - l)^ 

The proof may be easily given by the method I. The 
function {2a: + A-|-(a;*-l)Jl”’'}”, where n is a positive integer, 
is not altered when {x^ - l)Jr^ is substituted in place of A. Now 

{2* + A + (** - {(x +A)» - 1)}«, 
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and therefore by ^ylor’s Theorem is equal to 

A"^«! da? ^ «! da? 

If for h we Bubstitute - \)hr^ the expansion becomes 
^ d*. (»*-!)» 

^ «! ■ da? 

Since the two expansions last written are identical the co- 
efficient of h? is the same in both ; for the second expansion 
«=n-r and for the first s=n +r. Hence 

(a;» - I )-*' (?"-»• . (a;^-!) " _ 1 d« +»- . (x* - 1)» 

(n-r)! daf'~^ ’(»+r)! d^'' 

which at once gives the formula stated. 

Ex. 2. If P„(a:) - 2*7^1 din > 

prove that Pn{x) satisfies the differential equation 

or (1 -2a?Dy +n(n + l) 2 /= 0 . 

Lot f/=2" . n\P^(x) ; then Rodrigues’ Formula (r = l) gives 

aiSTH-^ =«(« + !) is»=r“' 

and therefore 

i {(** -1)1} + !)»• 


EXERCISES IV. 

1. If ti euid V are functions of x prove that 

+( - !)*■(”) iy>-^(uD^v) + ...+(- l)*uD>Hi. 

2. If y =:(aj* + 0 *)’”^ and x =a cot 0 prove that 

^ = ( - 1 )» (sin 9)»+> sin(n + 1) 9, 

and deduce that the nth derivative of tax^^x|a) is 
( - l)**“^(n ~ 1)! ar^ sin" 6 sinn6. 


3. If y =»(«* and x s=a cot 0 show that 
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4. If y =/(«) and m = 1/x prove that 


[oh. 


f (n-l)l /n\ f(»-r)(u) 


and show that 

d« , ca/of 




dx^ ' ^ a?” ^(n-r-1)! Vr/ Va:- 

d"(»"->e«)_ ei 
* da;” ^ ^ o-n+i* 


a;n+i* 


(Halphenl^ 

6. If y=f{u) and u=tjx prove either by the general formula o^ 

independently that \ 

/ _ nr (»» t!L-l) * /< "-*•>(“) 

^ ' r!(n-r-l)!(2V*)«+«-' 

and show that if 2 /=(l +ais/a;)*”~^ 

d”y 1.3.5 (2n-l) 

da;” 2” * Va; * \ a;/ 

[Schlomilch gives the following proof. Compendium II, pp. 7, 8. 

Let Q—xt and w—ij{l + t ) - 1 ; then § 36, (6) gives 

Now (t-w)dwldt^\w and therefore, multiplying by 

p !)«(«;’■) =Jw’’-». 

Differentiate (n- 1) times as to < and then let t=0; thus we find the 
reduction-formula 

or, if n - r is put in place of r so as to obtain A„^ „^rf 

- '(»— a..- 

Now apply this formula till the index of to becomes unity and 
note that 

The verification of the value of d^yjdx^ is simple.] 

7. If y =:/(u) and u =«® prove that 

....... 
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8. If y =(« + 1)~^ and u =e* prove that 

where Cf is given in Example 7. Show independently that 
( - l)«(e« + 1)«« 2 =“««"* + - +»ie“. 


where 





9. If y = ( 1 ~ »•) show that 

d^y_ u^jx) 
aaj«~(l -a?a)n+i' 

where u^{x) is a pol 3 niomial in x of the nth degree in which the coefficient 
of a;** is n ! and the exponents of x decrease by 2 . Establish the relations : 

(i) Wn+i-(2n + l)a5U^-n*(l -a;*)u„«i=0; 

(ii) Un f 1 == ( 1 - K + (2n + 1 )a?tt„ ; 

(iii) (1 -a;*)n;+(2n-l)«ui-n*w^=0, 
and find ^,,( 0 ;). (Compare § 37, II.) 


10. If y =(1 +«?*)■“* deduce from example 9 or prove independently 


that 


d^y 




Vn(^) 


d^n-\ ("■l-,.aja)n+r 

where ( 1 + a?*)vS - (2n - 1 )xvn + nh}^ = 0. 

Prove that the roots of vj^x) =0 are aU real and different. 


11, Deduce from Example 10 the nth derivative of log {a? +>/(l +»*)}. 


12, If y «{a? log x)^ show that 

= 1 +fi'» log * (log *)’ + ••• (log ®)"» 

where Sf is the sum of the products, r at a time, of the numbers 
2, 3, ... , n. 


13. If w = [/'{»)]-* and «=/(«)(/'(»:)] -1 prove that 

1^_1^ 

udx^ vdx^' 


(Goursat.) 


14, If «=(l-a?*)’^’’^ and y ^^ — prove that 
(i) (l-**)^+(2n-l)3»=0; 

(ii) (l-**)g-»^+n*y=<); 
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and that if x =oo8 0 the equation (ii) becomes 

^+nV=0. 

Next show that when a? = 1 

1J-0 and y(l =( - 1.3.6 (2n -1)» 

and deduce that 


16. If * = (*• - 1)" and y ^ 

(i) {x* -l)^~2nxz - -0 ; 

(ii) (1 -a:*)^-^-2a:^+n(n + l)y=0. 

Show that 2/ = 1 when x — l and y =( - 1)** when a; = - 1 and deduce 
that the roots of the equation y^O are all real and di^erent and lie 
between - 1 and + 1. (See § 37, Ex. 1.) 


16. If P and Q are two rational integral functions of x (polynomials) 
such that V( 1 - 1 - **) 

prove that - 

where n is an integer. 

[i-p*=g«(i-**) (i) 

so that, by differentiation, 

- 2PP' = 2 {QQ'( 1 - a;*) - xQ} (ii). 


• 11 -P* 

:=”V-rr5S' 


From (i) Q is prime to P and therefore from (ii) Q is a factor of P ' ; 
then compare the coefficients of the highest powers in P‘ and Q*, and 
also in P' and Q.] 


38. Derivative of a Determinant. The proof of the rule for 
forming the derivative of a determinant of the nth order whose 
elements are functions of a variable x will be understood by 
consideration of a determinant D of the third, order, say 


_ H 

63 

Cft 


Let doi ..., dC) and dD be the increments of a^, ..., c, and 
D corresponding to the increment da; of x ; the determinant 


D +dD is 


+ da^ a, + da, a, + da, 
6, + ddj 6, + d6, 6, + dbg 

C, H“ dc, Cg ■)“ dc, Cg "I" dc. 



§ 38] DERIVATIVE OF A DBTBRMIKANT 89 


and may be expressed as the sum of 8 determinants, namely: 

(i) the determinant D ; 

(ii) 3 determinants, each containing one column of incre- 
ments, 




&a 2 U3 


^1 ^2 ^^3 


> 

db^ 63 

> 

^2 ^^3 

C2 C3 


Cl ^C2 C3 


Cl C2 dC3 


(iii) 3 determinants, each containing two columns of incre- 


ments, of the type 


hCL'y ^0*2, ^3 

<562 63 

dCj dC2 C 3 

(iv) 1 determinant, containing increments alone. 

6D is the sum of the 7 determinants (ii), (iii) and (iv) ; when 
each of these determinants is divided by 6x * and 6x made to 
tend to zero, the determinants in (iii) will have each one column 
that tends to zero, and the determinant in (iv) two columns 
that tend to zero. Hence if accents indicate derivatives with 
respect to x we find 


D' = 

dl ©2 ®3 

bi 63 ^3 


Ul Ug 

61 62 

Os 

63 

+ 

a, Oj 

61 6, 6; 


Cl C2 C3 


Cl C2 

C3 


Cl C2 C3 


If D were of the wth order the determinant (i) would be D 
while (ii) would contain n determinants each containing one 
column of increments, — ^the first column of the first deter- 
minant, the second column of the second determinant, ... , and 
the nth column of the nth determinant. All the remaining 
determinants, namely (2** 1 - n) determinants, would contain 

at least two columns of increments and would therefore tend 
to zero when dx tends to zero. Hence the rule : 

The derivative of a determinant of the nth order is the sum 
of n determinants which are obtained by substituting in turn 

in place of the elements in the 1st, 2nd nth columns the 

derivatives of the elements in the 1st, 2nd, ... , nth columns. 
Instead of “ columns ” the word “ rows ” may be used since 
a determinant is not altered by the interchange of rows and 
columns. 


* To divide one of these determinants by divide any one ooliinm of 
inoremeilts in it by to. 
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a —Xt h, g 
h, b-x, f 
gf /. c-x 


-1 

0 0 

a-x, h, g 

a-x, h. 

0 

A* 

b-x, / 

+ 0-10 

+ h, b -a?, 

f 


/, c-x 

/. e-x 

0 0 

-1 


= -3iB> + 2(a+6+c)a; “(6c4*ca+o6 -/* -g^ -h^). 

} 

39. Linear Dependence of Functions. Let / 2 , ... , fn be 
n functions of x defined for a range a^x^b ; if there are m 
constants C 2 » not all zero, such that \ 

C2/1 + C2/2 + ... H“C„/„ = 0 , ( 1 ) 

the functions are said to be linearly dependent \ 

if there is no such set of constants the functions are said to be 
linearly independent. 

Obviously if c^, Cg, ... , Cn is one set of constants that satisfies 
(1) so is the set ... , kc^ where k is any constant that is 

not zero. Hence one of the constants may be taken to be ±1. 

The test now to be given for the linear dependence requires 
that each of the functions should have all the derivatives up 
to and including the {n - l)th. 

First, Suppose that /j, / 2 , * . • , /n are linearly dependent and 
that equation (1) therefore holds. The equation (1) may be 
differentiated (n - 1) times ; differentiate and let accents 
denote derivatives with respect to x. We thus find the 
following n equations, including equation (1) : 

<?l/l +C2/2 + .•• +Cn-x/n-l +Cfi/n 

Cjfl +C 2/2 + +Cnfn 

+ c,. = 0 , 

+ cjsr + . . • + = o. 

Now the coefficients c^, C 2 , . . . , are not all zero and therefore 
the determinant W of the equations must be zero for every x 
such that a^x^b where 

fl A • • • /n-l fn 

/; /; n 




( 8 ) 
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IF is called the Wronahkm of the funotions/i, /g, ... , /«, and 
is denoted more fully as lF(/i,/j, ... ,/«). 

Hence the condition TF=0 is a necessary condition for the 
linear dependence of /x, hi ••• 3 /ft and it is to be noted that W 

must be identically zero, that is, zero for every value of x in 

the interval (a, b). 

Second, The condition Tr=0, which has been seen to be 
necessary, is also a sufficient condition for the linear dependence 
, fn P'^ovided the Wronskian, say, of the (n- 1) 
functions /i, fzi ••• 9 /n-l is not zero for a^x^b. 

Consider the system of (n - 1) equations : 

®i/i + ^af a + . . . + c„_|/ =/b, 

Cj/i +C2/2 + ••• +C*_)/,_i 

®i/i + ••• —fn> (4) 


cji-' + + ... + =A“-*'. 

The determinant of this system is the Wronskian Wi and 
is therefore not zero. Hence the system determines 

c^, Cj, .... Cn_i and these numbers will usually be functions of x ; 
it has to be shown that if W vanishes for every x in the interval 
(a, 6) the numbers c^, C 2 , ... , e.,.^ will be constants and then the 
first of equations (4) proves the linear dependence of . . . , /». 

Let it be first noted that if 1F=:0 we can add the following 
equation to (4), nsunely : 

... +c..J!rr.«=A-« (4') 

For in virtue of (4) we haye 

/l> f%> ® 

fu A. -A-i. 0 

W= 

A"-*', 0 

A-”. Ar”.-Ar-.‘>. Ar-‘'-cA"-”-«*A-‘»- 

= Wi X (/<;-») -<hAr’' -cA"-*’ - - -c.-Af--i‘’) 

and TF=0, TFi=^0 so that equation (4') follows. 

Now differentiate the fiirst equation in (4) ; therefore 
C|A 4" 0|A ... 4* 
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which by the second equation in (4) reduces to 

®i/i +®i!/s+ ••• =0' 

If the other equations in (4) be differentiated it will be seen 
in the same way that each equation reduces to an equation 
in c|, Cj, .... c'.„ the right-hand side being zero ; for the last 
equation in (4) this result follows from equation (4'). Henqe 
we have the set of (n - 1) homogeneous equations ' 

Cifi ‘4"C2^2 

C'lf ■+■••• -HCi-l/i-1 =0. 

c.'/'."-’’ + + . . . + c;., = 0. \ 

The determinant of the system is which is not zero and 
therefore each of the numbers cj, cj, , c'_i is zero, so that 
each of the numbers Cj, Cg, ... , is constant. Hence, by (4), 

fn ~ "i” ^2/2 • H" ^n— l/* n— i> 

and the functions /j, /21 ••• >/n are linearly dependent. 

Cor, If W and are identically zero but the Wron- 
skian of the (n - 2) functions /i, , /n-. 2 » ^iero, then, by 

what has been proved, the (n-1) functions /i,/ 2 , ... ,/n-i are 
linearly dependent and there are therefore (ti-I) constants 
Cl, Cg, ... , Cn„i, not all zero, such that 

Ci/i +C2/2 + ... = 0 . 

The n functions ••• >/n are therefore linearly dependent 
because in (1) we may make c„ zero and the n constants 
Cl, Cg, , c„ are not all zero. 

Similarly, there is linear dependence of the n functions if 
Wy and Tfg are identically zero but TTg, the Wronskian of 
the (n--3) functions /i,/ 2 , not zero, and so on. 

Ex, 1. The functions e*, ajc®, a;*e* aro linearly independent. 

Here, aje*, x*e* 

(» + l)e*, (a;» + 2a:)e* =:2e»* 

(a;+2)e*, (a;* +4x +2)6* 

Ex, 2. The functions sin x, cos x, sin (x +a) are linearly dependent. 

Here, Tr=0. Cxsinx+cgcosx + c, sin(x+a)=:0 
if Cj = - cos OL, Cg - sin a, Cg = 1. 

Ex, 3. Show that the derivative of a Wronskian is obtained by 
difierentiating each element of the last row. 
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Ex, 4. If yi, y%, ... , y^ aie functions of x and if z is a function ott 
prove that 

WJ,yv Vv - . Vn) Wt(yi, y, y,), 

where the sufiSxes x and t denote that the derivatives in the Wronskiam 
are derivatives with respect to x and t respectively. 

Ex. 5. If y, yi, y,, ... i y„ are all functions of x show that 

W,(yyi, yy„ yy„ ... , yy„)=y"W",(yi. y„ y, y„). 

Ex. 0. If y is a function of x prove that 

F(l, 2y, 3y«, .... ny»“») =nl(n - 1)1 (n - 2)1 ... 211 . 



CHAPTER rV 

FUNCTIONS OF SEVERAL VARIABLES. DERIVATIVEB. 

DIFFERENTIALS. CHANGE OF VARIABLES \ 

40. Functions of more than one Variable. The characteristic 
properties of a function of n independent yariables may usually 
be understood by the study of a function of two or of three 
yariables and unless some definite purpose is to be seryed the 
restriction to not more than three independent yariables will 
be generally maintained ; this restriction has the considerable 
adyantage of simplifying the formulae and reducing the mere 
mechanical labour. 

By extension of the usage of analytical geometry a set of 
yalues a^, Og, ... , a„ of n yariables will often be called “the 
point (Oj, Oj, ... , The set of yalues x^, Xg, ... , x„ other 

than Og, Og, ... , a„ that satisfy the conditions 

1 *1 -Oi 1 <e, I - Oa I <e, ... , 1 x^a^ 1 <Q, 

where q is an arbitrarily small positiye number, is said to form 

a “neighbourhood” of the point (a^, a„). The 

neighbourhood may, howeyer, be specified in other, though 
equiyalent, ways ; for example, the points inside the sphere 
»* +y* +z* = e* may be taken as the point (0, 0, 0) and its 
neighbourhood. 

The set of yalues of the yariables for which a function is 
defined is called “ the region (or, domain) of definition of the 
function.” A function may be defined for integral Values 
alone of its yariables or for yariables that yary continuously 
within giyen limits or that take all real yalues. The simplest 
type is the polynomial which is defined for all real yalues; 
next in simplicity is the quotient of two polynomials which 
ifi defined for aU real yalues except such as make the diyisor 

94 
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zero. In general, all the usual functions of a single variable 
reappear. 

The language and conceptions of geometry necessarily play an impor- 
tant part and certain assumptions are made that may be illustrated 
by considering a function f(x^ y) of two independent variables. The 
function may be defined for the whole plane or for a part or parts of 
the plane that are bounded by closed curves. It is supposed that a 
closed curve C, without double points^ divides the plane into two regions, 
an interior and an exterior, such that any two points in any one region 
can be joined by a path that lies wholly within that region while every 
path that joins a point of one region to a point of the other outs the 
curve C that separates the two regions. 

If y =v(<), where tp and y> are continuous functions of f, are 

the equations of a curve the curve is doaed when q> and v’ ere periodic 
functions of t with period co. In this case the points “ t ” and “ t +nct),*’ 
where n is any integer, are identical. If on the other hand t' and 
are two values of t which do not differ by co or a multiple of co, such that 
fp(V)^€p(t^) and the point or t* is a double point. 

A curve of the kind spoken of may be a circle or an ellipse or any 

ordinary ** curve that does not intersect itself (like a lemniscate), 
but it may equally well be a rectangle or polygon, and the path spoken 
of as joining two points may be a ** curve ” in the ordinary sense or a 
** broken line ” consisting, for example, of a set of segments that are 
alternately parallel to the coordinate axes. 

The functions ip(t) and yf(t) are supposed to be continuous but 
nothing is prescribed as to their derivatives ; it may be said at once, 
however, that it will be assumed that every curve may be divided into 
a finite number of parts such that for ea>ch part <p'{t) and ip'(t) exist. 

When a function f{x, y) is defined for the region bounded 
by a closed curve C the region of d^nition is said to be closed 
if /{x, y) is defined for all points within and on the curve C, 
but open or unclosed when the function is defined for points 
within but not on the curve C, 

The extension to regions for functions of three variables 
is fairly simple, and while geometry fails for the ordinary 
mortal when he enters regions of n dimensions it is possible 
at least to understand what is meant when it is said that the 
region is that within the sphere + 

limiting PoirUs. U S is m infinite set of points lying in a 
region A the point (a^^, a2, ... , a«) is called a limiting point or 
a point of condensation of the set when an infinite number of 
points^ of the set lie in eveiy neighbourhood of (a^, , a«) ; 

G.A.O, H 
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the limiting point itself may or may not be a point of the set 

(§ 17 ). 

If, for example, 8 consists of all the points inside a sphere, 
every point inside or on the surface of the sphere is a limiting 
point. The region A bounded by the sphere is “ open ” if it 
does not include the points on the surface — that is, if it do^es 
not include all its limiting points — but “ closed ” if it contai^iB 
all its limiting points, because it then contains all poin)fcs 
inside and on the surface of the sphere. 

41. Limits and Continuity. A function x^, ... , x„) of 
n independent variables x^, Xj, ... ,x„ is said to tend to a limit i 
when * 1 , Xj, ... , x„ tend respectively to a^, a^, ... , a„ if, given 
the arbitrarily small positive number e, there is a positive 
number tj such that 

~ 1 I ® 


when I a?! - |, | Xg - a 2 1 | x„ - a, | arc each less than r}, 

the set of values x^ =a^, Xj sUj, ... , x„ =a„ being excluded. 

The modifications required when one or more of the variables 
tend to infinity or when Z is +<» or - <» may be left for the 
student to state ; with his previous work there should be no 
difficulty. 

It should bo specially noted, however, what the above 
definition implies ; there must be no assumption of any relation 
between the variables as they tend to their respective limits. 
For example take /(x, y) where 

/(x, y)=2xy/(x»+y*). 

If X ->0, y being constant, /(x, y) -»-0 and if y-*-0, x being 
constant, /(x, y)->-0 so that these limits of /(x, y) exist and 
are the same when x-*- 0 and when y-> 0. On the other hand 
/(x, y) has no limit when x and y tend independently to zero ; 
for if we put x=r cos 0, y=r sin 6, we see that /(x, y)=sin20, 
so that near (0, 0) /(x, y) may take any value between - 1 
and 1 and therefore has no limit. It has to be noticed that 0 
is not a value that x can take when y=0 or that y can take 
when X = 0. The assumption that y is constant when x-> 0 is a 
violation of the conditions imposed by the definition, just as 
the assumption y=x or any other relation between x and y 
would be. 



§§ 40-42] IiDlITS AND CONTINDITY 97 

Coniinuity. Hie function /(*, y, z), the case of three 
variables being taken, is said to be continuous at the point 
(a, 6, c) of a region for which it is defined if, given the 
arbitrarily small positive number e, there is a positive number 
rj such that \f(x, y, z) -f{a, b, c)|<e when |a!-a|, |y-61 
and 1 2 - c I are each less than jj. 

It is necessary, therefore, for the continuity of f{x, y, z) 
at (a, 6, c) that f(x, y, z) should tend to a limit when x, y, z 
tend to a, 6, c respectively, and also that that limit should be 
the vahie f{a, b, c) which, by hjrpothesis, exists since (a, b, c) 
is in the region for which f(x, y, z) is defined. If (o, b, c) is 
on the boundary of the region the values of x, y, z that satisfy 
the conditions \ x-a\<rj,\y - b\<ri and \z-c\<r] must all, 
like/(a, b, c) itself, be in the region of definition of the function. 

A point to be particularly noticed is that f{x, y, z) may be a 
continuous function of each variable when the other two arc 
constant and yet not a continuous function of x, y and z. 
This peculiarity (for it does at first sight seem peculiar) is 
illustrated by the function 2xyj{x^ +y®) just considered above. 
If /(«, y) is defined to have the value zero at (0, 0) it is defined 
for every neighbourhood of (0, 0) ; as has been seen, /(*, y) 
tends to its value 0 when x-> 0 and y is constant, or when 0 
and X is constant, and is therefore continuous at (0, 0) when 
considered as a function of a single variable x or as one of a 
single variable y. On the other hand, /(*, y) tends to no 
limit when the independent variables x and y tend to zero, and 
is therefore not continuous at (0, 0). 

42. Sequence of Decreasing Regions. The conceptions of 
infinite sets and of upper and lower botmds have no special 
restriction to functions of one variable, but the method of the 
decreasing interval used in the proof of various theorems 
requires a little explanation when it is applied to regions of 
two or more dimensions. 

For definiteness, consider an area A bounded by a curve C ; 
the principle is obviously applicable to regions of three or 
higher dimensions and the description is greatly facilitated by 
restriction of the region to a plane area. 

Tbe^ area will lie completely inside a rectangle R given by the eqxM- 
Uons sr'sa, »=& >a and yarc, y=({>c. . Let the rectan^JS be divided 
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into four equal rectangles by the lines a;=i(a+ 6 )» v = . and let 

one of these four rectangles be selected, it being understood in this 
and all subsequent choice of rectangles that the selected rectangle 
contains a continuous piece of the area A . If the sides of this rectangle, 
say, are given by a;=Oi, x^h^>ai and y=Ci, y=di>Ci then 
a^ai< c^c^<d^^d while -ai=i (6 -a), d^-c^—\{d -c). 

Next divide the rectangle into four equal rectangles by the lipes 
x — +&i), ^ * select one of these four and let it be oa|ied 

B^, Ihe sides of R^ will be given by ^r=:a2, x—h^>a^ and y=\C|, 
y—dj >c^, and the following relations will hold : 

agaiSa,<6,g6iS6, 6, -o,=i(6 -o). 


c Cj ^ d^ dj d, d2 “* C2 ”“22 


Proceeding in this way we obtain a sequence of decreasing rectangles 
The sequences (a„) and (c„) are increasing and the sequences (6„) 
and (d,|) decreasing sequences ; a^<h^ and < d^ while 
hn -a)/2«, d„ =(d -c)/2«. 

Hence the sequences (o„) and (6,^) determine a number f , the sequences 
(c,,) and (d^) a number r) and the point (|, rj) is common to each' 
rectangle each rectangle being closed (§ 16). 

If the region were three<dimensional it might first be included in a 
cuboid (or rectangular parallelepiped) K bounded by the planes 
X =a, X =a' ; y=b,y =6' ; a =c, 2 =c' ; a' > 0 , 6' > 6, c' > c. 

The first step is to divide K into 8 cuboids by the planes 
x = i(a+a% 2=i(c+c'), 

and to select one of these (call it iT^) ; its boimdaries would be the planes 
* =Oi, * =0,' > Oj ; y =6j, y =6/ > 6i, * =Ci, z =Ci' > Cj 
where a^ai<a/^a', b^bi< c^e^Kc/^c' 

and a\ -Uj =i{a' - a), 6^ -bj = J(6' -6), cj -Cj =l(c' -c). 

Operate on Ki in the same way and so on. The process determines 
a point {$, tj, () that is common to each cuboid 

Here, and above, if the region is closed, the point found is a point of 
the region. 


Notation. If P is the point (a?, y, z) it is often convenient 
to denote the value of /(a;, y, z) at P by the symbol f(P). A 
point P\x\ y\ 2') is in a neighbourhood of P if 

0<| *'-*1 <e, 0< |y'-y I <e, 0< I *'-* I <g, 
or, if the length PP' is not zero but is less than q. (One 
or turo but not all of the differences |y'-*y| and 

|«'-z| may be zero.) 
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Theorems I atid II of § 13 on the upper and lower bounds, 
M and m say, of a bounded set need no new proof, while 
Theorems I and II of § 15 on the limits of bounded monotonic 
functions are also valid for functions of several variables. 
Thus, if f{x, y, z) increases (or does not decrease) when each 
of the variables x, y, z increases but is always less than a fixed 
number k, then f{x, y, z) tends to a limit which is not greater 
than h when x, y, z tend to infinity. 

Similarly Theorems I and II of § 17 need no new investiga- 
tion. The important theorem of § 27 for a function f(x, y, z) 
say, namely that “ if Jlf is the upper bound of /(*, y, 2) in a 
region R there is at least one point P(f, ri, C) such that the 
upper bound is also M in any neighbourhood of P,” may be 
proved at once by using a sequence of decreasing regions (B„) 
instead of a sequence of decreasing intervals. The method is. 
the same whether the sequence be a sequence of intervals or 
a sequence of regions. 

The condition that f(x, y, z) or /(P) should tend to a limit 
when X, y, z tend respectively to f, 17, C is that there should 
be a neighbourhood of the point A (f, rj, C) such that 
I fiP') -fiP") I ■**^1 than e (where e has the usual 

meaning) when P' and P' are any two admissible points 
(*', y', z') and (*", y", z") of that neighbourhood. [The point 
(x', y', z') is admissible when f(x, y, z) is defined for the values 
x\ y’, z'.] In other language, there must be a positive number 
Q such that 1 /(*', y', s') -/(*", y", s") | <e when each of the 
differences! f-®' 1. 1 f-®' \>\v-y' 1 . h-y' I. If-*' 1 
lies between 0 and q. (Some but not all of these differences 
may be zero.) 

^at the condition is necessary is obvious. To prove the 
sufficiency of the condition proceed as in § 21. When it 
is satisfied we have 

/(P')-s</(P')</(P')+e, 

when P' and P" are any two admissible points of the neighbor- 
hood of A. The set of values /(P') is therefore bounded and 
has maximum and minimum limits G and g, and so on, the 
rest of the proof being, ezc^t for verbal changes, the same 
as in^ § 21« (The meaning of the terms “ upper limit of 
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mdetermination ” and “ lower limit of indetermination ” needs 
no further explanation.) 


43. Theorems on Continuous Functions. The theorems of 
§ 28 for functions of one variable are easily extended to func- 
tions of several variables ; the theorems will now be stated, 
but the proofs will usuaUy be indicated very briefly, if at ^11, 
since they are little more than repetitions of those for a functi' 
of one variable. 

Theorem I. If f{x, y, z) is continucnis at (o, b, e) and 
f{a, b, c) is not zero, then f{x, y, z) has the same sign as f (a, b, 
at all points {x, y, z) in some neighbourhood of (a, 6, c). 

Theorem II. If f{x, y, z) is continuous at all points of a 
closed region R and if {x\ y\ z') and (x'', y" , z"*) are two 
different points of the region at which f(x, y, z) has two 
different values A and B then f{x, y, z) takes in the region R 
all values between A and B. 



The method of § 28 may be adopted to prove the theorem, but the 
following method reduces the proof to that for a function of one variable. 
Assume, as will be proved in § 44 from the definition of continuity, that 
if X =/i(0> y =/2(0» ^ —fzWf where/1,/2,/3 continuous functions of U 
the function /(a;, y, z) becomes F{t) where F(t) is a continuous function 
of /. If t' and t'' give the points {x', y\ z') and (x^, y'*, z’*) respectively, 
then F{i) takes all values between A and B as t varies from t' to 
if A and B have opposite signs there is at least one point t or (f, rj, f) 
at which the function f(x, y, z) ia zero. But, in general, there is an 
unlimited number of fimctions /j, /g, /g — or, in geometrical language, 
an tinlimited number of paths from {x\ y\ z') to (a?^, 2^) that lie 

in the region R — and therefore J{x, y, z) takes every value between A 
and B infinitely often. 

The following theorem — ^the theorem of uniform continuity — 
will be proved for a function of two independent variables x 
and y but the method of proof is quite general. The method is 
not quite the same as that used in § 28 though not essentially 
different and the student might, as an exercise, apply the 
following method to the theorem of § 28. 

Theorem III. If f{x, y) is continuous at all points of a 
closed region A there is a positive number h such that, s having 
(he usual meaning, \ f{x\ y') -f(x\ y'") \ <s where {x\ y') and 
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y'*) arc any two foirda in the region A, such that \ x* -x"* \<h 
and I y'-y*" | <h. 

The proof is in two parts ; the notation f{P) to denote the 
value of f{x, y) will be freely used. 

(1) If Cl is any given arbitrarily small positive number the 
region A can be divided into a, finite number of smaller regions 
(sub-regions they may be called) such that if P' and P'' are any 
two points in any sub-region |/(P') -/(P'") | will be less thanci. 

If such a division of the region A is impossible there wiU be, 
whatever division be made, at least one sub-region in which 
two points P' and P'' can be found such that 1 /(P') -f(P'^) | ^«i ; 
let such a sub-region be called, for convenience, special. It has 
now to be proved that A contains no special sub-region. 

Let the area A be enclosed in a rectangle P, and, as in § 42, 
proceed to form a sequence (P„) of rectangles. Of the four, 
rectangles constructed at the first step one at least must 
contain a special sub-region, because if none of them did 
neither would A ; select the rectangle (or one of the rectangles) 
that contains a special sub-region and call it Operate 
on Pj^ in the same way and select a rectangle that contains 
a special sub-region, and so on. A sequence P^, P 2 , ... of 
rectangles is thus obtained ; the sequence determines a point 
Pq of A such that every region within which Pq lies contains a 
special sub-region. This conclusion will now be shown to be 
inconsistent with the continuity of /{a;, y). 

Since f(x, y) is continuous at (f , rj) there is a region, a say, 
within which Po(f , ^) lies, such that if P' and P'' are any two 
points in a 

\m -fin I < \fiPo) -nn i < k. 

and therefore | f{P') -/{P") | < Sy 

Now n may be taken bo large (but finite) that the rectangle 
will contain P, (either within or on its boundary) and lie 
wholly inside the region c; therefore this rectan^e (a 
region that includes P,) contains no special sub-region, since 
P' and P* may be any two points in P*. 

Hence the h3^otheBiB that the region A caimot be divided 
into a finite number of sub-regions of the kind stated is 
inadsoissible. 
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(2) Theorem 111 now follows at once. Take and let 

the area A be covered by two sets of straight lines parallel to 
the axes of x and y, the distance h between two consecutive 
parallels being the same for each set. By (1) it is possible to 
choose h so that if P' and P* are any two points in, or on the 
boundary of, a sub-region or square of side h we shall have 
|/(P')-/(P')l<4a. 

Now any two points P'{x', y') and P*(a:'', y") for wbi^ 
\x' -x" \<h and \ y' -y" \ <h must eUh&r lie in one and thp 
same square in which case | /(P') -fiP") \ < Je < e or else lie id 
adjacent squares. In this case if P is a point on the side\ 
common to the two squares (or if P is a common vertex of the 
two squares) 

|/(P') -/(P*) I = I f{P') -f(P) +fiP) -/(P') I 

^ inn -f(P) I + \f{P) -np") \<h+hore. 

Of course at the boundary of the region A the sub-regions 
will as a rule not be complete squares, but this makes no 
difierence in the proof. Theorem III is therefore proved. 

It thus follows that every function which is a continuous 
function of its vtmables, when these assiune any values in a 
closed region, is a unifonnly continuous function of its variables. 

Theorem IV. If f{x, y, z) is contimums at dll points of a 
dosed region it is bounded in that region. 


Theorem V. If f{x, y, z) is continuous, and therefore 
hounded, at all points of a closed region there is at least one 
^iU ((, rj, C) of the region for which /(f, rj, C)=M, the upper 
bound of f(x, y, z), and at least one point (f', rj', C) for which 
fd't ^') lower bound off{x, y, z). 

The proofs of these two theorems may be left to the student 
as little more than verbal changes are needed to adapt the 
proofs for a function of a single variable. 


44. Function of Functions. If F(Xi, x^, , x„) is a con- 
tinuous function of the n variables x^, Xf , ... , »« in a re^^on D 
and if the variables x^, Xf, ... , x„ are continuous funolwns of 
m vwiables y^, y ^, ... , in a region D' the function 
F{Xi, Xf, ... , x„), when expressed as a function y^, ... , y^), 
is a continuous function of y^, y^ Vm the region D'. 
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Suppose »=:3^'m=2 and let the two sets of variables be 
denoted by x, y, z and «, t where 

» =/(«. t)y y =?(«, <). 2 =*(«, <) ; F{x, y, z) = t) ; 

also let x’=f(a\ «'), y'=g{8’, t'), z'=k(a', t% 

Given e as usual it is possible, since f(x, y, z) is continuous, 
to choose ri(>0) so that 

I /(«', y'. 2') -/(*. y, 2) 1 <c, 

when I x'-x |, 1 y'-y | and \z'-z \ are each less than jj. 
Again since x,y,z are continuous functions of a and t it is 
possible to choose f(>0) so that 

I /(«'. t') -/(«. t)\<Vy I y («'. <') - y (». 0 I < »?. 

t)\<n 

when I s' - 4 I and are each less than C- Hence 

1 9 »(«', t’) - 9 j(«, <) I < e when | s' - « | and I < 1 are each less' 
than C and therefore (p{a, t) is continuous in the region D'. 

An important case of this theorem is that in which x, y, z 
are functions of a single variable t, so that the equations 
^=/(0i y=y(0i can be taken as giving a curve; the 

function F{x, y, z) or <p{t) is therefore continuous for all points 
on the curve so long as the curve is within the region of definition. 
When X, y, z are functions of two variables the point {x, y, z) 
is restricted to a surface. 

45. Partial Derivatives. Mean Value Theorem. In Chapter 
XI of the Elementary Treatiae partial derivatives have been 
defined and various theorems proved ; it seems desirable, 
however, to re-state briefly the fundamental equations and to 
present a more systematic treatment of the theory of differen- 
tials. The student is recommended to revise carefully 
§§ 92, 93 of that chapter which deal with the rate of variation 
in a given direction (important for its applications iuF mathe- 
matical physics) and with the interchangeability of the (xrder 
of differentiation, the proof of which is often found difficult. 

Suppose /(«, y, z) and its partial derivatives / *» /v> /# to be 
oontinuouB ; the increment 5/ corresponding to increments 
h,k,lm X, y, z respectively is given by the equation 

d/=/(* +h,y-¥h,z + l) -fix, y, z), 



104 ADVANCED CALCULUS [CH. IV. 

and this may be stated in the form 

y + i, z + l) -fix, y + k, 2-f Z)] 

+ [fi^, V’^Kz + l) -fix, y,z-¥ Z)] + [fix, y, 2 + Z) -fix, y, 2)]. 

By the mean value theorem for a function of one variable 
these differences may be expressed in the form 

Mxi^ + y + *, 2 + Z), kfyix, y + z+l), Z/«(a;, y,z + ej.)\ 

where 62, 63 all lie between 0 and 1. Hence 
Sf^Mxi^ + OA 2/ + A;, 2 4- Z) + kfyix, y + 2^ + 0 

•^Ifzi^, JZ, z + OJ), (1') 

or, since these derivatives are continuous and therefore teno^ 
to /as, /y, /a respectively when h, k, I all tend to zero 
df==^hifx+coi) + kify + (02)-\-Hf^-hco2) 

“ ^f x’^^fy'^Vt"^ ihco^ + i5ft>2 + lo)^) (2) 


where coi, cog, co^ tend to zero when h, k, I all tend to zero. 

Suppose now that x, y and 2 are functions of other variables, 
say functions of the two independent variables s and t, and 
that these functions and their partial derivatives with respect 
to a and t are continuous ; the function fix, y, 2) is now a 
function of functions and its derivatives df\da and dfjdt may 
be obtained at once by applying (2). 

Let a alone vary and let the increments h or dx, k or dy, 
I or dz and df correspond to the increment <5^ of 5 ; if each 
member of (2) is divided by da and the limit taken for 
the last three terms in (2) will tend to zero because coi, (Wg, CO3 
tend to zero while their coefficients are finite. We thus find 
dffda and by a similar process dfjdt, their expressions being as 
foUows: V?? 

ds dx de ^dyds^ dz ds’ 

yay 

dt dxdt^ dy dt^dzdt' 

. 1 The Method is obviously the same whatever be the number 
of variables in (2) or in (3) ; if *, y and z were functions of one 
variable only, say fimctions of t, the notation dxjdt, ... instead 
of dx/dt ... would be used. 

The equation (1) can be expressed so that instead of three 
fractions Bi, 6,, B, there shall be only one, and this alternative 
form is often useful ; it has in fact been already given in § 157, 
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p. 409, of the Elefnentary Treaii86 for the case of two variables. 
Let F{t)s=f{x+ht, y + kt, z + U); then by the mean value 
theorem for a function <4 t 

F{t)-F(0)=tF'{9t) 0<e<l. 

It is proved in § 167 that 

i ^ * + ^)* 

and if we now put Ot for t in this expression for and make 
t equal to unity we find 

f{x + h, y + k,z + l) -/(a:, y, 2)=A/a. + ib/^ + (4) 

where means the value of 3/(a:, y, z)ldx when aj + flA, y+6k 
and z +61 have been substituted in it for x, y and z respectively 
with similar meanings for /y, /^. This notation is not at all 
suggestive ; an alternative notation is fas(x +6h, y + Ok, z +61) 
which is suggestive but cumbrous. 

The equation (4) gives the Mean Value Theorem for functions 
of more than one variable. 


Note, The earlier examples in the Exercises at the end of 
the chapter should be worked at this stage. 

46. Differentials. The equation (2) of the last article has 
an important meaning in itself. For many purposes a valid 
approximation for the increment <5/ is desirable, and such an 
approximation is deducible from (2) ; but the expression for 
the approximation has also very useful applications to the 
problem of differentiation and change of variables, so that it 
is very desirable that the student should have a thorough 
grasp of the meaning and working of the differential, as the 
expression for the above approximation is called. 

Let a principal infinitesimal {E.T, p. 195), q say, be chosen 
when dx, by, 6z or h, k, I are infinitesimals ; for example, let 
e =x/{((5aj)® + {byY + {bz)^} or g = | (5x | + | 51/ 1 + | 5^ [ 


so that A/g, kjg and 1/g can not exceed unity (numerically). 
The part hcoi + Areoa + &03 of the increment of bf is an infinitesimal 
of a higher order than g since its ratio to g is numerically less 


than the sum 


kil + \co^\ + Icoal 


which tends to zero when A, A, I tend to zero. The other part 
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of the increment 6f is called the differertiial of the function 
f{x, y, z) and is denoted by df(x, y, z) or df, so that 

df=f,tdx +f^dy +f^dz ( 1 ) 

The differential df is a valid approximation for the increment Sf 
when each of the increments dx, by, dz is “ small ” ; this 
approximation is of very frequent application. i 

There is, however, another aspect in which the subject m|ay 
be considered, namely, that in which the differential sums mp 
a whole set of derivatives ; there is no question now of 
approximations but rather of useful rules of operation. 

H X, y, z are independent variables the part 

fx <Sa: +/, by +/, bz, that is, ^ 

of the increment bf is called the differential of f{x, y, z) and is 
denoted, as before, by df{x, y, z) or df simply. The term/* das 
is a partial differential and may be denoted by {df)„ with 
similar meanings for (df), and (df),. The equation (1) is now i 
considered simply as deffning the differential when the variables 
X, y, z are independent. 

Suppose now that x, y, z are not independait but are 
functions, say, of two independent variables s, t ; the function 
f(x, y, z) is therefore a function, say F(s, t), of the independent 
variables «, t. By definition 

df(x, y, z)=dF(s, t)=F,bs -^Ftbt (2) 

J. + f ^ 

*ds^^‘d8’ 


Now 




F -f ^ 


while> since x,y,z dxe functions of the independent variables 
i, Ij their differentials are given by the equations 


Hence 




d>y y (isf — • 


df=dFis, t)=f,{^bs + ^^^bt)+U...)+U...), 


so that df=fadx+f,d/y+f,da (3) 

The forms (1) and (3) for the differential df differ in nota- 
tion in (3) the differentials dx, dy, dx take the place of the 
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increments dx, 6y, 6z respectively. Now the increments are 
arbitrary and no confusion can arise if they be expressed in the 
notation of differentials (see §35); in fact, if a function of a 
single variable f{x) be taken as a special case of a fimction 
f{x, y, z) of three variables we can take x itself as the function 
and then dx =/,dc With this change of notation we now 


have the theorem 




(4) 


whether the variables Xy z are independent or not ; df is the 
total differential of the function /(a:, z). 


Note. If by any process the total differential df of a function 
ol any number of independent variables Sy ty u, ... has been 
expressed in the form 

df = jP ds "{-Q dt It dti ir (5) 


where the differentials dsy dty duy ... 
variables alone appear and PyQ, By .. 
differentials, then 


ds 


. c=|. 5= 


of the independent 
. do not contain the 

df 

du* 


For, by definition, 


and the expressions (5) and (5') for df must be identical ; since 
the variables are independent we may suppose every increment 
except one, say da, to be zero, and then we find P=dfld8. 
Similar reasoning leads to the stated values oiQ, S, .... We 
thus see that an equation such as (4) or (5) sums up a whole set 
of partial derivatives. 


Ex. 1. If M =(** -y*)l{a^ +y*) and * =8in~* («^) find dz. 


dz=- ^ — r . iM“idu=-4 . — — ^ 




(1 -«)’ 


2»- ■ y(*» -y»)* 


du { 


j- _(»* +!^) d{x*-y*) -(»* - j/*) d(iE* +^)_ixy(ydae -xdy) 
and therefore 


i^x{ydx-xdy) 

TTie^coefBoients of dx and dy are Sr/ta; and dijdy reapeotively, and may 
therofbre be^written down at onoe. * , 
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Ex, 2. If ^ is given as a function of two independent variables x and 
y, change the variables so^ that x becomes the function and z and y the 
independent variables, and express dxjdz and dxjdy in terms of the 
derivatives of z with respect to x and y. 

When X and y are independent variables and z the dependent, a usual 
notation (which will be often employed) is 

dx~^^* 0a;* dxdy'~^* 

First, express dz in terms of dx and dy ; we have 

“ 0i ^ ^ ^ ^ ^2/ <ii) 

Next, when z and y are independent and x the function, we have \ 



Again, by solving (i) for dx wo find 

dx—^ dz--dy (iii) 

Equations (ii) and (iii) must be identical by the above Note, and 

. V . 0a; 1 0a; c 

therefore -z. 

02 p oy p 

See example of § 47 (Second Method) for a different treatment. 

Ex, 3. If u and v are determined as functions of x, y, z by the 
equations fp(x, y, z, w, v) =0 and \p(x, y, z, u, v) =0, find the derivatives 
of u and v with respect to x, y, z. 

In the solution, to secure brevity, we use the notation of Jaeobians 
(§ 66), namely, 

d(u,v) Vu» Vv ^ ^ d(v,x) Ivv, v»« 

and so on. 


Firat Method, Differentiate tp =0 and ^ = 0 with respect to x, keeping 
y and z constant ; thus 

, 0tt . 0v . , du dv ^ 

'P^ + 'Pu^ + <P,^=0, V',+V«^+V.^=0. 

If these equations be solved for dujdx and dvjBx we get 
du d((p, 4 p) , 0(y, y) dv_ d(<p, tp) , 0(y, y) 

dx d(v,x) * d(u,v)* dx d(x,u) ’ 0(w, t?)' 

V. < lik the same way the other derivatives may be found. 

Second Method, Use differentials. The total differentials dip and dip 
are aero ; therefore 

9 ;* da; -f dy H- 9 ?, d 2 + dw -f dv = 0 , 

, y«dir+9;ydy +v^,d2+v'ti<^w+v*dv=0. 
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Solve these equatlonB for du and dv ; we get 

y) du dx +?isi^dv I ^<y>y> rfr 
0(m, v) 8(«, ®) ®® ^ 0(e, y) ^ 0(t>, a) ®*’ 

V) d « -^iSilldx + y) *. 

0(m, e) ® 0(*, m) ^ 8(y, m) ^ 0(a, «) “*• 


But 


, du j du j du j j dv j 
du=^dx+^dy+^dz; dv=-^dx + .. 


8ar““ "da 

The eqaating of coefficients of dx, dy, da gives 

du_S (<p, y) . 8(y, y ) 

8* 8(v, *) ■ 8 (m, e) ’ 

and the other derivatives may similarly be written down at once. 


47. Higher Differentials. For brevity suppose that f is a 
function of two variables x and y. The second differential of 
f(x, y) is the differential of df{x, y), that is, d[df{x, y)] which 
is denoted by d^f{x, y) or simply d®/. Hence 

d*/ -d{fjbc +fydy) = dx df^ +f^d{dx) + dy df^ +/,d (dy) , 
or d2/=da;d/^ + dyd/^+/,d*a:+/,d*y (1) 

Now df^=-^^dx + ^^^dy=f^dx+f^dy, 

SO that 

dx df, + dy df, =S,,,{dxf + 2/„da; dy 

=/*,da;2 4- 2/,,da:dy +/„dy»/ 

and therefore 

' d^f=fxxdx^ + ^ftiidxdy+f^^dy^+f,d^+f^,d^. ... ( 2 )- 

The question now arises ‘ ‘ how is the distinction made between 
the case of x, y as independent variables and that of x, y as 
functions of other variables ” ? The answer that is found tb 
be most convenient is that, when x and y are indep«aident 
variables their differentials dx and dy are taken to be constant 
so that d^x and d^y are zero. Hence when x and y are 


<**/(*> y) + 2/,»d » dy +/„dy* (8) 

while if X and y are not independent d®/(a:, y) is given by (2). 

In the same way ^e third differential d(d^ or d^ and 
diffmre^laals- are defined ; when x and y are indep^4en^ 
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d‘x,d*x, ... aiidd*y,d*y, ... are all zero. Thua one part of d*/iB 
formed from the first term in the expression (3) for d‘/ and gives 

d[/^dx*] =dx*d/.,=dx«[^dx + ^ dy], 

oif +hx^dx^ dy, (4) 

and for the value of d®/ when * and y are independent we find 



If X and y are not independent we must in finding d®/ ^ke 
equation (2) and include the terms that arise frbm dx and dy 
which are no longer constant. Thus to find d[/,,dir®] we mW 
add to the expression (4) the term /^d(da!®) or 2/„j,dxd®x ^oe 
d(dx®) is 2dx d*x. 

The notation of differentials gives a compact form for 
Taylor’s expansion of f(x+h,y+k) when h=dx, k=dy and 
h, k are constant ; the form is simply 

f{x + h, y+k)=f+df+~j+^+ (6) 

and the series on the right is of the same form whatever be the 
number of independent variables Xy ^ it being noted that 

df(Xy y, Zy ...)=^fyBdx-^fydy‘hfy,dz + --- . 

(See E.T. p. 508.) 

It must be specially noted, however, that when a;, y, 
are not independent the expressions for d*/, d®/, ... have no 
longer the simple forms given by (3) or (5) but involve the 
higher differentials of dxy dy, dZy .... 


Ex. Take Example 2 , § 46, and express the second derivatives of x 
with respect to z and y in terms of p, 9 , r, s, f. 

First Method. We have ^=~- (i) 

V dz p dy p ^ ' 

From the Brst of these equations we find by taking the differentials 

: 


Now 


dp =^dx dy ^rdx -^ady^ 


since p is given as a function of x and y. In this expression for dp put 
the value of dx in terms of dz and dy, namely (ds -qdy)lpf and the 
equation (ii) takes the form 


d^x 


d2 + 


d^x 

dzdy 



P* 


dy. 
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In this equation we have only the di£Eerentials of independent 
variables, and can therefore equate tho coefficients of dz and dy respec- 
tively ; hence 

d^x _ r d*x _ ry -e p 


In the same way the second of equations (i) gives 


d*x 

dzdy 




pdq-qdp 

P* 


But 


dg= ^dx +^di/ =8dx -htdy. 


and substituting as before for dx in dq and dp we find 
dzdy ^ 02 /* p* p* 


dy. 


and therefore 


?!? — zlPtzJSl 

dy^ P* 


the value of d^xjdzdy being the same as before. 

dl^x d^x ( d^x Y_ rt - a* 
0z* 0y* \020y/ “ p* 


Second Method, Suppose z =/(a;, y ) ; then 


02 - 02 - 
0aj“’‘'** ® 0y 

If the equation z ^f{x, y) is solved for x in terms of z and y, giving 
a: = ^(z, y) say, then the partial derivatives with respect to z and y of 
any function ^(a?, y) are given by 


/ 0V>V 0y dx /0y\ 0y 0a; 0y 
\02/ 0a;02' \02// 0:c 0y^ 0y* 


Here 


and ( ^ j are the totoif derivatives of v’ with respect to z and y« 


The function \p(x^ y) contains 2 , since x is now a function of 2 and y, 
and contains y explicitly as well as through x, thus bringing in the 
additional term dyfjdy. The two values (dipjdy) and dy^jdy are quite 
different. 

Now differentiate the equation 2 =/(a;, y) with respect to 2 and y 
respectively ; we find 


dx 


dx 1 1 


i-{^> “ «“• K‘h-r- 

0 -/.^+/,. ■» Ihrt -i. 


Again, 

Q.A.O. 


0*a?_ - 1 - 1 , ^ 0ag_ -r 

dz^ p* / P* * 0« ^ p* ' 

I 
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since p is a function of x and y 
d*x 


dzdy p 


1 /0jp\ _ 1 

* \^y)~' L^a? dy"^ dyj 


rq -~8p 


since 


dy* p* [f\^y) ^\dy/J * 

\dy/ dx dy dy p 


The student should note carefully the two different meanings of ^tho 
symbol dy}{x, y)ldy. When x is independent of y there is no ambig 
the derivative being as usual ; but if x contains y the derivative i^ 
total derivative (see E,T, p. 212 and p. 219). 

If the relation between a;, y and z is given by an equation of the for 
F(Xt yt 2 ) == 0 we have, when z is considered as a function of x and y, 

+ or p=-FJF„ 

and similarly q — - F^fFg, 

When F = 0 is taken as defining a; as a ftmetion of z and y we find 
^ ^ dx ^ dx Fm 1 


The rest of the work is as before. 


dx 

% 




48. Change of Variables. If y is given as a function of x, and 
if the variables are changed by the substitutions x — <p{Uy v), 
y=y>{u, v) so that v becomes a function of u, the problem of 
expressing the derivatives of y with respect to x in terms of 
w, V and the derivatives of v with respect to u has been briefly 
discussed {E.T. p. 234) for the simple but important case 
x=:VQoau, y=vamu. The method is quite general and the 
student should have little difliculty in applying it to a given 
case. Thus 


dy dy , dx ( dv\ ( dv\ 
dx'^~\du ’ dx) ' du’ 

and the deriyatires and i~ are easily found. 

du\dx/ du ^ 


The problem of change of variables for functions of several 
variables is distinctly harder. A special but very important 
case has been worked out fully {E.T. pp. 237-240), and the 
principles that imderlie the solution in that case will now be 
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illustrated in scHue detail, particularly for a function of two 
independent variables. 

Problem la. If z is a function f{x, y) of the independent 
variables x, y and if x, y are changed to new independent variables 
u, V by the substitutions x — (p{Uy v), y=^fp{u, v) it is required to 
express the derivatives of z with respect tox^y in terms of u, v and 
the derivatives of z with respect to w, v. 

The student must pay particular attention to the meaning of 
the symbols. Thus dzjdx means the partial derivative of z 
with respect to x when y is constant, while dzjdu is the partial 
derivative of z with respect to u when v is constant, z being now 
expressed in terms of u^ v. 

By § 45, (3), we find 

dz^dzdu dz dv (i\ 

dx~' du dx^ dv dx" dy'^du dy^ dv By ^ ' 

To obtain dujdx^ ... .dvjdy, differentiate the equations 
x==(p{u, v) and y^y){u, v) with respect to x and y respec- 
tively ; thus, differentiating with respect to x, we get 


■.^dpdu dfdv 
’^Bu dx'^dv dx^ 

^ BwBu BwBv ^ 
^ Bu Bx"^ 3v 3x ^ 


3u 3v 


du 


dv 




dx' 


Vu 

J 


.{2a) 


.(26) 


and these equations give 

Bu_ y)^ 

Bx'^ J * 

while, by differentiating with respect to y, we find 

dy^ J’ dy-J 

where J is the Ja^cobisin (see § 46, Ex. 3 or § 55) 

y) 

d{u, v) 9(«, »)' 

The equations (1) now give the required values of dzjdx and 
dzjdy, namely, 


T y>) 

J = q>uy>.- 9 >vVu= ■ 


dx~ J du J dv’ dy~ j du^ J dv' 

By § 45, (3) we have 
Bs 9y 


.(3) 


dz dz dx 


We may also proceed as follows. 

du'^^du^^dU* 
and if these^uations be solved for dzidx and dzidy in terms of dzldu 


ill 
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and Bzjdv we find the values given by equations (3), it being observed 
that dxjtUf , dyjdv mean the same thing as tpu* ••• 9 respectively. 

Equations (3) are of the form 

dx~ du^^dv' 
where A, 3,0^ 2), dzjdu, dzjdv are all functions of w, v an4 do 
not contain a;, y explicitly. We may therefore say that dzjdx 
and dzjdy are functions, F{Uy t?) and 0{Uy v) say, of the new 
variables u, v. Hence, to find dhjdx^ we put F{u, v) in place 
of z in the first of equations (3) or (4) ; thus 


325 ^dz •v 825 
^ =^7 a — h J5 
oy ou dv 


.( 4 ) 


dx^' 




dF 


^ dv' 


•(^) 


the function dzjdx of x and y being F(u, v) when expressed in 
terms of u and v. In the same way we see that 


or 


fdz 

^^~dy\dy 
dhi _d /dz 
dxdy~dx\dy 
dH _ d /dz\ 
dxdy~dy\dx) 


dhi _d 3 

~dy\dyydy 


a 

dy 

dx ' 
_d_ 
dy 


G{u, v)=C^^ + Dj- 


'^du^^dv' 


F(u,v)=cll+D^^ 


.(5a) 


When the derivatives are expressed as in (4) we may say that 
the operators djdx and djdy, applied to any function w of a; 
and y, are equivalent to the operators 




and 




respectively, acting on w-^ where w-y is the value of w expressed 
in terms of u and v. 

The value of dlHjdx^ is thus seen to be 


3*2 

Saj* 




+b(a 


dv. dv ^ du du^ dv, dv) 
'dudv^ dv*^ dv du^ dv dv) 








■att'^'“5i; 


Jdu 


^ 5w dvJdv 


and the values of dhsjdy* and dhjdx dy may be found in the same 

way. 
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The higher derivatives may be obtained by exactly the same 
method ; fortunately they are not often required. The 
algebra of the transformation is tedious but the method seems 
simple. 

Ex. 1. If « =r cos 6, ^ =:r sin 9 show that 

0** o • a 8** . cos* 0 - sin* 6 0** oos 0 sin 6 0*z 

^^=cos 0mne^+ ^ j3 ^ 

COS 6 Bin 6 dz coa^ 6 ~ sin* Q di 
r dr r* dB* 

See E,T. p. 236, equations (3) and (4). 

Problem I b. If the relation between the old and the new vari- 
ablea is given by the equations u = q){iCy y), v=ip{x, y), express the 
old derivatives in terms of the new. 

It is of course understood that the equations determine x 
and y as functions of u and v, or that they can be solved for x 
and y in terms of u and v. In this case the form of the solution 
is simple ; we have 

dz dz dz dz dz dz 
dx ~ ^ dv dy dv 
where the derivatives y?*., 93 ^, must now be expressed in 
terms of uandt;. The higher derivatives are then found as before. 

Problem I c. If the relation between the old and the new vari- 
ables is given by the equations (p{x, y, u, v)= 0 , y»(a;, y, u, t;)= 0 , 
express the old derivatives in terms of the new. 

Assuming that the given equations define each pair of the 
variables in terms of the other pair we proceed as follows. 
The functions to be determined are the functions A, B, (7, D 
of equations (4). It may be possible in a given case to find 
the expressions for u, v in terms of x, y or for x, y in terms of 
Uy V, and when these are found we can apply one of the two 
methods already given. If the expressions just mentioned 
cannot be found conveniently we calculate du/dx^ ... , dvfdy as 
in § 46, Ex. 3 ; these values are 

du_ d(ip, y) ^ 3(y, y) dv_d ((p, y) , d(< p, y) 
dx d(v, x) ■ d(u, vY dx 9{x, u) * d{u, t;)" 


du_ d{g>y y ) , djtpy y) dv _d(<p, y) , 9(y, y) 


( 6 ) 
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When these values of the derivatives of u and v are inserted 
in the equations (3) we have the formal expressions for dzjdx 
and dzjdy ; if in these expressions the values of x and y in terms 
of u and v are substituted we shall have equations (4) and can 
then find the higher derivatives as before. Even when x, y 
cannot be conveniently expressed in terms of u, v the val[ues 
of dujdx , , dvjdy given by equations (6) are often useful, knd 
the student should note carefully the method by which they 
are obtained. ' 


Ex, 2. Apply equations (6) to show that 

/;. y) . v) _ d((p, y) . .... d(x, y) ^ _ 

^^^d(u,v) d{x,yr ‘d(x, y)* d{u, v) !/)"“"* 


Problem II. If z is a function F(x, y) of the independent 
variables x, y, arid if all the variables are changed by the sub- 
stitution 

x=f(u,v,w), y=g(u,v,w), z=h(u,v,w) (7) 

it is required to express dzjdx and dzjdy in terms of u, v and the 
derivatives dwjdu and dwjdv of the new function w with respect 
to the new independent variables u, v. 

It is supposed that equations (7) determine u,v,w as 
functions of x, y, z. The equation z = F{x, y) becomes an 
equation between u, v, w which defines a function w of u, v. 
Hence z may be considered as a function of x, y where x, y are 
functions of u, v, w, and w a function oiu,v; we may therefore 
find (dzjdu) and {dzjdv) in terms of dzjdx and dzjdy by the rule 
for “ function of a function.” The forms in brackets are meant 
to indicate that z is a function of u, v and another variable w 
which is also a fimction of u, v. 

Thus when z =A(it, v, w) 


'3z\_^ 9z^_, , T ^ 

■duj~du^ dwdu~ “ '"du 


( 8 ) 


and there are analogous expressions for {dxjdu ), , (dyjdv). 


Now 


\du/ ~dx\du/ ^ dy\du/’ 


fdnce z=F{x, y) and x, y are functions of u, v, w. If. we 
now insert the values of (dzjdu), (dxjdu) and (dyjdu) as given 
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by (8) and apply the same method to {dzjdv) we find the 
equations 


I. , j. ^ dw\dz , / dw\dz 

au ” V“ du) 




9w;\fc 


dvjdy 


(9) 


Equations (9) when solved for dzjdx and dzjdy determine 
these derivatives in terms of dwjdu and dwjdv. As a rule, the 
coefficients in the expressions will involve all the variables, 
but as X, y, z, w are all functions of u, v, the solution is theoreti- 
cally complete though in practice the actual determination of 
the explicit forms in terms of u, v may be very laborious. The 
values given by (9) are, however, of great importance in many 
applications. 

Equations (9) may be found by using differentials, thus ; 


= dx -\-^dy dx + qdy. 


Now express dx, dy, dz in terms of dw, dv ; then 



H + S' [(If) + © dv . 


Equating coefficients of du and dv we find, using (8), the 
values given by (9). 


49. Special Cases. In problems involving change of variables 
it is frequently required to transform a particular expression 
involving a combination of derivatives, and the general methods 
given above can often be modified so as to reduce the algebraic 
work. The following example illustrates an important case. 


W 3 */ 

Ex, 1. Transform the expression by the substitution 

x = <p(u 9 v), y^%p{Ut v) and show that 


if 


dx_ dy 


.(i) 


In this case it is much simpler to transform from derivatives in u, v to 
derivatives in a;, y. No doubt, by this method the transformation is 
rath^ verified than proved, but the method of verification is important; 
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a straightforward application of the general method would be tedious. 
We have, using the subscript notation to save space, 


0tt aw* 


.(ii) 


In finding/utt the factors dxjdu and dyjdu are obtained by differentiating 
with respect to u ; the values of dfjdu and dfyidu are found by 
substituting/^ axidfy respectively in place of / in (ii). ' 


Thus 


Juu -'Jk 


01? 0M 0M 0tt 0U ’ 


but, by (ii), 


0M 0m'^-'®» 0m’ ■0M~''»»0M ■'"'0m’ 


SO that /a, 


a*a; 




In the same way we find 


f +2—^/ 

/«»-/* g„t +/» gp» + ^ /** -t- ■« 0^ 0^/, 



(iv) 


The expression /^ti +/«« involves some symmetrical combinations of 
the derivatives of a; and y which in virtue of conditions (i) reduce the 
whole to a simple form. We have 


j _ d(Xt y) _ dx dy dxdy_/ 03? V 

d(u, v)"^ du dv dv du’^XduJ ^\dv/ ""vau/ ^\av/ * 


d^x a 

dv^dvdu"^ ""dv*' 


aw* 



(Vi) 


and in the same way 


aw*’^af;*"' 


(vii) 


Also 


00 ? dxdx dx dx 

du du^dv dv aw av^ at? aw 


(viii) 


If we now add corresponding sides of (iii) and (iv) and take account 
of (v) ... (viii) we find 

/ttu "^fw (/«« 

Hence, if / satisfies the equation +/yy it also satisfies the 
equation/ttu +/«« =0 since J^O, 

If X and y are interpreted as rectangular coordinates the equations 
o? = 9 ?(w, v), y=V’(w, v) determine, by assigning constant values to w 
and letting v veary, a fcunily of curves (w -constant), while if t? is con- 
stant and w variable the equations determine another family of curves 
(t?s= constant). The equation (viii) shows that the two families are 
orthogonal — ^that is, at each point where the two sets of curves intersect 
the tangent to the one curve is perpendiculetr to the tangent to the 
other. Whenever the curves are orthogonal the equation /^ +/yy ^0 
beeomeB/, 1 ^ +/«« =s0, that is, does not alter its form. 
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It is not hard to prove that, when the equaUona (i) are eoHefied, the 
equations (i), (vi), (vii) and (viii) will be satisfied if x and u are inter- 
changed and also y and v — ^that is, if x and y became the independent 
variablee and u and v functions of x and y ; the Jacobian J will become 
1 IJ, (See § 48, Problem I. a). The proof of the relation (A ) by applying 
the general method may then be carried out, as above. 

The student may, as an exercise, work out the transformation when 
X =cosh u cos 1 ?, y =sinh u sin ; the two families of curves cure confooal 
ellipses and hyperbolas. 


Ex, 2. If 2 is a function/(a;, y) of the independent variables x, y, and 
if the variables are changed to the independent variables u, v and the 
function w where 

dz dz 

w^px^qy-z. (l) 


find the first and second derivatives of w with respect to u, v. 
Apply the method of differentials. We have 

dw =^pdx +xdp +qdy +ydq -dz —xdp +ydq 
since dz dx+qdy, 

so that dw=zxdp+ydq=:xdu-\-ydv. 


But dw=^du+^ dvt so that 

du dv 


dw 

du 


=a?, 


dw 


If dwjdu =P and dw/dv =Q we therefore have 

y=^=Q’ z=Pu+Qv-w (u) 

Let R — dhDldu*, JS^dhvIdudv, T^dhvldv^, the symbols r, s, f 
denoting the corresponding derivatives of 2 as to a;, y (§ 46, £z. 2), 

Take the differential of P ; thus 

dP = I? dM + ^ B dw + 5 


Now, expressing these differentials in terms of dx and dy we get 
dP=zdx, du—dp—rdX’¥8dy, dv=idq—6dx+tdy, 
so that dx — R{rdx+ 8 dy)+S( 8 dX’\’tdy )9 

and therefore, equating coefficients of dx and dy, 

Hence R ^tl(rt - «*), ^ - s/(rl - s*), 

and, by a similar method, T —rl(rt - 8% 

It is easily shown that RT -S* — l/(ft - «•) and therefore 
r = r/(Br-5»), -SI{RT-S*), < = 

The transformation fails if ft -s* =0. 

The transformation is known as Legendre’s (see Forsyth, Diff. Eqns^t 
4th §$^02, 203)« 
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The following example illustrates a change of variables that 
sometimes causes difficulty through failure to notice the precise 
meaning of the symbols. 


Ex» 3. If 2 ; is a function tp(Xf y, t) of three independent variables 
Xf t, and if two of the variables x, y are changed to two other inde- 
pendent variables w, v by the substitution x —f{u, v, t), y =gf(u, 
find dz/dt when z is expressed in terms of u, v, t. 

If q?{x, y, t) becomes y){u, v, t) when the substitution has been 
it is plain that, while 2 = ^ = y, the variable t occurs in v, t) in qildte 
a different way from that in which it appears in qj(x, y, t) ; heqce 
though it is not possible (in general) to have dq}ldt = dy)ldt. 

The simplest way of treating this and similar cases is to change 
the variables ; the substitution will then be, if ^ = 0 , 

V, 8), y^g(u, V, 8), tr=8 (1) 

Now denote 2 by or by y according as the differentiation refers to the 
old variables x, y, t or to the new v, 8 ; by the usual rule we now have 
dyf_ dq> dx dtp dy dtp dt 
ds dxd8^ dy ds ^ di ds* 

From (1) we get 0.r/0s— /„ dyld8=gg, dtlds^X and therefore ‘ 


dtp dtp j, dtp dtp 


•( 2 ) 


We might by finding dtp/du, drpjdv complete the transformation in the 
usual way, but the difficulty to be noticed is that dzjdt, when z is 
expressed in terms of u, v, t, is eqiuil to the expression on the right of 
equation (2) cfter t has been substitmed in it for s. Thus if x^fi^u^ v, f)t 
ys;y(u, V, t) the reqmred value of dzidt is 

dx dt'^ dy dt’^ dt* 

and the expression is often, indeed usually, written as 

^ ^ 02 ^ 02 

on the understanding that 2 is tp(xt y, t). 

If the required value of dz/^ be denoted by {dzjdt) we have 


/^\ 02 02 ^ ?S. 

KdiJ'^^'^Wx Ft'^^ S’ 


In this simple case if the new value of dz/dt alone is required we may 
at once apply the rule for differentiating a function of a function ; we 
thus find /Qz\ d% dai da da da df dz dg dz 


\dtjdx dt^dy dt'^dt^dx dt^ 


50. Elimination of Functions. By the elimination of con- 
stants it is possible to form Ordinary Differential Equations 
{E.Ts Chap. XX) ; we shall show by means of examples that 
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Partial Differential Equations may be derived by the elimina- 
tion of functions. The general theoiy is quite beyond our 
limits, and for it reference must be made to works on Differential 
Equations. The notation p, q, r, s, t for the partial derivatives 
of z with respect to x, y will often be used in the text and in the 
Exercises (§ 46, Ex. 2). 


Ex. 1. The equation - — - =/(- — where / denotes any function 

(an arbitrary function), represents a cone which has the point (a, b, c) as 
vertex and whose generators are the lines given by (x -a) Hz -c) =f(t )9 
(y ~ ^)/(* -c)=t. Show that the differential equation of the cone is 
z -c=(a? -a)p+(y -b)q. 

DifEerentiate the given equation with respect to x and y respectively ; 
thus, if df(t)ldt 

(2 - c) - (a? ~ a)p = ~ (2/ - b)pf{t) 

- (a; ~ a)q = {(z - c) - (y - b)q}f{t). 

Eliminate f'(t) between these equations and we find, after a slight 
reduction, the equation stated. 

It will be noticed that the differential equation is independent of the 
particular function denoted by the symbol / ; the function may be a 
polynomial or any other function so long as it is differentiable. 


Ex, 2. If z ^f{x '\-ay) where a is constant and / is an arbitrary 
function show that q =ap. 

Let x-\-ay~t\ then p —f\t) and q =af'{t) so that q =^ap. 

In this case we may prove the converse, namely : iiq=ap show that z 
is an arbitrary function of x+ay. Change the variables by the sub- 
stitution u =a? +07/, V = 0 ? - ay ao that u and v are independent, 

XX 7 dz dz dz dz 

We find P =05+05' 

dz 

so that q=ap becomes 20 ^= 0 . Hence z is independent of v and is 
therefore any function of w or a; -hay. 


Ex, 3. 


liz^X(p[^ 


+y 


j show that 
x^r+2xy8^yH-0, 


^(i) 


and by changing the variables from a?, ytou^v where x y prove 
that equation (i) becomes dhtjdu* =0. 

Let ylx =v and denote by an accent derivatives with respect to v ; 
then differentiating with resx>ect to x, y we find 

q=v'(v) +jv». 




.(U) 


wthat 
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Again, differentiate (ii) with respect tox,yi thus 

80 that» by elimination of <p'{v)y 

a;*r + 2xy a ■\^yH =0 (i) 

Next we have u =», v ==^ylx and therefore 

_dz — i£? 

^~‘du'“udv* ^'~udv* 

0p dH v* 0*g 2t ? dz 

^’“du’'udv‘^du^ ^ u du dv^ u* dv* 

— ?2— .?l2. ^ 1 V JL^ 

* “"^“"0w~u 0w 0i;~w* dw* 

1 ^ 1 _ ^ 

~^dy^u dv~“u* dv** 

02^ 

Hence equation (i) becomes integral of 

which is z =Ati + B where A, B are conatanta with respect to u hiU may he 
any funcHona of v; that is z=:U(p(v) +tp(v)» Thus equation (i) hacj 
z ^x<p{ylx) +fp(ylx) as an integral where tp and \p are arbitrary functions. 

Ex. 4. Show that each of the fixnctions defined by the equations 

8saa;+5y +a6, (i) and z=2s/(xy) -i-lf (ii) 

where a and b are any constants, are integrals of the differential equation 

z=xp-{-yq+pq (iii) 

Eram (i), p =sa, q =6, and elimination of a and h gives (iii). 

From (ii), p—sl{ylx),q=tj(xly) and therefore 

xp +yg +pq -•J(xy) ’^•Jixy) + 1 =z, by (ii). 

The integral given by (ii) cannot be obtained by assigning particular 
values to the constants a and 6. (Compare E.T, p. 432, Ex. 2.) 

Note. When it is said that a function is an irUegral of a 
partial differential equation all that is here meant is that the 
differential equation may be obtained from the integral by the 
elimination of functions^ as in Ex. 3, or of constants, as in 
Ex. 4, (i), or else that, as in Ex. 4, (ii), the differential equation 
is satisfied by the derivatives of the function, in combination 
with the expression for the function in terms of the independent 
variables. Whether, in any given case, more integrals than 
one exist and, if so, what is the character of the integrals is a 
subject discussed in works on Differential Equations, e.g. 
Forsyth’s Differential EqtuUions, Chapters IX and X, 
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EXERCISES V 


1. If 2aPGZ + 2byz ax -\-by +cz — Rt prove that 


d^z T,- d^z , - 0*2 - -- 


2. If 2 * + 3(aa? + 6y)« =c*, prove that 

. a *2 . . 


dx^ 


a. 22 (oa?-f&y)* 

^ Oy*'~(oa? + 6 y + 2 *)*’ 


3. If oa?* +6y* +C2* + Zhxyz =k, show that 

(^a;y +C 2 *)* —hk(hxy -cz*) - 2(o6c +h*)x*yH* 

4. If u =log[{a; + (»* - y*)^}l{x - (a?* - y*)*}], then 

du=2{ydx -xdy)ly(x* -y*)^. 

6. If w=cos“-i[(l -xy)l{l +a?* +y* 4-afV)^]* then 
du=dxl(l +a:*) +dy/(l +y*). 

6. If a:u* + 2yv - ^xy = 10, yr* - 2xu +y* = 15, prove that 
du ^yv-2u-uh) dv_ 4y+fi* 

0jc“’ 2a5(nv + l) " da;“’2y(MO + l)' 

0w 2y + 4aw - v* Sv_.4a; - 2yu -- 2v 
ay” 2a;(«v + l) ’ 2y(MV + l) 


7. If 2 =o tan“^ (y/a?) show that 

(i) (1 +g'*)r -2pyff +(1 +p*)i =0 ; 

(ii) {H -«*)/(! +p* +g*)* = -a*l{x* +y* +a*)*. 

If 2 =a cosh'"^[(a?* +y*)^/ci] show that equation (i) holds but that in (ii) 
(a;* +y*)* must be put in plckce of (a;* +y* +o*)*. 


8. If <p(x, y, 2 ) =0 and y» ») =0 show that, when these equations 
determine y and z aa fimctions of x, 

dy d{<p, v) / 0(y, y) dz^ d(<Pf y) / g(y> y) 
cte 0 ( 2 , aj) / 0(y, 2 ) ’ da: 0(a:, y)/ 0(y, 2 ) ’ 


a?, 


0, If {=y*+ 2 “*, i 7 = 2 *+aj-*, {=a;*+y“* and if u is a function 
y, 2 prove that 


/^du , 0 u 

^ - 0U • 5u . - 0u\ 

=*(*' 


0u . 



of 


10. If *=Oi{ +&,•;. y=o,5+6,ij, (0x6,1^0,61), and if /(*,») bownna 
^’(fi >;) when expressed in terms of {, t/ prove that 
Bf Bf , BF ^ BF 


when( fi, iji are the values of f, when osj, y, are tiie values of *, y. 
Extmd the result to n variables a,, ••• > i”* • ^s* 
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1 1. If /(«, 9) is a polynomial of degree n in z and y and if 

ylt)=<p(!i!, y, t) 


prove that xqj„ +^9% =^9?, 

and that, if /(a:, y) =0, 

[a;9Pa.+y9E>y+«97«]£-i=0, or + =0. 

Deduce that the equation of the tangent at (x, y) on the curve 
2^) =0 is, X, Y being current coordinates, 

^/* + I7v + [9^*L»i=0. 

Find also the corresponding form of the equation of the tang^t 
plane at {«, t/, z) on the surface /(a?, 1/, 2) =0. \ 


12, If /(a?, 2/)=‘Mn+^n-i +••• +%+«^o* where Ur is a polynomial m 
Xf y that is homogeneous and of degree r (uQ^conat,), show that tne 
equation of the tangent at (x, y) on the curve /(a:, y) =0 is 

Xf jp + Yfy + + 2 u,j _2 + . . . 4- (ft - 1 )Ui + nti-Q = 0. 

If Ui =ax+hy, prove that the polar of the origin is 
aX +bY + nUo=0. 

Find the corresponding equation of the tangent plane at (ar, y, 2) on 
the surface /(a;, y, 2) =0, where is now a homogeneous polynomial of. 
degree r in x, y, 2. 


13. Change the variables x, y, 2 in the equation 
du du du 


to StVf( where S^x/z, ri^ylZj(—z and show that the equation 
becomes (duld(=nu. Deduce that m is of the form 17), i.e. 

z^F{xlz, yjz), and is therefore homogeneous. 


14. If ti is a function of the differences y-z,z-Xf x-y of the 
independent variables a?, y, 2, prove that 

du/dx + dujdy + du/dz =0 (i) 

Deduce by a suitable change of variables a form of equation (i) which 
shows that u is a function of the differences of x, y, z. 


16. If 2 =/[(ny -fm)l{nx -fe)] where / is an arbitrary function, prove 
that (nx -lz)p -hiny -‘inz)q—0. - 


16. If 2 --izx=f{z -hy)t show that 

bp +aq=^abf 

and give a geometrical interpretation. 

17. If u=logr + 0 where r*=x*+yS teaiB^ylx and z:=rq>[u)y the 
function ^ being arbitrary, show that 

{a?+y)p-(aj-y)g=2. 


18. If ti —f{v) where u, t; are functions of a;, y, 2, prove that 
d{u, v) dz ^ d(Uf v)dz_ d(u, v) 
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19. If M = 9>(a?4'Crf) +y>(x -cU), q>, y> arbitrary, show that 

Sx»' 


.(i) 


Prove also that if the variables t are chcuiged to y, 2 , where 
y=^x+al^ z^x-at equation (i) becomes d*uldydz=Of and deduce that 
+ (/* ^ arbitrary). 


20. If z is defined by the equation y =iXip(z) +y>(z), where ip and y are 
arbitrary functions, show that 

(i) p +qq>(z) = 0 ; (ii) g*r - 2pqa +pH=0, 


21. In the differential equation r -2a =0 change the independent 

variables to u and v, where x =ii, x +y—v, and prove that the equation 
becomes d*zldu^=Q, 

Deduce that z=:xq)(x -hy) +fp(x -^y) is an integral of the given 
equation. 


22. If z —f{x + ip{y)}, where/ and q> are arbitrary functions, prove that 

p8—qr. 

23. If 2 is defined by the equations, ip arbitrary, 

prove that pq^z, 

24. If {2 ~97(a.)}*=a?*(y* -a.*) and {2 - =e3cr*, show that 
pq-xy. 


26. If 2 =aa;+&y+c where a, 6, c are functions of a variable A that 
satisfy the equation 

^ . d5.dc 
'dA' 




prove that rf - a* =0. Give a geometrical interpretation. 


If 2 is a function of a?, y and a? =w + v, y =uv, prove 


j.. . » 02 02 02 


, . 02 02 


(ii) 


9(a!, y) . 8(«. «) _ I 

Z(u, v) ' S(x, y) 


27. If u and v are ftmctiona of x, y defined by the equationa 

^_iF(x,u) dF(x,u) 

® ^ 

whore F is an arbitrary function, prove that 

Z(u, v)_. 
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28. If / and F are two functions of x, y such that 

y) df(x, y) _ dF(x, y) 
dx ^ dx * 

prove that if ar =:r cos B^y^r sin 6, 

1^- 

dr rdB* rdB “ 0r * 

29. Change the variables x and y in the equation 


I 


-xH=xp -yq 

to u and v where u =:x* - y*, v =2xy, and show that the new equatilpn is 


' dv '' duj dv 


d\dz . 
^-=0. 


30. If X sr cos Bt y =:r sin prove that the equation 


xy 



=0 


becomes 


dHt du_^ 


and show that u=rqj(B)+ip(r), where (p and yf are arbitrary functions. 


31. If Xt F denote respectively the operators 


^ d d 


dx 




evaluate X^x”^y% Y*(x”^”). 

If p = dzidxp q = dzjdy^ show that 

X{x*p +y*g) = Y(xp ^-yq +«). 
Prove that, if r is any positive integer, 

YX^={X-IYY. 


32. Prove that if in the equation 

g + 2«y*g + 2(y-y»)^+*V*=0, 

the variables y are changed to te, v, where a;=uv, y = lM the new 
equation is obtained by writing u for x and v iory — ^that is, z is the same 
function of u, t; as of x, y. 


33. If the variables x, y va the equation 

(®t +2/*)(r +<) +4xy s + 2ap + 23 /g =0 


are changed to u, v, where 2x =e** +e\ 2y =c* show that the new 

equation is 

dH dH . 


34. Thecocxrdinatesof a point P with respect to two sets of rectangular 
axes with a common origin are (a;, y» z) and (f , rj, (), and the direction 
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oosmes of the second set of axes with respect to the first are li, fi| ; 
Imp m*» n, ; Ig, n, respectively. If w is a function of a?, y, z, prove that 
du y du , r du du 
dx ' 




with 




djdx, Bldy, djdz and 0/0f, didri, 0/0f are changed by the same formulae 
as the variables x, y, z and S» 17, (. 

Deduce ; 

(t) S(g)‘-S(S)’! (« Sra-SS 


where 


V' /3w\* /0u\* /0w\* /^V X 


36 . If r* =a;* +y* and if the function /(r, 2) satisfies the equation 

deduce from Example 34 that the f\motion/(r» lx +my +nz) also satisfies 
the equation, provided Z* +»n* +n* = 1. 

36 . If a; ~r sin 6 cos 9, y =f sin fi sin 9^, z =:r cos 6, prove that 

-5- =sin 6 cos w, -ST- =sm 6 sm a>, -5- =cos 6 ; 

0a; 0y ' oz 

sin 6 , 

—y 


06 cos 6 cos 9} 06 cos 6 sin 9) 

r * dy’’ r • 


dfp^ sin y 0y_ cos tp 

05 ’~“rsin 6 ' 0y'“r sin 6* 


-=0. 


Find also the derivatives of x, y, 2 with respect to r, 6, 9>. 

37 . If u is a fimction of the independent variables x, y, z, prove, using 

the values in Example 36 , that 

0u . ^ 0u cos 6 cos tp 0u sin x du 

gj=8mfl0O8^g^+ 

0u . A . ^ , cos 6 sin X 0u cos q> du 

du ^du sin 6 0u 


A 0tt 




S /8u\*_/8m\* A 5mY 
■P, y, t N®*' ^ \r ain 0 


Buy 


88. Using the abbreviations P, Q, P, where 


» • • A COS* B dHt , sin 

=«“• » 0?s+-ia- 0gi+ -7- g?05 

O — ^ , oot6 d*u 1 du 

^'"rdrdtp'^ r* dBdip^ em* 6 dtp* 

. ^ 1 0*t* . 1 du cot 6 du 

*“?tS 5 ig g^+ 7 g 7 +- 7 r- gg* 


0 *w 008* $ Bu ain 20 0 w 


li-gg* 



ADVANCED OALOXJLUS 


prove that 


=P cos* 9 sin 29 + JR sin* 

d*t# 

^^=PBin* f>+Q sin 2 fp+J 2 oos* tp, 

9*m • fl . • » o / 1 . 1 ®“\ • «a /I ®*M 1 8 m\i 

^=cos eg^+sm e^^^+-^j_sin20(-gj^-pggjj 

and deduce that V*u {E,T. p. 238) is equal to 

0*u , 2 0u , 1 0*ii ^ cot 6 du ^ 1 d*u ^ 

ar*’^rar“^r* 'ad*‘^ r* ad’^'r* sin* 8 0^ 

_ 1 / . a*(ru) 8*(ru) . d(ru) 1 0*(ru)) \ .. 

39. In Example 38 let ru —leh) and rq =ik* =^const . ; if the variable r 
is changed to q show that the expression (ii) in Example 38 for VHt 
becomes 

p* / 0*(e») , 8*(e») , o 0(p«) , 1 

Hence show that if P(a:, y, z) satisfies the equation V*u =0 so does ‘ 

1 r,/Aj*aj k*y kH\ /xr i • \ 

r^yw’ TT. Tt} (Kelvin.) 

[If f = g sin a cos iff fi=q sin 6 sin <p, (=q cos 0 the equation V*w =0 
becomes V*v=0 where in V*v the variables are f, rj, (. 

But »=**f/e*, y=ifc*>?/e*, *=Pf/e*, e*=f*+ij*+f* and 

®=pP(*.y.*)=-P(-,-. -J. -^) 

In V we may now put x, y^z,ria place of g.] 


40. If fi=k*ylr*, (=kHlr*t r*=x*+y*+s*, A;*=:const., and 

if S is a siunmation as to x, y, z, show that : 

(i) S»?*i;.=»?,4+»7vf»+»7ff.=0, S£^.=0, l^S^g-Ot 

(H) S(f,)* = 11 ( 1 ,,)* =S(i.)* =P/r* ; 

(iii) -2{/r*, 2 ) 1 )^= -2ij/r*. !:{;„= -2f/r*. 

If/(a!, y,*) = »)({,»;, f); 

(iv) */,+«(;+*/,= -({»'j+>79>.i+f?>f)» 

41. If z^Fix^y) is the equation of a surface and if a?s:/(ttyV), 

y = 9 (u» v), s v) (See Bell, Coord. Oeom. of Three Dimeneionat § 186), 

prove that 

as_ ^ 

dx^ *" j/ j;* 

T _ ^(y> g) 7 7 

•'*‘"a(u,v)’ •'*“‘a{w,t;)» ''»'”a(f*ye)* 


where 
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42. q>{x, y,t\ p, g, r) is a function of two sets of independent variables 
X, y, z and p, q, r, three in each set, and ip is homogeneous and of the 
second degree in p, q, r. The variables p, q, r are changed to C 
by the transformation 


t-H. 

^~tp* ^~'dq^ 

if q>(iz, y,z',p, q, r) becomes ^(x, y,z\ i, tj, 0 prove that 

0w 8w dw 


H 


dq>^ dy> 89? __ btp dyf 

0a; ~ 0a?' 0y”" dy* dz 


.(i) 


.(ii) 


^By Euler’s Theorem, p|^+g|^+r g-"=2g)so that we may write 
pS+qtj+r(=2p=q>+y). 

Now take the complete differential of each side and apply (i) ; the 
results follow at once. 


If there are two sets of n independent variables, Xj, x^ ... , and 

Pit Pn , p„t and if q){xi x„; pi ... , p„) is homogeneous and of the 

second degree in pj, ... , p„ the transformation 



CHAPTER V 

IMPLICIT FUNCTIONS. JACOBIANS 

51. Implicit Functions. Throughout our work it has 
assumed that an equation /(x, =0 determines y as & function 

otx\ y may be determined for all real values of x, or only for a 
limited range of x, and the equation may define more than one 
value of y. For example, the equation 

lOx® - &xy — 1 =0 

gives y = 3« +^^(1 -«*) and y = 3x -^(1 -X*), 

and thus defines two functions, each of which exists for the 

range - l^x^l. 

It is seldom, however, that it is possible to obtain, as in this 
simple case, the expression of y as an explicit function of x, 
and appeal is made to the representation of the equation by 
a curve as sufficient evidence for the existence of a function 
y that can be treated as if it were explicitly defined as a 
function of x. Exercise in the tracing of curves from their 
equations is from this point of view of special value as it 
produces what may be called a practical certainty that, at 
least in a very large number of oases, the equation does define y 
as a single-valued, or as a many-valued, function of x. It is 
d^irable, however, that the advanced student should investi- 
gate the question more closely, and we now consider ExUtmoe 
Theorems — ^that is, theorems that specify conditions which 
guarantee that an equation does define a function, even tiiough 
the actual determination of an analytioal expression for the 
function may demand new processes or may be, from a practical 
standpoint, too laborious. For many purposes, however, it is 
the fact that an equation does define a function, rather than 
an expression for i^e function thus defined, that is of real 
importance ; hence the value of Existence Theorems. 
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In the following discussion the conditions imposed on the 
functions Srre more drastic than is absolutely necessary but 
they allow sufficient scope for the demands of ordinary analysis ; 
for an excellent treatment of the whole subject, with less 
drastic conditions, the student is referred to Goursat’s Cours 
d’ Analyse, Vol. I, Chap. Ill, 

In regard to the general character of the discussion it may 
be helpful to the student to note that the existence of a function 
is only established, in the first place, for a small range of each 
of the variables. Thus if f(x, y, z) is zero for the values a, b, c 
of X, y, z respectively it is shown that, under certain conditions, 
the equation /(x, y,z)=0 determines z as a function <p{x, y) of 
X and y where x, y, z differ but little (in general) from a, 6, c. 
In the language of geometry the point (x, y, z) is confined to 
a region (Bj) defined by such inequalities as 

\ x-a\-^h, \y-b [z-cJ^Z 


where A, h, I are positive and may be very “ small.” It may 
be possible afterwards to extend the range of the variables 
for which <p{x, y) exists, but the essential element of the dis- 
cussion is the proof of the existence of q>{x, y) for values of x, y 
that differ but little from a, b respectively. 


52. Existence Theorem I. Let /(x, y) be a function of the 
two variables x, y which satisfies the conditions : (i) /(x, y) is 
zero for x=a, y=b ; (ii) the partial derivatives /„ and exist 
and are continuous near (a, 6) ; (iii) the derivative f^ is not 
zero for x=o, y=b. When these conditions are fulfMed there 
is one and only one function y of x, say y = <p{x), that satit(fes 
the equation /(x, y)=0 for every x that is near a,* and that 
is equal to b when x=a; further <p(x) has a derivative q>'{x) 
and both q>(x) and p'{x) are continuous. 

It may be noted first that /(x, y) is continuous near (a, b) 
since the derivatives /„ and/y exist. 

Let the neighbourhood of (a, 6) for which conditions (ii) 
and (iii) hold be the region {Bf) defined by the inequalities 

Ix-oi^Ai, (JSx) 

*This means that the equation /{a, is an idefUUy if dr is near a. 

A is to be given to satisfying an equation in the corresponding 

statemSnts in the other theorems* 
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If I ^ and I Jb I ^ ikj we have by the Mean Value Theorem, 
§ 46, since /(a, b)=0, 

f(a +h, b +k)=hfg{a +6h, b +6k) +lcf^{a +6h, b +0k) (1) 

where 0< e< 1. 

Now/y is continuous near (a, 6) and is not zero for a; = a, v =6 ; 
there is therefore a neighbourhood of (a, 6) in which fy is not 
zero, and it will be assumed that and k^ have been chosen 
so that fy is not zero in (Bi). In (iZ^) the continuous function 
fy has therefore always the same sign as it has at (a, b), am is 
numerically greater than some constant B, say |/y|::A£. 
Again/, is continuous and therefore [/, | is boimded in (Bj), 
say I/, \<A, a constant. 

Next let Ag be the smaller of the two numbers and BkJA, 
so that Ahg ^ Bki, and let (B^) be the region defined by the 
inequalities 

\x-a\^h^,\y-b\^k^ (Eg) 

In equation (1) suppose | h | ^ %g and k = ±_k-i ^ ; the second 
term on the right of (1) will then be numerically greater than 
Bk^ while the fiirst term will be numerically less than Ah^ 
so that the sign of the right side of (1), and therefore the sign 
of /(a +li, b +i), will be that of the second term on the right 
of (1). Now /y has always the same sign and therefore if the 
second term is positive when i it is negative when k— -k^, 
while if it is negative when it is positive when k= -k^. 
Hence if h, or x where x=a +A, is kept constant the function 
/(x, y) changes sign as y varies from b-k^to b +ki and there- 
fore, since /(x, y) is a continuous function of y, it is zero for 
at least one value of y in the interval (6 - k^, b +kj). Further, 
/(x, y) is not zero for more than one value nf y in that interval ; 
for, if it were, fy would by BoUe’s Theorem vanish at least 
once in the interval and it does not. Thus for every value of 
X in the interval (a - kg, a +kg) there is one and only one value 
of y that satisfies the equation /(x, y) =0 ; dnce to each value 
of X there corresponds one and only one value of y we may 
denote this value of y by q>{x) and obviously y or <p[x) is equal 
to b when x is equal to a, sinoe a is an admissible value of x. 

Again, if y—<p{pc) and y ■^k=tp{x-\-'h) both f{x,y) and 
/(x +k, y -fib) are zero provided (x, y) and (x -l-k, y +ib) are 
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both in (R2), and equation (1) holds if for a we put x and for 6 
we put y ; hence, since /(* +A, y +k) is zero, we have 

ip{x +h) - <p{x) _k _ /, (a; +flA, y+dk) 
h h /,(* + 6 h, y + 9 *) 

BO that <p\x) = £kjh = -/*(*, y)fU{x, y). 

Since and arc continuous, and /, is not zero, ip'{x) exists 
and is continuous ; <p{x) is therefore also continuous. 

It is proved, therefore, that when the conditions of the 
theorem are fulfilled the equation /(*, y)=0 determines y as a 
function ip(x) of x that exists at least for the range | a; - a | ^ Ag* 

The range of x for which q){x) has been proved to exist 
may, however, be greater than that just found. Suppose that 
(o', 6') is a point in (JBj) for which y = <p{x ) ; near (o', 6') the 
derivatives/,, and/, are continuous,/, is not zero and/(o', 6') = 0 
so that the conditions of the theorem hold for a certain neigh- 
bourhood of (o', 6'), say for a region {B^) defined by the 
inequalities 

I a; — o' I ^ A3, 1 y — A' I ^ Ag {B^) 

It may happen, and usually does, that the region (JZ,) 
projects beyond the region {B^) so as to contain points for which 
X is greater than o -hAg (or less than o - Ag). Now in the region 
(iJg) the equation f{x,y )=0 determines one and only one 
value of y, say y = y)(x), for which 6' = v(o') and /(«, y) = 0 ; in 
the part common to (^g) and (JJg), y = q>(x) and b' = fpffl') so 
that m the common part ^{x) is the same function as fp{x). 
We may, therefore, in the part of (JRg) that projects beyond 
(12g), denote yp{x) by tp{x) ; m this way we see that the range 
for which the unique solution of f(x,y )=0 exists may be 
extended. By taking a suitable point (a*, b") in (Bg) it may be 
possible similarly to extend the range still further ; this 
procedure will only be stopped when it is impossible to find 
in the last region reached a point, («., fi) say, that provides 
a. new region in which all the conditicms of the theorem are 
fulfilled. 

The process thus briefly, described is called Analytical 
Oowtintuction. The Existence Theorem is quite iudepmident 
of the process of continuation ; this process is mentioned 
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simply to show that the range for which <p{x) exists may be 
much wider than is given by the proof which has been developed 
above. A similar process of continuation is applicable in 
regard to the other Existence Theorems but will not be further 
referred to. 

I 

53. Derivatives of Imjdidt Fimction. When it is knownithat 
the equation /(x, y)=0 defines y as a function of x that 1^ a 
derivative dyfdx that derivative may of course be obtamed 
simply by differentiating the equation with respect to x.'^on 
the understanding that y is a function cp{x) of x. Thus we fi^d 



If the higher partial derivatives of /(x, y) are continuous we 
obtain the higher derivatives of y or q>(x) by successive 
differentiations of (1), provided always that/y is not zero ; thus 

or 

Provided /y is not zero this equation determines the second 
derivative, and in a similar way the third and higher derivatives 
may be found. 

54. Existence Theorem n. Let /(x^, Xj, ...,x„ y) be a 

function 0 / n +1 variables Xj, x,, ... , x„, y which satisfies the 
cmdMions: (i) /(x^, y) is zero for Xi=ai, X2=a2> **• > 

y=b; (ii) aU the partial derivatives f^, f^ f^, /, 

exist and are continuous near {Oy, a,, a,, 6); (iii) the 

derivative fy is not zero for Xy^ay, x,=a 2 *i»=Oii, y=6. 

When {hese conditions are fulfilled there is one and only one 

function y of Xy, x^ x«, say y = <p[Xy, Xj, . . . , x,), (hat satisfies 

the equation f{Xy, x„ ... , x„, y)=0 for every point (Xy, Xg,... ,x,) 

near (Oy, Oy , ... ,a^andthatisequcdtobwhenXy=ay 

further, (he derivatives ... , exist and are eonUnttoua 

so that p is also continuous. 

The proof is essentially a repetition of that given for 
Thecnem 1, and may therdore be developed with less detail. 
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Let the neighbourhood of (a^, Oj, , a,, 6) for which oondi- 
tions (ii) and (iii) hold be the region (Bj) defined by the 
inequalitieB 


I I X 3 — 02 1^ ••• >1 ~®»| 1 y ~ 6 1 

where and are positive. As in the proof of Theorem I it 
may be assumed that and ki have been chosen so that in 
(Bi) the derivatiye is numerically greater than B and each 
of the derivatives ... , /*„ numerically less than A 

where A and B are positive constants. It is also to be noted 
that/y does not change sign in 
Next, in view of the application of the Mean Value Theorem, 
let ^2 be smaller of the two numbers and BkJnA so that 
riAh^^Bki and let ( JB 2 ) be the region defined by the inequalities 

1*1 - I «2 - 02 1 ... , I -a„ 1 ^*2. \y-f>\^h —(-Ba) 

Suppose now that | |^% 2 > I <^a l^^a> ••• > I | ^ 

we have by the Mean Value Theorem, smce/(ai, 03 , ... , a«, 6 ) = 0 , 

/(0i +6i, 02 +<5a» ••• » +^n» 6+*) 

~ ^l/»l ^ 2 /^ "i" ••• * 


where the derivatives are all taken for the values 


01+0^1,02+06 0„+06„, 6+01; (O<0<1). 

This equation ( 1 ) is treated as in the corresponding equation in 
the proof of Theorem 1. Let k = ±l;i ; then the last term on 
the light of ( 1 ) is numerically greater than the numerical value 
of the sum of the first n terms on the right of ( 1 ). For 
4x1 A I is greater than iki^, while 

1 ^i/»i +^a/«s +••• +^«/«nl <42(A +A +... +A), 

that is, < nAhf, so that, by the value of h^, the term kf^ is 
numerically greater than the numerical value of the sum of the 
first n terms. 

Hence when k = ±ikj^ the sign of the right side of ( 1 ) and 
therefore the sign of /(oi + 61 , ... , o* + 6 „ 6 +k) is that of the 
last term on the right of ( 1 ). As before, if 
®,= 0 , + 6„ r= 1,2, 

and if Xr is kept constsunt, we see that/(xi, X 2 , ... , x„, y) changes 
sign once and only once as y varies from b to b +^, and 
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therefoio the equation /(x^, Xj, , z^, y)—0 determines one 
and only one value of y as a function of x^, Xg, ... , x^, say 
y = 9p(Xj, Xg x„) ; further y=b when 

X2=02»... > Z,^ = Cl^ 

since a^, a,, ... , a„ are admissible values of x. 

Again, if 

y — ®2> • • • > ®n)> y + ^ ~ ^l> ^2 ”1" ^2> • • • > 

where (Xg, Xg ... , x„, y), (Xj + di, Xg + d + 3„, y +*) li^ in 

(JSg), the Mean Value Theorem gives the equation 

6 = + ig/ab! + • •• + ^n/*„ +^/ V 

where the derivatives are taken for the values 

Xi+06i, ... ,x„+06„, y+0& {O<0<1). 

Hence if each 6, except is zero we find 

y(X^, ... ,Xf-'f 3f, . . . , X„) — (p{X-y, ... , Xy . . . , Xn) _ 

<5r A 

BO that d^jdXf = -fxjfv 

Since /, is not zero and the partial derivatives of / are 
continuous, the function <p has continuous derivatives with 

respect to Xg, Xg q> is itself continuous since each of its 

partial derivatives is continuous. 

The higher derivatives of 9? may be obtained as before by 
differentiating the equation /=0 when the derivatives of / 
satisfy the usual conditions ; it should be specially noted that 
/y must not be zero. 

The range of the variables Xg, Xg, . . . , x„ f or which the function 
has been shown to exist may usually be extended by the 
process of analytical continuation sketched in coimection with 
Theorem 1. 

In the proof of Theorem III the determinant called the 
Jacobian plays an important part ; we therefore define it 
and prove one or two of its propwties before taking up 
Theorem III. 

S5. The Jacobian. Let yr=fr{^v a’gi > ^«)> r=:l, 2, ... , n, 
be n functions of the variables x^, x„ ... , x„ and let each of 
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the partial derivatives dyridx, be a continuous function of 
Xi, Xj x„. The determinant J 

3*1* 3*2* ’3a5„ 

where J = dx^ ’ dx^ * ’ dx^ 


^ 3yn ?y« 

dXi^ dx^'^^'dXn 


is called the Jacobian or the Functional Determinant of the 
functions y^^ ^yn with respect to x^, x^, ... , and is 


denoted by 


or 


Hyi.yi.— 

.Vn) 

d(Xi,X2,... 

,®«) 

fVv ^2* ••• ! 


Vxi, X2,... 



%i>y2>> »>yn) 

d{Xy^^ ^2> • • * > ^n) 


For n = 1 the determinant is simply dyjdxi, the derivative 
of yi with respect to x ^ ; the first of the notations given for J 
is suggested by a certain analogy between the properties of the 
Jacobian and the derivative, as shown by the following theorem. 

If O^re functions of y^, y 2 > ••• > Vly ^ 2 ^ • - > 

are functioTis of x^, a^g , then 

8(^X> ^2> '** > ^2> *■* > ^n) , ^ {y^ y2> ■** > Vn) qv 

d{x^, a? 2 , ... , Xn) % 1 , y2y , Vn) ^2* ... , ^n) ' ^ 

If n = 1 this is the usual relation ^ =^— ^ . The proof is 

dX'^ dy-^ dx^ 

simply a theorem in the multiplication of determinants combined 
with the rule for the derivative of a fimction of a function. 

Find the product of the two determinants on the right of (1) 
by the ** row by column ” rule ; that is, to find the element 
in the rth row and the sth column of the product, multiply 
the elements in the rth row of the first determinant by the 
oorresponding elements in the sth column of the second and 
add the products. We have 


rth row 


dZr ^ ^ 

9yi’ 0ya’"’’3y.’ 


rth column 
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80 that the element in the rth row and the 8th column of the 
product is 

^ j. . ??r ^-‘h 

3yi 3*. ^ 9^2 3*. ^ ^ 3yn 3*,’ 


and this is equal to dZrjdx, which is the element in the rth , 
and the «th column of the Jacobian of z^, Zj, , Zn- t 
If we suppose Zr=Xf, / = !, 2, and assume that 
equations which define 2^i, . . . , Pn functions of x,, . . . 

determine, conversely, x^, Xj, . . . , x„ as functions of yi, P 2 , . . . 
we find 

3(yi, ya, - . , Vn) . 3(Xi,Xt, ... ,x„) _ 

3(a5i,x x„) 3(pi,yj, ... ,y„) 


I row 


the 

x. 


\ 

( 2 ) 


because = since ■dxJdx,=0 unless r=s, in 

• • • > ^n) 

which case it is equal to 1. 

The theorem expressed in (1) is a particular form of the 
following: // yj, y2» ••• > y« determined as functions of 
»i, ajg, , a;, 6y the equations tpr{x^, Vv Va* — » ^n) =0, 

r=l, 2 , ... , n, ^Aen 

y2 > - i)n g(yi> y2 >-->yn) . 3(yi,y2>>->yn) /gv 

3(Xi» ^2, ... I Xu) ^(yi» y2» ••• » yn) ^(^1> ^2» ••• » ^n) 

Differentiation of the equation 9?,. = 0 with respect to gives 

a. 1 4, ?.2r . 4. ?2r ~ n 

3x, 0yi 0a;, 0y2 0a;, dy^ dx, ' 

80 that the element in the rth row and the ^h column of the 
determinant which is the product of the two determinants on 
the right of (3) is - dfprjdXg from which thejresult follows. 

Again, if ym+n ym+2 *** > yn constant with respect to 
Xi, X2> ... , x^, or if y^, y2» ••• > ym constant with respect to 
®i»+2> > ^n> then 


%i> -- ytn,ytn4.i yn) ^ 3(yi, ,yj . 3(yin.f i»->yn) 

0(x^, ... X|„, X„|4.|, , a;„) 0(X2, ... , X^ ^(x,n+l ••• » ^n) 

and in particular 

0(yi >.* ym> ^m+l > ^n) > y*n) /gj 

0(2?! ... x^f x,H.^;i ... , afu) 0(a;i ... , a?,„j 
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To prove, note tiiat dyrldx ,—0 if y, is constant with respect 
to X,. 

Ex. If I, ri are functions of the three variables x, y, t and x, y, t 
ate functions of the two independent variables w, v, prove that 

0 ( 1 , 0(a!. y) . 0(g. n ) 0(y . ») , 0(f. *>) 0(g. ») 

a(w, v) 0(.T, y) "0t«. ti) 0(y. *) '0(«, v) 0(*, ») 0 (m, v) ' 

56. Existence Theorem m. Letfr[xy,x^ 2/n). 

ttfJicre r toifccs <Ac values \, 2 , ... ,n, be n functions of them +n 

variables x^, ** x„, y^, yj, , y« which satisfy the following 

conditions : (i) each of the n functions fi,fi, ... ,/n w for 

x„=a„, yi=bi, yj= 5 j, ... , yn=^n> 

fAo# is, at the point (aj, ... , a„, b^, ... , b„) ; (ii) all the first 
partial derivatives of the functions fx> f /» with respect to 

‘'i> Vit j 3 f« 

exist and are continuous near (aj, .... a„, b^, ... , b „) ; (iii) the 
Jacobian J of the functions /i.A, ••• >/n with respect to 
Vv y*. ••• » Vn M zero at (Oi, ... , o*,, 61, ... , 6«). 

When these conditions are fulfilled there is one and only one 
system of functions y^, y2, ... , yn of the variables 
say 

^2> ••• > ®m)> y 2 ~ 9 ^ 2 (^l> ®2» ••• > ®ni)> ••• 

®2» ••• » 

for all points ••• > ^m) (®i> ®2» ••• > ®fn)> 

satisfy the n equations /i==0,/2 = 0, , /n=0 and become equal 
to 61, 62, , &n respectively when x^, ... , a:^ arc cjtorf 

respectively to a^, a2, ••• , a^ ; further , all the first partial 
derivalives of (p^y y2> ••• > respect to ajj, a;2» ••• > 

and arc continuous so that 9?i, 932» ••• > continuous 

If n = l, that is, if there is only one function, Theorem III 
is simply Theorem II, so that it is true when there is only one 
function. It will be proved to hold for n functions by showing 
that if it holds for (n — 1 ) functions, say the fuxLctioiiBfftfzt • • • ifnt 
it will hold for the n functions /i,/2> •••>/«• I* 

assumed that the equations /2=0,/8==0 fn—^ determine 

••• » y« ^ terms of x^, ojg, these functions of 

satisfying all the conditions respecting initial 
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values, derivatives and continuity stated in Theorem 111 ; the 
proof for » functions will then be developed. 

The Jacobian J is 


Ml ^ Ml 

Syi 3j/2’ 31^3’ ”■ ’ 03/« 

Ml Ml Ml Ml 

Syi ^ys 


Mn Mn Hn Ml 
aj/i’ 3^2’ 3^3’ ■“ ’ 3 i/„ 

Since J is not zero at (Oj, , a„, b^... , b„) the co-factors of 
the elements in the first column cannot all bo zero ; it will be 
assumed that the notation has been chosen so that the co-factor, 
J 1 say, of Sfil^yi zero. is the J acobian of the functions 

••• )/n ’with respect to y^, y^y ••• , yn and is not zero at 

(Ul» ••• , » ^n)' 

The conditions of Theorem III are fulfilled by the functions 

fi>fa> 8-*^^ determine y^, as functions of 

Zi, Xi, , z„, yi because the hypothesis is that the theorem 
holds for (n - 1) functions. (It is to be noted that at this 
stage yi is associated with Xi, x^, ... , x^ and the solutions for 
^ 2 * ••• » Vn involve yi as well as ... , x„). Hence we have 

yr~ ® 2 > ••• » ®i»» yi)> 3 , ... n, ...(1) 

where y>g, yig, ... , y>„ satisfy fg=0, fg=0, ... ,/„=0, take the 
values bg, 6„ ... , 6„ respectively at (Oj, ... ,a„, bj) and are, as 
well as their first partial derivatives, continuous near 

{®1> ••• > ^l)" 

Let y>T be substituted for yr in fi and let 

••• » ®»*» yi> Wa> ••• • V») i(®i» yx) (2) 

It will now be shown that determines as a function 
of Xg , ... , x^. Of the conditions required by Theorem 11 
the first is fulfilled since fgiag, ... , a„, 6j) is equal to 

••• > ®m« ^2> ••• > 

and is therefore zero. Again the partial derivatives of Fg 
satisfy the second condition ; for, by the rule for differ- 
entiating a function of a function, we have, sinoe 
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«=:1,2,. 


•^1 — ••• » ^mi Vv 2/2* — » f/n) where ... , are the 

functions Vs Vn 

3yi 3^1 9^2 ^2/8 %i %« ’%! 

3a;, aa;, 81/2 ax, *^81/3 ax, Byn dx, ’ »»•••» 

and all the derivatives on the right are continuous. 

Lastly, the third condition that dFJdyi is not zero at 
(a^, . . . , a^, bi) is also fulfilled, as will now be shown. 

When the values of yr given by equation (1) are sub- 
stituted in f2,fzf ••• ,fn these functions vanish identically (that 
is, for all values of x^, Xj, , x,^, y^) near {a ^, ... , 5i) and 

therefore their derivatives with respect to y^ are zero. Hence 

hi hihi hahi ■” hnhi 


hi hahi ha hi hnhi‘ 

Now multiply the 2nd column of J by BipJByn the 3rd by 
Byfjdyu ... , the ?ith by dipjdyi and add to the first column; 
this transformation makes no change in the value of J. The 
first element in the first column of J as thus transformed is 
BF^jdy^, by the first of equations (3), while all the other elements 
of the first column are zero, as shown by equations (4) ; hence 
the transformed determinant is equal to the product of dFJdyi 
and the co-factor Jj of Bfjdyi in J so that 

j-j 

By, ’ 

and as J and are both difiterent from zero at (a^, ... , 0^* 
so is BFJdyi. Condition (iii) of Theorem II is 
therefore satisfied. 

Thus the equation i’’i=0 gives 

2^i~Vi(^i> ^2> ••• > ^»)» 

and if now in equation (1) this value of y^ is substituted we find 

»r= Vf{«l, — , Vl) = Vr(a?l> — » = 3, ... , U. 

At {Ui aj) the functions V2^ -*• ’ Vn equal to 

• * • » respectively, while near (a^, . . . , a^) the first partial 
derivatives of the functions are continuous. 
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It has therefore been proved that if Theorem III is true 
for (n - 1) functions it is true for n functions ; since the theorem 
is true for one function it is therefore true in general. 

Ex, Inyenion. Let the n functions . . . >/n the n independent 

variables Xi, Xj* and also all the first partial derivatives of the 
functions be continuous; prove that if the Jacobian J of •/n 
with respect to a;,, ...» is not identically zero the n equations 

,xj, r = l, 2»...n .V (1) 

determine^ inversely, Xi, x^, , x^^ as functions of ••• » ^n*\ 

Let Fr(xi, arj, ... , x^, y^) » ^n) ’’^Vr and we have a\case of 

Theorem III. The Jacobian of ... » F^ with respect to a?i, x^ is 
the same as that of ... with respect to ... , x^ (the rwMum 

differs from that of Theorem 111 by the interchange of x and y). 

By hypothesis the Jacobian of F ^, ...» F^ with respect to a;}, ... , x„, 
which is independent of is not identically zero, and therefore, 

there is a set of values a;^ =ai, x^ ... » which it is not zero. 
For these values of a?i, ... , x^ lot =/r(oi» Oa» ••• » ®n) r = 1, 2, ... , n. 
The functions F^ satisfy the conditions of Theorem III. For, (i) 
Ff =0 at (a^, ... , a„, 6i, ... , b^) ; (ii) dFrldXg = dfrlBx, and is therefore 
continuous while dFfjdy^ = ~ 1 if r but =0 if ; (iii) J is not zero 
near (Oj, , 0^, ... , 6,,). Hence the eqtuUiona that is, 

Pr ••• f «»)» give the system 

^r^ 9 r(yv-*yn) ^ = 1 , 2,...,n. 

This example is the problem of Inversion ; the functions a?!, ... , air^ 
are inverse to the functions y ^, ... , y^. 

The values ch, 04, ... , and hg, ... , &n often called the ** initial 
values ” of the variables a;^, x^,...^x^ and yip *•* » 2/n respectively. 

57 . Dependence of Functions. Let/2,/2, ...,/« be n functions 
of m independent variables ^2’ '^be functions are 

said to be dependent if they satisfy one or more equations in 
which the variables ajj, 0:2, ... , do not appear explicitly — 
equations therefore which are satisfied whatever be the values 
of 2^2, ^2, ••• , ; tho functions are said to be independent if they 

do not satisfy any equation of the kind just mentioned, that 
is, an equation in which 0:2, do not appear explicitly. 

Again, it may be said that the functions are independent if 
it is impossible to express one of them in terms of the others. 
For example, if /2, /2, /g are the functions 

a:y+a»+y 2 , a?+y 4 -s 

req^tively they are dependent since /2 +2/2=/s*, an equation 
in which x, y, z do not appear explicitly ; here 
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BO that one function may be expressed in terms of the rest. 
Of course the fimctions would still be dependent if one could 
be expressed in terms of some (not necessary all) of the others. 

In the following discussion we give the method of Gk)UTsat, 
Coura d^Arialyse, Vol. I, Chap. Ill, to which the student is 
referred for fuller information ; the treatment by Bateman, 
Differential Equations, Chap. VI is also instructive. 

Theorem. Let the n functions f 2 , ,f^of then independent 
variables ^2» •** > olso all their first partial derivatives 

he continuous; the necessary and sufficient condition that the 
functions should he dependent is that their Jacobian with respect 
to Xi, X 2 i ••• i Xf^ should he identically zero. 

(i) The condition is necessary. Let / be the Jacobian and 

Vr^frip^Xi aj2, ••• , x^, 1* = !, 2, ... , n. 

If J is not identically zero it is possible (§ 56, example) to 
determine x^, a;2, so that 

. ^r^9>r(yi> y 2 > — » yn)f 2 , ... , n 

where y^, ^yn niay have any values near their respective 
initial values 61, 62, , 6„. Since the values of yi, j/2> ••• » Vn 

are quite arbitrary, it is impossible that they can satisfy an 
equation ^2* ••• > yn) = 0 in which the coefficients are 

constants, that is, independent of x^, tz?2’ **• » therefore, 

J is not identically zero the functions are independent. 

(ii) The condition is sufficient. It will secure brevity and at 
the same time show quite plainly the lines of the proof for n 
variables to taJke n =4 ; the notation will also be simplified. 

Let the independent variables be x, y, z, t, and the functions 
u, V, w, s where 

» =/i(». y> *. *)> V =/*(*, ... , t), w =/j(», ... , t ), « =ft{x, 
the Jacobian J will be 


9Jl ^ BA 
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It is now assumed that J is identically zero ; different cases 
arise, dependent on the minors of J. 

1 . Suppose that the first minors of J are not all zero ; we 
may suppose that the notation has been so chosen that the 
minor, say, obtained by deleting the 4 th row and the 4 th 
column of J is not zero. This minor is the Jacobian of /^, /j, 
with respect to x,y, z‘, 

T — 

^ S(x,y,z) ' 

Now, since is not zero, the first three of equations (1) i^ay, 
by Existence Theorem III, be solved for a;, y, z in term^ of 
u, v,w,t; let the solutions be 

= V, w, t), y = <p2(u, v, w, t), v, w, t), ...(2) 

When these values are substituted in the fourth of equations (1) 
we get 

«=/4(^i» 93 > t)^F{u, V, w, t) ( 3 ) 

It is to be noted that t;, Wy t are independent variables and 
that the first three of equations (1) become identities when 
Vv 9^2> Vs substituted for a?, y, z respectively. 

It will now be shown that dFjdt is zero, so that F does not 
contain t explicitly. We have, by differentiating F{u, v, w, 
that is, fj^{Xy y, z, t) where a:, y, z are the functions 9?^, 9?2, 9^8 
respectively 

% ?£i ^ /A\ 

dt ~dx dt ^dy dt ^dz dt dt ' ^ 


Again, by differentiating the first three of equations (1) which 
are identities when tpi, q)^, are put in place of x, y, z 
respectively 

3fs Ml 

dx dt ^dy dt '^dz dt '^'St 


0 ?f* +?£» £2? 

dx dt^dydt^dz dt^dt' 


.( 5 ) 


0 =^» ?2j ?2» 4 .^ 

dx dt dt ^ dz dt ^ dt 

Equations (S) determine the f-derivatives of q>i, q)^, 9*3 ; but 
it is not necessary actually to solve them sinoe the f -derivatives 
of 9)3, q>i can be eliminated by transforming J, thus : 
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Multiply the 1st column of J by dtp-Jdt, the 2nd by dipjdt, the 
3rd by and add to the 4th ; the elements in the Ist, 2nd 
and 3rd rows of the 4th column will now be zero, by equations 
(5), while the element in the 4th row is BFjdt, by equation (4). 
We thus find, since the value of J is not changed, 


and therefore dFfBt=0 since J=0, Jii=0, so that F does not 
contain t explicitly. Hence equation (3) gives s = F{u, v, w), 
an equation that does not contain x, y, z, t explicitly ; thus 
the functions u, v, w, a are dependent. 

It may be observed that there cannot be a second relation, 
say a = Fi(u, v, w), that is distinct from a = F{u, v,w); if there 
were there would be an equation F = F^ connecting u, v, w, and 
therefore would be zero, contrary to the hypothesis. 

II. Suppose all the first but not all the second minors of J 
to be zero ; we may assume that a non-zero second minor is 
that obtained by deleting the 3rd and 4th rows and the 3rd 
and 4th columns of J. This minor, say, is the Jacobian 
of fitfi with respect to x,y ; since J 2 = 1 = 0 , the first two of 
equations (1) may be solved for x, y, giving, say, 

x= y>i{u, V, z, t), y= v>a(«, v, z, t). 

When these values are substituted in the last two of eqtia- 
tions (1) we find 


^=h{y>i> y>a> *. 0 = *. 0 . 

a=fi{y>i, y> 2 , t) = F 2 (tt, v, z, t). 


It may be shown as before that neither z not t occurs explicitly 
in or in F^. For example, 

Bz Bx Bz ^ By Bz Bz 

further, by differentiating the first two of equations (1), which 
are identities when x, y are replaced by Va respectively, 
we find a# a.« a# 


Bx Bz 


1 . % 


By Bz ^Bz 
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By now treating the determinant on the same lines as was 
done in the case of J and dF/dt we see that 

aw aw 

-^=0 since 7i=0,/,^0. 

To evaluate SFildt and dFJBt take, not Jj but, the minor of J which 
is obtained by deleting the 4th row and the 3rd column of J i this 
minor is also zero, by hypothesis. \ 

We thus obtain tivo relations w = F^{u, v), 8=Fi{u, v) when 
the first minors of J are zero but not all the second mmors.\ 

in. Suppose all the second (and therefore all the fi:^t) 
minors of J to be zero but not all the third minors. When 
there are four f imctions the third minors are simply the elements 
of J. If we suppose dfjdx not zero we deduce x = q){u, y, z, t) 
and it is then proved as before that when (p is substituted for x 
in the other three of equations (1) the variables y, z, t do not 
occur explicitly so that now there are three relations between 
the functions. 

The procedure is clearly general. When there are n functions 
there is one relation when the first minors of J are not all zero, 
two relations when the first minors are all zero, but the second 
minors not all zero, and so on. 

If J is zero merely because one or more of the functions 

fvfz /- is zero (or constant), it does not follow that the 

functions are dependent. It must be specially noticed that 
the proofs assume that J is iderUtcdUy zero. The following 
simple example is usually given. 

Letu=a^ +y*- l,f;=aJcosa +ysina - 1, where a is constant. 
Here J'=2(a;sina-yoosa) and is therefore not identically 
zero. But it is easily seen that 

and J =0 if tt =0 and t; =0 ; u and v are, however, independent 
and the relation ttssO is not a consequence of v=0. 

Of course, if the Jacobian of fi, /, with respect to 

Xi, a;« is identically zero, and if these functions contain 

other variables, say z^, z„...,Zm, these variables z^, ..., 2 ,. 
will appear (usually) in the equation or equations that connect 
fitft* > /« • theorem just proved guarantees is only 

that Vj, ... , x, do not appear in these equations. 
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58. The Hessian. An important Jacobian is that in which 
the functions /n/*. ..../n are the first partial derivatives 
dfidxi, dfldx ^, .... 3//5a:, of a function /{x^, ajj, ... , *„) of the 
» independent variables x^, x ^, ... , x„ ; this Jacobian is called 
the Hessian of the function /{x ^, ... , a;„) and may be denoted 
by the symbol Hf. The element in the rth row and «th 
column of the determinant Hf is 


dx, ' dXf 


that is, 


ay 

dxfix^ * 


Ex, 1. If / is the quadratic form 

the Hessian of / is a numerical multiple of the discriminant of / ; it does 
not contain any of the variables. 


Ex, 2. If f(Xt y, z) is a polynomial that is homogeneous and of the 
nth degree in x^ z» prove that the Hessian is homogeneous and of 
degree 3(n ~ 2). 


EXERCISES VI. 


1. If X =f cos 0, y = r sin fl, prove =r, and if 

o(r, 0 ) 

X =r sin 0 cos 97, y =r sin 6 sin 97, z cos 0^ 

8(r. fl, 9) 

2. If X +y +z =ti, 3/ + 2 =iiv, z =uvw, 

d(u,v,w) 

If a!i+*t + — +**=yi. *1+*, + ... +a:„=yiy„ ... 

®r+*f+i+... +*,=yiyi ... yr. .... *«=yiyi • 

8 (a!i. gj, ... --1^-1 , 

8(yi.y, yj ^ *'* -Hn-an-v 


Vnf 


3. If yi —COB Xi, y^ =sm Xi cos x^t y^ =: sin Xi sin x^ cos x^^ 

extend the theorem to the case of n functions. 

4. If X =sa cosh $ cos t}, y =a sinh ( sin 93^ 


= Ja*(oo8h -008 ft,). 
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6. If a;=:8in 8(1 -c*sin* q>)i, y=coB B cos ip, 

y )_ y{(l cos^B co8*y} 

8(8. ?>)“ (1 -c«sinV)* 

6. If u=;ar/(l v=y/(l -r*)i, t»=*/(l -r*)i where r*=!P* +y*l+s*, 

show that I 

0(n , Vf w ) _ 1 

0 (V, y. 

Extend to the case of n functions 2/2* - • • » '^here 

2/« =««/(! -»••)** =iKi® + V + ... +a;J. ^ 

7 . Prove that the functions 3 x + 2 y-Zt x- 2 y-hz and x{x ’¥ 2 y -z) 
are not independent and find the equation that connects them. 

8. The functions 1/, v, w of x, y, z become functions V, W of 
f » fl> { when X, y, z are changed to {, f by the substitution 

x=:liS+mirj+niC, 2/ =^2^ +n2f, +n^(; 

if ilf is the determinant 1 2^ n, | of the coefficients of the substitution^ 
show that 

a(C 7 , F, W)_ t% «;) 

"■ a(a?.y,2) • 

Extend to the case of n functions of n variables. 

9 . If /(a;, y, z) becomes F{^, ri, {) when the variables are changed as 
in Example 8, prove that 

where Hf and are the Hessians of / and F respectively. 

Show that the theorem holds for any number of variables. 

10. If f(x, y, t) is homogeneous, of the nth degree, in a;, y, t so that 
/(a?» Vf t) =t^f(xlt, ylU l)f prove that 

/atae> Jxv^ fxi fxx* f xv> fx 

/»v* fvv* /« f »»> f f » 

fmt, ftu fit fxf /.. n//(n-l) 

If ( =xlt, t) =ylt and f((, tj, 1) =9 (f, ij), show that 
H/=(n-l )*«»(•-*) 

’’ttf Vw* Vr, 

9 f nq>l{n-l) 

11. If u, V are two polynomials in y that are homogeneous and of 
the nth degree, prove that 

udv -vdu=^ ||^(*dy -yd*). 
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12. If yr ^Uflu, r = 1, 2, , n, and if u and Uf. are functions of the n 
independent variables prove that 


g (yi»ya Un )^ 1 

d(Xj,x 


u. 

du 

du 

aw 

aSi’ 


■ 


dui 



•*1* 

bx^^ 

a*,’'' 



du^ 

du^ 

dii’* 

du^ 

a.'Tw 


0M„ 

8«„ 

aw„ 

ear, ’ 

ear, ’• 

■■ 


If u =vlt and Uf —VflU show that the value of the Jacobian is obtained 
by substituting v, Vf. for w, in the expression on the right and state 
how the determinants in u and v are connected. 


13. If A, /X, V are the roots of the equation in k 

xl(a +1:) +yl(h +Aj) + 2 ;/(c + A;) = 1, 

prove that 

^(a?, y, z) ^ A)(A~/ <) 

d{X,fi,v) (6 --c)(c -a)(a ~6) * 

14. Given that x =f(u, v, w), y -g{u, v, w), z v, w) and that J is 

not ssero, where J = ; if, when x, y, z are taken as the coordin* 

O^UfVfW) 

ates of a point referred to rectangular axes, the three surfaces 
u = const. , V ~ const., w = const., 
intersect orthogonally, show that J = ±pipzpz where 

pix---fl+9l+K. f^=fl+gl+hl. 

[Note that the direction cosines of the normals to the three surfaces 
are proportional respectively to 

ffu* Qu* 0v> gv)9 

Also, since const, and v —const, intersect orthogonally, 
fufv 

similarly /«/» + ... + ... =0, +••• =9. 

The square of the determinant J is piVsVs’*] 

15. If u, V, w are functions of x, y, z, prove that the rate of variation 
of u per unit of length along the line of intersection of the surfaces 
V —const,, w —const, is the quotient of the Jacobian of u, v, w with respect 
to x,y,z by 

(vJ+oJ+vf)l(ti?|+wJ+ti>J)isin B 

where B is the angle at which the surfaces v ^const, and w ssconst, 
intersect at (x, y, z). 
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16. If the Jacobiaii of n functions of n independent variables is not 
identically zero, show that the notation of functions and variables may 
be so chosen that the functions may be represented by 
Vr , Xn)f r = 1, 2, ... , n, 

while none of the Jacobians 


Ls identically zero. 




v*l» •*'2» ••• f **'f/ 


/ 


— ••• » — a^2» ^3» ••• • 

Vi* ^3» ••• » ••• * 2/n==9^n(Vl> 2/2» ••• » yn-l» ®»)» 

and deduce that 


a(a:i, ... , .r„) a.ri ar, 6X3 ax„' 


17. Prove that if the functions /i(x^, Xj, ... , Xf^) and / 2 (Xi, Xj, ... , xj 
are to be connected by an equation in which none of the variables 
Xi, Xf. appears explicitly, it is necessary and sufficient that the 

corresponding partial derivatives a/j/ax^ and a/j/ax^, r = 1, 2, ... , jW, 
should be proportional. 


18. The roots of the equation in A 

(A-w)*^ (A-v)* + {A“ w)*=0 
are x^y.z; prove that 

y, 2) o {v-w){w-u){u-*v) 
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CHAPTER VI 

INFINITE SERIES. COMPLEX FUNCTIONS OF A 
REAL VARIABLE 

59. Infinite Series. It is necessary, in view of applications 
in later chapters, to supplement the sketch of Infinite Series 
given in the Elementary Treatise and to discuss briefiy the 
theory of Infinite Products. An excellent treatment both of 
Series and 'ftroducts will be found in Bromwich’s Treatise 
on Infinite Series, and the student should consult that book for 
further developments. 

Derangement of Terms, The sum of a finite number of terms 
is the same in whatever order the terms be taken in calculating 
the sum, but the word ** sum ” as applied to the “ sum of an 
infinite series ” is not a sum ” in the same sense as that of 
the “ sum of a finite number of terms ” ; it is the limit of a 
sum of a finite number of terms and in the case of infinite 
series the commutative law of addition is not true unless under 
certain restrictions. 

Let and be two infinite series ; if every term that 
occurs in one series occurs once and only once in the other, the 
one series is said to be formed from the other by a derangement 
of the terns of the other series or, simply, to be a derangement 
of the other series. The following theorem, usually called 
Dirichlet’s Theorem, will now be proved. 

Dibichlst’s Theorem. The sum of an absolutely convergent 
series is the same in whatever order the terms are taken ; the 
sum of a series that is ru>t absolutely convergent may be charmed 
by a change of the order in which the terms are taken, 

(1) liet the terms be aU positive and let be a derangement 
of If + = + ^ 

Sf^-^s when n->oo it has to be proved that cr«->s when , 

151 
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Since every term of occurs in it is possible to take 
n so large thaii} every term in is a term in 8^ and therefore 
so that a fixed number. Hence (or a„) tends 

to a limit that cannot exceed s ; in other words, is con- 
vergent and its sum, a say, is less than or equal to s. 

We may now reverse the process. is known to be 

convergent, with a sum a ; is a derangement of S&i and 
therefore is convergent and has a sum not less than a. But the 
sum of San is s so that, from the two parts, we have a ^ 5\and 
8^ a and therefore a =8. \ 

(2) Suppose there is an infinite number both of positive and 
of negative terms in San» (K there were only a finite number 
of terms of the one kind these could be neglected so far as the 
question of convergence is concerned (£I.T. p. 380, Note) 
and the series would fall under case (1)). Let be the sum 
of the positive terms and the sum of the negative 

terms in ; then and when n tends to infinity so 

do and v. 

Now Sa,j is absolutely convergent and 

I I I ^2 1 I I "“"Qvf 

SO that both P^ and tend to limits, P and Q say, when fx 
and V tend to infinity, and if s is the sum of Sa„ then 8=P -Q. 
But the series SP^ and are series of positive terms and no 
derangement of their terms alters their sum. Hence 5, the 
sum of Sa„, is not altered by any derangement of the terms 
of SUn. 

If La« is convergent but not absolutely convergent both of 
the series LP^ and are divergent. For, if 8 =San, (P^ - Qy) 
tends to 8 while (P^ tends to -when n->Qo . If we 
suppose that, for example, P^ tends to a limit P when 
then which is equal to P^ would also tend to a limit, 
namely P -8, and this is impossible since P^ +Qy tends to 
infinity. Hence 

jTiP.-O.). 

n— M 30 n-^00 

but 8 is not equal ^ ~ ^Qy'> # 

the difference is qo - qo , a meaningless expression. 
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Of course it has not been proved, nor is it the pase, that every 
derangement of terms produces an alteration in the sum of a 
conditionally convergent series, as a non-absolutely convergent 
series is often called, the reason for the name condi- 
tionally convergent ’* being now obvious. The typical example 
of a series whose sum may be changed by derangement of its 
terms is the usual series for log 2 ; see Exercises II. Exs. 10 
and 11. On the general theory see Bromwich, Infinite Series 
(2nd Ed.), pp. 74-77. 

60. Tests of Convergence. The following, known as 
Kummer’s Test, is of wide application, the terms of Sun being 
positive. 

Kummer’s Test. Let Sa„ be a series of positive terms and 
{dn) a sequence of positive numbers such that the series 21(1 /d„) 
is divergent ; further ^ let be defined by the equation 

gn=dn£^-d„+l. 

The series 21a„ converges if there is an integer m such that 
gn>oi> 0 when n'^m, but diverges if there is an integer m such 
that < - a < 0 when n'^m (ol a positive constant). 

Suppose first that Sf„>«.>0ifn^m; then since a^^^ > 0 

In this inequality put n^ 1, n-^2, ... , {n-\-p ~ 1) successively 
in place of n and add corresponding members of the p inequali- 
ties ; then 

““ ^n+p ®fi+p ^ ■i“®n+2 + • • • ’^’^n+p)* ^ ~ 

The expression on the right side of this inequality is positive ; 
therefore the expression on the left side is also positive and, 
further, it is less than d^a^. Hence, putting m in place of n 
we find that, whatever integer p may be, 

^tn+i a Constant independent of p. 

The^um increases as p increases, but 

is always less than the constant d^a^ja.; this sum therefore 
tends to^ limit when p tends to qo and therefore the series SUg 
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Suppose next that y,<-a<0 if n'^m. 
<dn+i OfH-i if n ^ and therefore 


[oh. VI. 
In yds case d^On 


ZS±S.—ZS±^ 


'm4-2 ^ 
m+l 


(X* 






^m+1 *^in+2 


d„ 




80 that 


*m+p 


> P — 1> 2, 3, ... . 


erges ; 


ilofp. 


Now d^Um is independent of p and the series S(l/d„) di\ 
hence also the series Sa„ diverges. 

Note 1 . If tends to a limit I which is not zero, the sig 
for sufficiently large values of n will be that of I, and theri^fore 
2)a„ will converge or diverge according as 1 is positive or 
negative. Or again if the minimum limit of g„ is positive Sa« 
will converge, while if the maximum limit of is negative 
Sa. will diverge. 

Note 2. The proof for divergence shows that if is greater 

than for n^m, the series 2a„ diverges if diverges. 

It may be proved in the same way that if is less than 

b^Jb^ for » ^ m the series £o„ converges if S6„ converges. 

When a^Ja„ tends to unity the Test Ratio fails ; Kummer’s 
Theorem leads to a test for this case, usually called Raabe’s 
Test, the terms a„ being all positive. 

Baabe’s Test. The series ]Sa„ mil converge or diverge 
according as 

f 

when n ^ m, a fixed integer {or, according as the limit for n tending 
to infinity of this expression is greater than 1 or less than 1). 

In Kummer’s Test let dn=n; the series S(l/n) diverges and 
therefore we have for convergence or divergence (a > 0) 


> l+a> 1 or n 


(_?!!_ _l) 


< l-a<l; 


that is, 


n — 2__(« +l)>a or <-a; 

®«+i 

- l) > l + a> 1 or <l-a<l. 


Gauss’s Test. Suppose that aja„^.i can be expressed in ike form 
Un , . A* . f A > 1 




(i 


An\<1c,a constant for enetjpn. 


The series Sa. wiO, converge if p>\ but vnU diverg^^ /(^1> 
&e terms being aUposUive. v 
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Baabe’s Test proves the theorem for n>l and for n<\. 
For the case /» = 1, let dn—n log n ; the series 2](l/<2n) diverges 
(Ex. 2 below). Now 

= (» + 1) log ^ 

/*^?^=0(§26.Ex.6) 

n->«) 

and ^(»+l)log^=^(,+l)log(l-j^)=-l. 

n->eo 

and therefore is negative when n is sufficiently large so that 
Sa^ diverges when /« = 1. 

The test in Ex. 1 is often useful ; the test in Ex. 4 is theoreti- 
cally important. 

Ex. 1. Cauchy's Condensation Test. If 2/(n) is a series of positive 
terms and if /(n)>/(n + l)* show that 2/(n) converges or diverges 
according as the series 22”/(2”) converges or diverges. 

Of course the inequality /(n)>/(n + l) need only begin when n is 
greater than some integer m, but there is no loss of generality in suppos- 
ing it to hold from n = 1. Proceed as in the case of the series ^(l/n^)* 
{E.T. pp. 380, 381) and take the terms in groups of 2, 2*» 2*, ... » 2*^, ...» 
If 2** ^ 2**+^ we have 

J /(n) = [/(2) +/(3)] + [/(2*) +/(6) +/(6) +/(7)] 

* + [/(2’) +/(») + +/(16)] + ... + C/(2“) +/(2» + 1) + ... +/(#*)] 

<2/(2) +2*/(2*) +2»/{2») + ... +2»/(2»). 

When so does /«, and therefore 2/(n) converges if 22^(2”) 

converges. 

By grouping as follows 

1/(3) +/(2»)] + C/(6) + ... +/(2«)] + [fW + ... +/(2^)] + ... 

we see that these groups of terms are respectively greater than 

J.2V(2*), i.2»/(2»). i.2y(2^), ... 

so that 2/(n) diverges if 22V(2") diverges. 

It m easy to prove that S/(n) converges or diverges according as 
convOTges or diverges where [i is any integer not less ihan 2., 
Ini l4^£x.6,itisproved that/«maybetcdcentobes. (SeeCSbrystal** 
Iwt n. p. 124.) 
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Ex, 2. The series converges or diverges according 

as OL > 1 or 1. 

:^l!^)'^n(log n)®* ^7(2^) =2«(log 2")«‘'^n«(log 2)«’ 

But {E,T. pp. 380, 381) 2!(l/n*) converges or diverges accorc^g as 
a>lora^l; so therefore does the given series. 


Ex. 3. The Hypergeometric series 

1 I I + + 

^^l.y ^ 1 72 . y{‘y‘+ l) ■ 


The following series 

, cc(a. + l)(a. + 2). /?(/ ? + 1)(/?V2) . 


+ ... + 


1.2.3. y(y + l)(y +2) 
a.(oL + l)...(a4-n-l).)g()g + l)... (/? +n - 1) 


1 . 2 . ... n . y(y + 1) ... (y + n - 1) 




is called the Hypergeometric Series and is usually denoted by the 
s3rmbol J?’(a, y, x). The numbers cl, ft, y, x are called the elements 
of the series and x alone is here considered as a variable, the elements 
oi, P, y being taken to be constants. 

The series is symmetric in rx. and p so that F{cl, /?, y, x) = F[p, cl, y, x), 
and if either a. or /? is a negative integer, the series terminates. Tbe 
element y must not be a negative integer becau^, after a certain stage, 
each term of the series would have a zero denoqdnator. 

Take the term in x^ as a„ ; then 


Ot.41 _ («■+ ») ( P+n) ^ 
On (» + l)(y + n) 


SO that the series converges absolutely if | x 
If a; = 1 we find that 


X when n -> oo ^ 

< 1 and diverges if | a; |> 1. 


+i±yz±zl+^ 

"n+l " ”* 


where a* - (y + l)(cx. + P) + y when n-^ oo . When n is 

large all the terms are of the same sign since aja^+i differs little from 1 
for large values of n. Gauss’s Test may therefore be applied since | I 
is finite for every value of n. Hence the Hypergeometric Series, when 
a; = 1, converges if l + y- a- /?>l, that is, if y > ol + ^ and diverges 
if y^a. + ^. 

The student should study this example carefully as the Hyper- 
geometric Series is of very great importance. 


Ex. 4. The series of positive terms converges or diverges 
according as the maximum limit O of aj^/^ is less than or greater than 
unity. 

(i) Suppose G<r<l. There is therefore at most a finite number of 

values of which exceed r ; let all such values of be included 
in the first m values. Hence that is, = w>m, and 

therefore the series converges. 

(ii) Suppose ^>r>l. There is therefore in this case an infinite 
number of values of greater than so that the e»ries must diverge. 
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This test is often called Cauchy's Test and, though not so useful 
in ordinary applications as the Ratio Test (which is often called 
d'Alembert's Test), is of great theoretical importance. See Bromwich, 
Inf, Ser, (2nd Ed.), p. 32. 

Ex, 6, Show that the power series converges or diverges 

according as la;|<i?or |aj|>R where l/E is the maximum limit 
of |a„|vn. 


61, Tests of Abd and Dirichlet. An inequality that is very 
useful in the discussion of convergence is given in the Lemma 
(E,T, p. 451), known as AbeFs Inequality, namely: if (c„) is 
a decreasing sequence of positive numbers and if, for r^n, 

A>Ui +U2 +... + Ur> B 

where A and B are constants 

Cj^A. C^jB. 

If A > 0 and B— - A the inequality may be expressed as 

1 “i" | ^ C-yA, 

In the following tests the terms of need not be all of the 
same sign. 

^.bel’s Test. A convergent (not necessarily absolutely con- 
^gent) series remains convergent if each of its terms 
^i> ••• multiplied by a factor a^, Ug, Uj, ... provided 

the seqmnce (an) is monotonic and | | is less than a constant k 

for e^hry n. 

The sequence (««)» being monotonic and bounded, converges 
to a limit, a say. Let Cn=a- an if (a„) is an increasing sequence 
but Cn=an-a if {a„) is a decreasing sequence ; the sequence 
(c„) is therefore a decreasing sequence of positive numbers 
which has zero as its limit. 

Now UnUn—aun-CnUn or =at^n +Cn^n accordiug as 
c„ =a - a„ or Cn =^an - a ; since converges it is sufficient to 
prove that ^CnUn converges. 

Let ,U„=c„+i«^i+c^,'«„+,+... +c^«„+p. TheBerieBS«„ 
is convergent and therefore there are constants A and B such 
that 

A > ■^■^n+8 "!■••• ^ 2, 3 , ••• . 

Hence, by Abel’s Inequality, 

. Ac„^i > ji2„ > 

But c,^n->0 when »->» and therefore when n-»-«o 
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whatever integer p may be so that and therefore also 

ha^Un is convergent. (For the notation pR^ see E.T. p. 379.) 

Dirichlet’s Test. If the series ^Un oscillates finitely and if 
(Cn) is a decreasing sequence of positive numbers which has zero 
as its limit, the series 'LcnUn is convergent. ^ 

Let pBn = + • • • + ; i 

then, since oscillates finitely, there are constants and B 
such that A > >B for every value of n and p. If ^he rest 
of the notation is the same as in the proof of Abel’s Test ye have 

^ P-®n ^ -S^n+lJ 

and therefore when 7 i->oo for every integral value of p 

since when n->Qo . Hence converges. 

Ex. 1. If d is neither zero nor a multiple of 2n the series 
cos nB ^ sin nB 

T 

are convergent. (The second series is zero if 0=0, ±2n , ... .) 

Ex. 2. Discuss the convergence of the series 

62. Unifonn Gonyergence. When the terms of a seSes axe 
functions of a variable x, each term u.{x) being defined Hr the 
range a^x^b, that is, for the closed interval (a, b), the sum 
of the series when convergent will be a function S{x) of x. 
For any given, or fixed, value of x in the interval (a, b) the 
condition for convergence is, if .RJx) denote the partial 
remainder after n terms {E.T. p. 379) and Sjipt) the sum of the 
first n terms, 

|,J?,(a!)l = |-S,^M,(*)-/S,(x)|<eif «^m,p = l, 2, 3, ...(1) 

When X changes so, as a rule, will the integer m ; if m is 
such that the inequality (1) is true whatever value x may have 
in the closed interval (a, b) the series is said to converge 
unifonnly with respect to x in the closed interval. 

Instead of the partial remainder ,Rn(x) we may take the 
complete remainder RJpe) ; the two forms of the condition 
are equivalent, that is, given one of the conditions the other 
may be deduced from it. 
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If I B^{x) |< e whea nLgm wid a^x^b, then, p = l, 2, 3, ... 

I I = I •»»(*) - B^(x) I g I R„lx) 1 + I «„+,(*) I < He. 
If |< e when n^m, p = l, 2, 3, ... and a^«£&,thea 

I -BnC*) \=JC^ »*n(*) I S e < 2e. 

JP— ►« 


On pages 385, 386 of the Elementary Treatise some important 
theorems are proved. Theorem III, on p. 386, may in substance 
be stated in the following form and this test of uniform con- 
vergence is frequently cited as the “ Jf-Test ” or “ Weierstrass’s 
JIf-Test.’’ 

The M-Test. If each term of the series is defined for 

the range a^x^b and if, for each term, | ujx) |< J[f„, a number 
independent of the series ^ujjx) converges uniformly for the 
range a^x^b provided the series is convergent. 


Obviously 



n«m 


and if the second sum is less than e the choice of m that makes 
it so does not depend upon x so that the inequality (1) is satisfied 
for the range a^x^b. 

The Tests of Abel and Dirichlet are easily adapted so as to 
be tests for uniform convergence ; the following statements 
are from Bromwich (2.c. p. 125). 

Abel’s Test. The eeriea San(x)u„(x) converges uniformly in 
the closed interval (a, b) if the following conditions are fulfilled : 
(i) converges uniformly in (a, 6) ; (ii) a„(x) is, for a fixed 

value of X in (a, b), positive and does not increase as n increases ; 
and (iii) %(») <k, a constant, for the range a ^ a; ^ 6. 

By condition (i) if a ^ a; ^ 6, 

|««+i(«) + «^,(a:) + ...+»«+,(a;) |<e if 
and ther^ore, by Abel’s Inequality, with A =e, B= -s, 

ar(x)Urix) < ea„+i(x) <ek it n^m, a^x^b, 

r-n+l 

since a« 4 .i( 2 ;)^a,(a;) and ai(x)<Jk. Hence Ba«(x)tt„(x) convoges 
uniformly in (a, 6). 

Special oases of this theorem arise if a„(x) is independent x 
or if Un(x) is independent of x. 


m 
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Dirichlet’s Test. The series converges uniformly 

in the closed interval (a, 6) if the following conditions are fulfilled : 

(i) 'Lun{x) oscillates, its values lying between - k and k, where 
k is a fixed constant ; (ii) a„(a;) is, for a fixed value of x, positive 
and does not increase as n increases ; arid (iii) a„(a;), whfn n->oo, 
tends uniformly to zero for all values of x in the closed interval 
(«, b). 

By condition (i) if a ^ a: ^ b, 

I +Wn+2(^)+ ••• | < 

and by condition (iii) m can be chosen so that a„(a:)<ciin^m 
and a^x-^b. Hence by Abel’s Inequality 

n-\p 

^ a,.{x)Ur{x) <2€kii n^^m, a^x’^b. 

Particular cases arise if Un{x) is independent of x while 
either converges or oscillates finitely or if aj^x) is independent 
of X, 


Ex, 1. The series ^ay^/n! converges uniformly in the interval ( - a, a), 
where a is arbitrarily large. 

Let a be any positive number, however large, and let M„=o"/n!. 
The JW-Test shows that the given series converges uniformly if | aj | ~a. 
The series is often said to converge uniformly for every value of x, or 
« for every x,^' 


Ex, 2, The series and 2)(log n) . w"”* converge uniformly if 

1 +A! > 1. 

For the first series let = l/n^+*' and the Af-Test applies. 

The second series is obtained by differentiating the first. Now 
(logn) when n->-oo if o.>0. Therefore there is an integer 

m such that 0 < (log n) . n“® < C, a constant, if n ^ m. Now let a = \h, 
and we have, ifa;^l+X;>l, 


log logn ^ 
== ni+* ^ 


5;^"' 


If =(7/ni+J* the Af-Test applies. 


Ex, 3. If 2c„ converges the series '2(cjn^) converges uniformly in 
the closed interval (0, 1). 

In Abel’s Test, let a^ix) =n~* and n„(a?) =:c„, independent of x. 


Ex. 4. The series S n* * S ‘ n** ^ converge uniformly for every 

X if a.>l, but if 0<a^l they converge uniformly for the range 

0<$^x^2n^e. 

If a > 1 apply the Af-Test ; if 0 < a apply Diriohlet’s Test, taking 
Uf^(x) equal to cos nx and to sin nx respectively. 
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63. Tannsry’s Theorepi. The following theorem, stated by 
Tannery in his FoncHons d'une Variable, 2nd Ed,, § 183, and 
called by Bromwich “ Taimery’s Theorem,” is closely related 
to the jlf-Test for imiform convergence and is, in fact, proved 
by Tannery as a particular case of that test. 

Let F{n) = '^Ur{n) (1) 

r— 0 

where «,(n) is a function of n, and N is also a function of n that 
tends to infinity with n. If Ur(n), when r is fixed, tends to a 

CO 

limit, Vr say, when n->oo, will the sum F{n) tend to when 
n->oo ? ® 


An example is given by taking equal to (1 + 1/n)” and deducing 
the value of e as a series (E.T»^ 48). The problem occurs with sufficient 
frequency to justify the statement of a general theorem that will save 
repetitions. 


Tannery’s Theorem. Suppose that the following conditions are 
ed : 

(i) J^Ufin) =Vri when r is fixed ; 

n-^oo 

(ii) I Ur{n) I ^ Mr , where Mr is independent of n ; 


oo 

(iii) is convergent. 


When these conditions are satisfied F{n)-^^Vr when n- 


►00 


By (i) and (ii) | j ^ Mr and therefore by (iii) converges. 
Again, since n and therefore N is to tend to infinity we may 
always suppose that N is larger than m, whatever integer m 
may be, and we may therefore express F(n) ~ in the form 


^(«)-S®r = 2[«r(»)-»r] +2 «r(»)-2 (2) 

r-0 r-m+1 r-m+1 


Now HMf converges and therefore m may be chosen so that 


S ^ S ^r<e, 2 “rW ^ S ^r<e .(3) 

f=m+l f»m+l r*m+l 

where e has the usual meaning. 

The value of m in the equalities (3) depends only on the 
series Sif, and is therefore independent of n ; when m has been 
chosen so as to satisfy the inequalities (3) let it be kept fast. 
The first sum on the right of equation (2) contains a finite 
number of terms and th^efore by condition (i) the number n, 
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can be ohosen so that, if »>%, the first sum on the right of (2) 
will be numerically less than e. Hence if n>nx 

i’(n)-S»r|^ S[«r(»)-Vr + 2 «r(») 2 

I If^ r-m+l r«m+l 


that is, 


and therefore 


F{n) - 2»r <3® if » > Ui 


f-O 


/*-f’(»)=2»r. 


(aj\* \ 

1 + - j show that the limit of JP(n) when n tends to 

infinity is the series 


-^ "r! • 

r=0 


H~ “-<«)-(■ -J)(l -?) ... (l . J. 

N^n.Vr=-^. 

where a is any fixed positive number. 


64. Abel’s Theorem. When the interval of convergence 
{E.T. p. 384) of a power series is ( - iJ, R) the interval may be 
changed to ( - 1, 1) by substituting w/J? for x ; we therefore 
suppose that in this and the next article each power series 
converges for | a; | < 1 and diverges for | x | > 1. The behaviour 
of the series when z-*-l or when x-*- - 1 from within the interval 
will now be considered ; for definitemaa x wiU be auppoaed to 
tend to +1. 

00 

l<et /(*) = 2««*"* «i.=®o+‘h+— +®m 

«-0 

the series for/(x) converging for \ x\ <1. 

Abel’s Theorem, (i) If a„-*^ (a finite number) when »->« 
the function f(x)-*^ when x-vl ; (u) if {of to-oo) when 

n-*>ao the function /(*)->« (or to - oo ) when 

U 0<x<l, 1/(1-x) = 2!»», 

0 

and therefore, if the series for/(x) and 1/(1 -x) are multiplied, 

/(x)/(i-x)=S«**"=2»«*"+ 2 

n *0 w - w +1 

where the series SsnX” converges for | x | < 1, 
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(i) Let «„-> 8. It is then possible to choose m so that, given e, 
s-e<s„<8 +e if n^m, 

and when m is thus chosen it is to be kept fixed. Next let 

/«(*) = 2 

n«m+l 

and therefore /(«)=(! - x)f„(x) + (1 - x)F^{x ) ; 
tben/Jx) is finite if x-^1 so that (1 -x)/„(x)->0 if 

Again, F„(x) < (a +£)2 but > (a- e)y 

«+l m + l ’ 

that is, F„{x) < (a +c)a:’»+V( 1 - x) but > (« - e)a!*+V( 1 - ar), 

and therefore /(x) < (1 - x)f„{x) + (£ +£)x«+i 

/(»)>(! -*)/«(*) +(«-e)x"+». 

Hence ^f(^) ^ « +e but ^ - c. 

and as £ is arbitrarily small /(x)-»-£ when x^l ; therefore 

a?->i \n-0 / n-0 / 

(ii) Let£„->ao so that the series Sa„ is divergent ; if «„-> - « 
the sign of every term in So„x" may be changed so that there is 
no loss of generality in this restriction on the limit of 
Let Q be any given arbitrarily large positive number ; m 
may be chosen so that s, > G" > if « ^ this case, x 

bemg positive and less than unity, ’ 

* * 

n— m+l m+l 

Md therefore, since (I -x)f„{x)-*0 when *->l, /„(1) being 
unite, 

j[f{x)^0'>0. 

I 


As (7 is arbitrarily large, /(x)-^^ when x->-l. 


Ex, l. log(l +*)=»- ja!* + ... , I *1 < 1. 

The series converges for * = 1- the swies for log* is therefore 
obtaineil by jmtting »a=l. The series diverges for *s=-l and 
log (1 +*)-► -00 when - 1. 
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Ex. 2. if the series and converge when i a; I < 1 their 

product is (jG 7.T. p. 388) where 

Cjj = ®l^n- 1 S "f* . . . 4* 

Show that if the series converges the product of the convergent 
series l'o„ and is whether and converge absolutely or 
conditionally. 

The statement follows at once from Abel’s Theorem because the series 
tend to and respectively when a?->l. \ 

65. Cesluro’s Theorem. This theorem deals with the\limit 
for a;->l of the ratio of two power series which diverge ^hen 

Let f(x)=ltanX^y gr(a;)=S6„a:” where the series and S6„ 
are both divergent ; we suppose that each diverges to + <» , 
as in case (ii) of Abel’s Theorem, and that the coefficients 6„ 
are all positive for n>n\ some given number. 

There are two cases. 

(i) If the quotient ajh^ tends to a {finite) limit I when n-^oo 
the quotient f{x)lg{x) will tend tol when 

We can choose m so that l-e< ajbn <l +e if n'^m and 
therefore, since 6^* > 0 and a:"> 0, 


{l-e) ^ 6„a:»< ^ a„x^<{l+e) ^ 

n—in-H n**n»+l n=«i+l 

Let = 

n-s'O n»«w+l 


then 

Next 

BO that 


^n®** — ^m(®) > 

«— m+l 

(l-e)'lr„(x) < ^„(x) < (I +c)^„(a:). 
^mjx) f{x) - (p„{x) J(x) 1 - ym(®)//(®) 
?(®) - Vm(®) 9(®) V«(®)/8'(*) ’ 

/(®)_ ^m(®) . 1 - Vm(®)/g (®) 

?(*) 1 -y».(®)//(®)' 


When *->1 both /(*) and g{x) tend to +oo (by Abel’s 
Theorem) while <pm{,x) and Vni(®)> being each the sum of a finite 
number of terms, remain finite ; the fraction 


{1 - - 9’»(®)//(®)} 

therefore tends to 1 when Again the fraction $m(®)/’^m(®) 
cannot when x~*-l fall outside the interval (1 -e, I +e). Hence 
since e is arbitrarily sma.\l,f(x)lg{x)-> I when 
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(ii) If the qiLotient tends to qo when n-->oo , the quotient 
f{x)lg{x) will tend to oo when x-^1. 

We can choose m so that ajbn>0'>0 for n ^ m, where 0 is 
any given arbitrarily large positive number, and therefore 
A® before, the limit of f(x)lg(x) when 
is seen to be greater than 0 and therefore /{a;)/jr(a;) tends 
to oo when x->l. 

For the proof compare that of Theorem II, p. 420, of the 
Elementary Treatise, 


Ex, 1. ^(1 

*-►1 

The symbol [\/n] is used to denote the greatest integer contained 
in »Jn, For example, 


[^/2]=1; [^/4]=2; [>/7] =2 ; [^/29] =6, ... 
Let 9?(fl?)=a;+ir^+a;® + ... +a:"* + ... 

and /(*) = [*s/l> + [V2]a;* + ... + [Vn]a;« + ... ; 

then ( 1 - x)f(x) = (p(x ) ; ( 1 - x)^<p(x) = ^ , 

[l-xT^ 


Now (1 - *) ^ = S ~ 2T4! ^:^r 2 n'r’^ 


n=«0 


and the series for f(x) and (1 diverge when Hence, by 

Ces&ro*s Theorem, 


»->l ' n->ao 


provided the limit for n-^x exists. 

From Exercises II. 29, ={2n + l)a„/Vn where a„ 

n'-*’Co and therefore, 

'lp=ini 


rri 


when 




The above proof is that of Cesiiro ; for another proof see Bromwich, 
Infinite Series (2nd Ed.), p. 160, Ex. 4. 

Ex, 2. If f{x) =2a„a:", s„ =ao +ai +a, + ... +a„, and if 
(tfo+«i+«a + '»+«n)/(»^ + l) 

tends to I when n->-x , prove that/{a;) also tends to I when aj-^1. 

(Frobenius.) 

Let So +Si +s, + ... +s„ =t„ ; th (see the proof of Abel’s Theorem 

(i)). 
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and therefore, by Ceabro’s Theomn, 

n-^oo 

If the mean tj{n + l) also tends to I, by Cauchy’s Theorem 
(§ 20, Ex. 3) and in this case Frobenius’s Theorem gives no more 
information than Abel’s ; but it is quite possible that the m^an may 
tend to a limit though 8^ does not, and Frobenius’s Theorem dbes then 
give new information about the behaviour of f{x) when 1 . \ 

The process may obviously be carried further. Suppom that 
neither 8^ nor the mean tj{n + l) tends to a limit and take a ^second 
mean, namely a-JUn + l)(n + 2) where \ 

(r„ =(n + l)So +(n - l)s, + ... +2s„.i +8^ 

= "i" ••• "^^n* 

If this means tends to I when n->-ao then /(a;) when a;-> 1. For 


f{x)(l - 
and therefore 
so that 


*)-• = J ; (1 -*)-* = X i(»» + »)(»* +2)*". 

‘^ 24 (n + l)(n+2)*» ’ 

^/{*) = j(n + r)(n+^) 

n-*-® 


by Cesiiro’s Theorem. 


66. Derangement of a Series. It has been seen (§ 59) that 
when a series Sa„ is absolutely convergent no derangement 
of its terms affects its sum. Suppose now that is a 
convergent series whose sum is S and that each term A„ is 


itself an infinite series, say 

® 

A^ — « “®m, ••• n't" (1) 

»— 1 

where t» — 1, 2, 3, .... and therefore 

S=±A„=±(±a^A (2) 

W"! ll»—l \ Ii>-1 / 


If summation is made first with respect to m, so that for 
n = l, 2, 3, ... we find 


.(3) 


— — ®1. « +®a» +••• +••• > •••• 

and thmi, the new sum being denoted by S\ 



will the new series be convergent and, if so, will 8 and 8' be 
equal ! 
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The following are sufficient (not necessary) conditions that 
the series (4) should be convergent and have the same sum as 
the series ( 2 ) : 

(i) the series ( 1 ) converges absolutely for every m say 

= I 1 I + I ®fn, 2 I + ••• + I n I + ••• ; 

(ii) the series is convergent, its sum being a, say. 

When these conditions are satisfied the series ( 4 ) is con- 
vergent, 8*=S and the series (3) is absolutely convergent ior 
every n. 

The proof follows from the theorem of § 59 ; because the 
terms of the series ( 2 ), which may be called a double 
series, as containing a “ doubly infinite number of terms, may 
be arranged so to form a single series 51 + 62 + 634 -.... The 
arrangement may be effected in many ways, but there are two 
ways of special importance. 

Let the terms „ be arranged 
in tabular form (T) so that in any 
one row m is constant and in any 
one column n is constant. is 
the sum of the wth row while is 
the siun of the nth column. 

Arrangement by diagonals. Take the terms for which (m + n) is 
constant, taking successively the terms for which (tn+n) is equal to 
2, 3, 4, ... and, for each group in which (m+n) has the same value, 
arrange the terms in descending order with respect to m. We thus find 

®i» 1 I i> a I If ®af a. ®ii 3 I ® 4 , i, ® 8 . a. ®a, s, ®i. 4 I • • • 

Each group lies on a ** diagonal ” of the array (T). 

Arrangement by squares. The terms common to the first m rows and 
the first m columns form a square array. In the arrangement by 
** squares ” the terms are taken from the mth row and the mth column 
of the square array, beginning with the term a^^ 1 , going on to the term 
Om, fn cmd ending with the term Oj, m. Thus we find the successive 

I I a,, 1, Oj, j, Oi, 2 I Oj, 1, Og, 2, Oj, 5, 02, 8, «!, s I .... 

It is clear that both methods give a single series in which each term 
occurs once, and only once, in the table (T), while each term in the table 
appears once, and only once, in the single series. 

Now let Tp=bi+b^+ ... +6, and <S, = | | + | 5, I + ... + 1 6, | 

so that Sp is the sum of the moduli of the terms of Tp. It 
is possible to choose m so Im^e that all the terms of the sum 
Sp occur in the sum a, +a 2 + . which is less than a; 


®lfl. ®lf3» ®l»8f ®1,4. 


If 


*lf8i “'8181 **1141 


®8flf ®8f8f ®3»3f ®Sf4f 


(T) 
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therefore Sj,, which increases as p increases but is less than a 
for every value of p, tends to a limit when p^co so that the 
series hbp is absolutely convergent. But, by hypothesis, to 
every term bp there corresponds one and only one term 
and conversely to every term there correspor s one, 
and only one, term 6, so that the series (2) and (4) Are both 
derangements of S6. and therefore both converge and 
8'^8=i:bp. 

Further, if = I «i, n I + 1 « I + • •• + i the sW 

is less than £ | |, and therefore, by the usual reasoning, the 

series (3) is absolutely convergent. 

Again, if 8„^^ „ is the sum of the terms common to the first m 
rows and the first n columns of the array (T) the sum 8^^ ^ is 
the sum Tp, if p^m^, when the terms of the array are arranged 
in squares ; 8^, m is the sum when there are m terms in the 
“ side ” of a square and the sum when there are n terms 
in a side, and both 8^, m ^n. n tend to 8 when m and n tend 
respectively to infinity. Now 8p^^ n between 8^, m Sn, „ 
in the sense that the difference between 8^^, „ either 8^, m 
or 8„^p is a sum of terms 6,., 6,, 6^, ; but the sum 
l^r I +1 1 +1 I +••• tends to zero when m and n tend to 
infinity, and therefore when m and n tend in any way to 
infinity 8^^^ „ also tends to 8. 

We thus have the result that when conditions (i) and (ii) are 
satisfied 8^, n tends to the same limit when m and n tend to 
infinity in the following three ways : 



(^) ^ n ^ ^ ®fn, n 


where in (c) m and n tend independently to oo , that is, the only 
restriction on m and n is that each becomes and remains larger 
than any given integer N. 

The series in (a) and (6) are said to be formed by repeated 
summation ” ; one of the numbers m, n tends first to infinity 
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and then the other and the two repeated summations give the 
same sum. In case (c) the ‘‘ double series ” is said to 

converge. 

It is possible, when conditions (i) and (ii) are not satisfied, 
that the limit given by (c) may exist and yet the series 
and B„ may not converge, but into such cases we do not enter. 
See Bromwich, Infinite Series, Chapter V. 


Cor, Multiplication of Series. If 
series and Sc„ are absolutely convergent with sums B 
and C respectively the terms in the mth row of the array (T) 
will be , 6,„c„, ... and therefore 

+ ...) ~b^C , 

and S= '^A,„ = b^C = BC 

because conditions (i) and (ii) are satisfied. If now the terms 
in (T) are arranged by diagonals we find 

BC ^S'=-b^'^ ’^‘{bgPx '^byC^ 


which is the usual rule for the multiplication of two absolutely 
convergent series. 

It would be more symmetrical to take .c^x^ 

and to let m, n take the values 0, 1, 2, ; by this notation 

we should get the form given on p. 388 of the Elementary 
Treatise. 

The following examples 1-4 are from Bromwich, p. 86. 


Ex. 1. If „=c„iC„ where the numbers are positive, the double 
series „ converges if converges (say to C). 

=(Cx +c, + +Cm)* < C*. 

so that m ^d therefore also „ tends to a limit. 

Ex. 2. If w + n -p and if a,„, „ =Cplp, the terms being all positive, 
the double series -aw, „ converges if '^Cp converges (say to C). 

Here, if we take the arrangement by diagonals, we have for the single 
series /c„\ 

K + 2(}c,) + 3(K) + ... +{P- 1)(5) + ... < 

and the result follows. It may be seen similarly that if „ =dp/p and 
if diverges so does n* 

Ex. 3. The double series 2(w +n.)“*® converges if a :>'E and diveiges 
if 2, while eonverges if a. > 1, i? > 1. 
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Ex, 4. If a, c are positive (and ac> if 5 <0) the series 
(am* + 2bmn + cn*) “ ^ 
converges if A > 1 and diverges if 1. 

When A is the greatest of the three numbers a, c, 1 6 |» we have 
-4 (m + n)* > om* + 26mn + cn* > 2 [6 + N/(ac)] mn 
and the result follows from Ex. 3. 


Ex, 6. Show that, if 1 « | » 1 2/ 1 and 2fi; < 1, 


(l-2xy+y*r* = l+£^’»(*)y" 

n—1 

where P^ix) is a polynomial in a; of the nth degree. 

If I y (2x -y)\< 1 the Binomial Expansion gives 

(1 -2a:y+yT* = l + (1) 

Let I a? I and \ y\=t); then, if 2^?y < 1, 


(1 - 2f, = 1 + ,»(2{ +f,)n (2) 

Now the series in (2) is what the series in (1) becomes when ^very 
term in it is made positive, and as the series in (1) when thus treated is 
convergent (by (2) ) its terms may be deranged and rearranged in 
powers of y. When so rearranged the coefficient of y^ is PJijx), the 
polynomial of the nth degree, 

^-3.5.. . (2n~l) f ^ n(n^l) , n(n~ l)(n-2)(n-3) , ^ f 

1.2.3...n I 2(2n-l) ^2 . 4 . (2n-. l)(2n- 3) *•7* 

Now 2iri+ri*< 1 if ti<(l +{*)^ and this inequality is satisfied if 

( ~ 1 and 77 <^/2 - 1 = 0-414. Hence the series 


1 + 

n—l 

converges absolutely and uniformly with respect to x and absolutely 
and uniformly with respect to y for the ranges 

I a: 1 and |y |~c<>/2 - 1. 

The polynomials P^ix) are called Legendre^ a PolynamicUa of degree n 
or Legendre's Coefficients of degree n or Zorud Harmonica of degree n, 
(See, for example, MacRobert’s Spherical Harmonica, Chapters IV, V.) 


Ex, 6. Show that P„( -a;) = ( - l)’>P^(a?). 

Prom the value of P„(a?) in Ex. 5 it is obvious that P^ix) contains only 
even powers of x when n is even and only odd powers of x when n is odd ; 
the result then follows. The relation may, however, be proved inde- 
pendently by expressing (1 +2®y in the two forms 

[1 -2( -a:)y +y*]"i and [1 -2a;( -y) +( -y)*]"*, 
which give the identical equation 

1 + S-p«( -*)»"= 1 + -»)" 

n-l a-l 


gnd therefore 
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Ex, 7. Prove the following values where, for 83 rmtnetry, Po(*) = 1. 


EXERCISES VII. 


1. Prove the conditions (E,T. p. 396) for the convergence or diver- 
gence of the Binomial Expansion of (1 when a: = i 1. 

2. If =(n!)*ar"/(2n)! the series converges or diverges according 
as I a; I is less than 4 or greater than 4. 

3. If = 1 . 3 . 5 ... (2n - l)/2 . 4 . 6 ... 2n the series diverges. 

. a a(a + l) a(a + l)(a+2) 

4. The senes + ... converges or diverges 

according as 6 - a (or the real part of 6 - a) is greater than 1 or not 
greater than 1. 


5. If 0<a;^c<l the remainder after n terms of the series 
l»’a; + 2**a:* + 3'‘a;» + ... 


is less than (n + 1 )'‘a:*»+^/{l - ( 1 + 1 jnYx ) . 

State any restrictions on n and r. 


6. If then |;«„=log2. 

fl“» 1 

7. If w„{a?) =a;*(a?* +2*)(a7* +4*) ... [a?* +(2n -2)*]/(2n)l the series 

1 

converges uniformly for every x. 


8. If uja;)=:l/(n*+n*x*) the series y] ujjx) converges uniformly for 

every x, 1 

9. If 2o,j is convergent the series 

^ a?^ V'/T na?”{ 1 -aj) 2na„a5’*(l -a?) 

2^®*‘l+a?«' » Zj 1 

converge uniformly for 0 ^ a? S 1. (Hardy.) 


10. If the series is convergent and if c is neither zero nor a 
negative integer show that the series 

^ ( c - f n — 1 ) 

+ — (*+n-l) 

is uniformly convergent ifa;-c^d>0 and x neither zero nor a negative 
integerr (If c and x are complexi then the leal part of a; c will be 
greater than d.) 
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11. If converges uniformly for a<x<h and if each of the 

functions u^{x) tends to when x tends to a from within the interval 
(a, 6), show (i) that the series 2a^ converges, say to -4, and (ii) that 

=2 u„(a:). 

(Note that the value of u^{x) for aj=o is not in question ; may 

or may not be defined for a; =a so long as uj^x) tends to a limit when 

[With the usual notation, m can be chosen because of the Wiform 
convergence so that, for every x such that a<x<h, and fo:i n m, 
I pRn(^) 1 < e, and therefore, if n and p be kept constant while x-^a, 

I 1 = 6, that is, 1 a„^, +a„+a + ... H-o„+„ | s: e. 

x-^a 

Thus is convergent. Now take the complete remainders Bmix) 
and Rm in the series ^uj^x) and respectively, and write 


2 “n(®) - S ®» = 2 
111 

we can choose m so that both | R^ni^) I 8*nd | R^^ | are less than e 
(a<x< b) and then, m being kept fixed, h may be chosen so that 

^ I 

2 -o„} I < e if » -o< A, 


and therefore 


1 1 


< 3e if a; - a < fc. 


that is, 2)w„(a;)->!£o,j if x-^a. 

Of course a like theorem holds for a;~^6.] 


12- jC (x +a?® -aji® + ...) =1. 

a?— 

[If /(x) =a? - a;* + . . . the coefficient a,* of a?” in /(x)( 1 - a;)“iis 1 or Oaccord- 
ing as the greatest integer in is odd or even. If [s/n] = A =greatest 
integer in ^/n, then 

o,+o, + ...+a„=l{l - ( -l)^(n + l)+J{ -1)^A(A + 1). 

/* /(«)(! /" Oi+o, + ... +g» - 

/o ~ A» n + 1 "’’J 

»— ►! n—*OD 


13. Lambert’s Series is 


X X* ^ a?* 


+... 


prove that it con- 


verges if I a; I < 1. Express it as a double series and show that it may 
be transformed into the series (Clausen’s Series) 


1 


+ x^ 


1 +a;* 
1 -a?* 


-hx^ 


1+x* 
1 - a;* 


+....] 
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14. Prove that Lambert’s Series may bo expressed in the form 

xe{i)+ x^e{ 2 ) + a-»0( 3) + . . . + x^e(7i) + . . . 

where d(n) is the number of divisors of n, including 1 and n. 

15. If I a? I < 1, show that 

X ^ X* ^ X^ ^ _ X X* x^ 

1 +a7*^ 1 ^x*"^ 1 -far® ^ *" “1 -x 1 1 -i® ~ "* ’ 

16. If I a; I < 1, show that 

X X^ X^ __ X X* x^ 

1 +x*'^T+x^'^ 1 +Vo‘^”' “1 -a:* 1 -x^'^ 1 -a;W ~ '** ’ 

17. If I a: I < 1, show that 

X 2a;* 3a;* _ _ ^ a?* 

TTx ~ i+i* I'+a* “ ■ ■ ■ “ (T+ x)« ~ (TT®*)* ■*'rr+^p “ 


18. If /(a:) =:^o„a:" and g{x) = y both series converging for 
n= 1 n- 1 

I a? I <1, show that 


«« 1 n=^ 1 


(Knopp.) 


67. Series of Complex Terms. If b and c are real numbers 
and i is “ the imaginary unit the number a where 

a=6+ci is called a complex number. The student will bo 
supposed to be familiar with the usual nomenclature and with 
the method of representing complex numbers on the Argand 
Diagram, as well as with the laws of operation. 

For definiteness, it may be noted that when h and c are given and the 
numbers r and 0 are determined by the equations 
r cos 0 =b, r sin 0 =c 

subject to the conditions that r is positive and tho 

number r is called the modulus of a or 6 +ic and is denoted by |a| 
or |6+i’c|, being equal to the positive value of (6*+c*)i, while 6 is 
called the amplitude of a. If 0 is one solution of the equations so is 
0 + 2n7r where n is any positive or negative integer ; the value of 6 as 
above restricted is called the principal vaXu^ of the amplitude of a. 
Again, the principal value is often taken to satisfy the condition 
0^ 6 < 2;s but, unless otherwise specified, the principal value will bo 
supposed to be such that -n<0'Q.n, 

If bn and c„ are real numbers and an— bn the series 
So„ or S(6« +ic„) 

is called a series of complex terms or a complex series. It is 
plain that if the series and are both convergent the 
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number S(6„ +*««) or is a definite number and in this osjse 
the series is said to converge. If either S6„ or Sc„ is not 
convergent the number I](b„ +ie„) is not a definite number 
and 2a„ is said to be not convergent. The convergence of Sa« 
may therefore be tested by seeing whether D6« and|Sc« are 
b(4h convergent. I 

The most important type is the absoluldy convergeim series. 
The series Sa„ or Z(6„ +tc«) is said to be absolutely conyergent 
if each of the series S6„ and is absolutely convergeiit, and 
it is easily proved that 2a« is absolutely convergent if, and only 
if, 2| a„ I is convergent. For 

Ia«l=(i>n+C5)^^ l^nl +|C„| 

and therefore S | a„ | converges if both S | &„ I ^nd S | | 

converge. 

Again, 1 6« 1 ^ (bS +cS)* = | o« |, 1 c„ | ^ | a„ | 
so that both S | 6^ I and S | | converge if S | a„ | converges. 

The convergence of S | a„ i may be tested by the rules for 
series of positive terms. 

For example, the series where z is complex, converges absolutely 
if la;|<l because |a„+i|-r|a„ | = |a:l. 

The series 2ic^/n! converges absolutely for every z ; because 
J ®n+l I _ I I _ _ 


JJlJ . 

“n + 1 


-0 if n->oo . 


When aja^+i can be expressed in the form 

= l , -An +iBn 

o„+i n »* 

where | A„ \ and | | are bounded, we have 






|C7«| bounded. 


and therefore (§ 60) 2a« will converge absolutely if a >1 but 
Sja„| will diverge if a^l. Instead of (A ^+ we 
might have (A„+ iB^)fn^, A>1. 


Ex. If a, fi, y, X are complex, «. +»ot„ ^ = ft +*ft. y — Vi +»y»» 

the hypergeometrio series will converge absolutely when x — l if 
tyi — o.^ - ft)> that is, if the Beal Part of (y -o. - /}), is positive. 
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Tanneartfs Theorenty § 63, holds for complex terms as for 
real ; the proof needs no change when the terms of Jlur{n) 
are complex. 

Derangement of Series, Here too no change is required ; 
when the conditions (i) and (ii) of § 66 are satisfied the proof is 
the same as when the terms are real. 


68. The Exponential Function. Let jP(n) = (l 4 * 2 /n)“ where 
71 is a positive integer and z is complex, c =::r +iyy x and y being 
real ; it will be proved that, when n tends to infinity, F{n) 
tends to the limit expressed by the series 

l+z + ~ + ^+...^+,.. = 9 ?(z), say, (1) 


which converges absolutely for every z. 

Expand (1 ^zjn)^ by the binomial theorem, which is appli- 
cable when 71 is a positive integer, and express the coefficients 
as in § 48 of the Elementary Treatise ; thus 


F(n) = l + z + (l -^)|j+ 
+ 




r- 


n 


n - 


n 



Let Ur{n) be the term of the expansion that contains z^y and 
let \ z\ =a ; then we have 

(i) jT Ur(n)^z^lrly when r is fixed ; 

»-->00 


(ii) |ttr(7i)l ^ d^jrl ; (iii) 'La^jrl is convergent. 
The conditions of Tannery’s Theorem, § 63, are therefore 
satisfied and - ^ , 

( 3 ) 


and this series converges absolutely for every z. 

The limit may, however, be' expressed in another form, 

namely — 

jT «*(cos y + i sin y). 


’Eot, if 1 + xjn^r cos d and yjn^^r sin 0 (ti a positive integer) 
so that l-\‘Zln={l-\‘Xln) + iyln:=^r{ooB 0 +i sin 6), 
r cos 0 will, for large values of n, be positive while r sin 0 will 

a.A.o. TV 
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have the same algebraic sign as y ; hence B may be chosen so 
that it lies between - n:/2 and nl2. By De Moivre's Theorem 

(1 -f 2/n)" =r"(cos B 4-i sin 0)” =r”(cos nB sin nB), 

Now, 

But ny®/(n 0 when n->Qc and therefore by § 26, Hx. 2, 

n \ 

{1 +y^j{n +ir)2}2 when ?i->qo , 
so that when 7i“>oo . 

Again, tan 0=y/(n +a:) and therefore 0->O when w->oo. 
Also, 

wfl =: 7-^; = .“ft when n->QO 

tan 0 71 + a; tan 0 1+ xjn ^ 

if we assume the usual theorem that 0/tan0~>l when 0“>O, 
Hence jC F{n)- + =e®(cosy +isini/) (4) 

n-^-oo n— ♦'00 ^ ' 

and therefore 


^ D” " y + * sin y) =g ~ = 99(«). 

When z is real, z—x, the series is equal to c® ; the definition 
of the exponential function is now extended to complex 
values by saying that c* means the series 'Lz^Jrl or fp{z) or the 
function e®(cosy +isiny) when z=x +iy. 


69. Trigonometric and Hyperbolic Functions. If 2^ and z^ 
are any two complex numbers the power e* satisfies the index 

X e*» = +*•, 

as may be verified either by finding the product (p{z^ x 97(22), 
which is easily seen to be 97(21 + 23), or by taking the product of 
and e** when these are expressed in the form 

e*»(cos y^ + i sin y^ and e*^(cos y^ + i sin y^. 

If n is any positive or negative integer (6*)"=e’**, but when 
n is not integral or not real the fimction is no longer single- 
valued. (See § 72.) 
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Suppose a;=0 ; the series for 93(2) then gives, by equating 
real and imaginary parts, 


cos y = l - 
sin 


2 !^ 4 ! 6!^’" 

3 ! ■^ 5 ! 7 K”* 


which are the usual power series for cos y and sin y ; by 
equation ( 4 ), § 68, y is the number of radians of angle. 

In the equation e'^^cos y sin y put -y for y; the 
equations = cos y sin y, 6“^^ =cos y -i sin y 

give cosy=: ^ , siny=: — — (1) 


which are known as Euler^s expressions for cos y and sin y. 

The direct trigonometric functions of a complex number 2 
which, as yet, have no existence, are now introduced by 
definitions suggested by equations (1), namely, 

cos 2 = ™-2“— ’ sm2=.:-^, 


while the other functions tan 2, cot 2, cosec 2, sec 2 are defined 
by the equations tan 2 = sin 2/cos 2, . . . sec 2 = 1 /cos 2, which 
hold for real angles. 


Again, sin* 2 4- cos* 2 



2t ) 2 / 


= 1 . 


the fundamental identity for real angles. Similarly it is seen 
that 1 4. tan* 2 = sec* 2,1+ cot* 2 = cosec* 2, 

and it is also verified very easily that the Addition Theorems 
for cos(2i± 22) and sin(2i j:;22) hold also for complex values. 

It should be noted, however, that, when 2 is complex, the 
familiar relations | sin2 | ^ 1, | cos2 | ^ 1 are no longer true 
in general. 

Periodicity of e®. The function e* is periodic, with the pure 
imaginary period 27 ti ; for if n is any positive or negative 
integer, 

xe*""'^=e*(cos 2n7r + isin2?ijr) =c*. 

The trigonometric functions have, however, the same real 
periods as when the angles are real ; for 

g'i:i(*+w . 2ir) ^ g j:2wiri 
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80 that an increase or decrease of the argument z in sin 2 or 
cos z by in makes no change in the value of sin z or cos z. 

The zeros of the trigonometric functions are the same as 
when the angles are real. For example, if z—x-\-iy and 
sin z =0 we must have j 

g-<«+y QJ. g 2 y ^ g 2 iae -- qqq 2x +i sin 2x, 

This equation requires, since x and y are real, = 1 or y = 0 
and cos2a; = l, sin2a; = 0 so that a;=n:7r, n = 0, il, ±2, .\... 

The Hyperbolic Functions. The definitions are the seime as 
when z is real {E.T. p. 140) ; for example, 

cosh z = i(c* 4 - c“*), sinh z = ^ (e“ -e"®). 

The relations 

cos iz =cosh z, sin iz =i sinh z, sinh iz =t sin z 
should be noted as they are often useful. 


Ex. 1 . Show that, x and y being real, 

(i) cos (aj±ty)=cos x cosh y'=^i sin x sinh y ; 

(ii) sin (aj±t 2 /)= 8 hii*^< 50 sht/±^’cosa; 8 inhy ; 

..... ^ / . • X sin 2a; it sinh 2// 

(m) tan (a;dbw)= — ; r-77^ . 

\ t V .// cos 2a; + cosh 22/ 


Ex, 2. If X and y arc real prove that 

(i) I sin {x±iy | ={sin* x +sinh* y)^ ^ cosh y but ^ sinh | y | . 

(ii) I cos {x±iy\^ (cos* x + sinh* y)^ cosh y but sinh | y | . 

Ex, 3. If X +iy =tan (w +iv) where a;, y, w, v are all real, show that 

(i) a;* +y* =(cosh 2v - cos 2u)/(cosh 2v +cos 2u) ; 

(ii) tan — ^ ^ 2 » (ih) =%-r'nri — i » 

' ' l-a;*-y*'' ' l+a;*+y*’ 

(iv) e*^ = {a;*+(y + l)*}/{a;*+(y-l)*}. 

Ex, 4. If z is complex, |c*-l| <|z|(l+J|z|c**'). 

Let I z I =r ; then | e* - 1 1 is less than or equal to 

r + Jr»{l +J+g!^ + ... + — 

<r + ir*(l +r+^* + ... 


70. Logarithms. If c”’=z, where w and z are complex, to 
is defined to be a logarithm of z ; when z is real there is only one 
real logarithm of z, but when z is complex new oonsidwations 
come into play. 
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Let z +iy=:r(co 8 6 +i sin 0), where -7z<$^7t, and let 
tv=u +tVy where u and v like x and y are real ; then 

e^=:e^+^'’z=::x +ii/—r(co8 0 sin fl), 
or 6**(cos V +i sin v) =r(ooa d +i sin 6), 

and therefore e“=r, v = 6-h2n7t, n==0, ±1» ±2, ... . 

Hence, since r is positive, u =log r, a real number, and 

w=u -hiv=log r +i(6 +2w;r) (1) 

This value of w is the general logarithm of z ” and is denoted 
by Logs;, so that Logs; has an unlimited number of values 
that differ by multiples of 2m. The value of w for which n 
is zero is called the principal value of the logarithm of z and is 
denoted by log z. Hence 

Log s;=log s; +2wm, n=0, ±2, (2) 

If s; = a; + iy , then r = (x^ + y^)*, log r = ^ log {x^ + y*) while fl, 
the amplitude of s;, is the angle which satisfies the equations 
r cos 6 =a?, r sin 6 = y and also the inequalities - sr < 6 ^ 

If 01, flg, , On are the principal values of the amplitudes 
of 2 i,s; 2, ... and 9? the principal value of the amplitude of 
the product z^, Z2, ^z^ then 9? is not, in general, equal to 
0i +02+ ... +6^ but to 01 +02 + ... + On +2kny where k may be 0 
but, in general, is a positive or negative integer which must be 
chosen so that - jr < 9^ ^ ;t. Hence 

log (8 ;iS;2 ... Zn) =log sij +log s;a + ... +log Zn +2fc;ri. 


Ex. Letm~2. 


61=5, 0,=^, *!= 0 ; e,=fi,=^. k = 


- 1 , = - 


2n 


6,= - 


2 ’ 


2n j . 5n 


71. Inverse Trigonometric Functions. If a; is real and 
tan y we find by expressing tan y in terms of e** that 

^ !+»* 




’%X 




1 


tx. 


and therefore 


( 1 ) 
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then 


and ^Log(J^j=^^.xi(O42w3r)=i0+»OT. , 

The principal value of y is therefore ^0 and is the value to 
which the symbol tan~^a: is restricted {E.T, p. 133). \ 

The general value of tan“^ z, when z is complex, is de^ed to 
be 





Thus if a; +ij/=tan('«4 4-iv) so that u-hiv is a value of 
tan“^ {x H-ij/), it follows from § 69, Ex. 3, that 


u -hiv^nn 









where n — O, -tl, ztiS, , and therefore, as when z is real, the 
values of tan~^ z differ by multiples of n. 

As we shall make very little use of these inverse functions 
it is sufficient to state that ail can be expressed in the form 
a +i/? where cl and p are real functions of the real variables 
X and y. For fuller information the student may consult 
ChrystaFs Algebra, Chapter XXIX, or Hobson’s Trigonometry, 
Chapter XVI. 


Ex, If sm~^(a: + it/) = + i /?, ar + = sin fx. cosh p + i cos a. sinh /?, 

prove that 

(i) cosh P = i{{x + l)* +y*}i +i{(a; - !)• +y*}I=w ; 

(ii) sin «. = J{(a? + 1)* + 2 /*}^ - \{(x - 1)* + 2 /*}^ = v ; 

(iii) sin""^(a? -^iy) =znn+{ - 1)^ sin'^^v . ( - 1)" log {t* + (u* ~ 1)^}. 


72. The Generalised Power. The power 2 " is defined for all 
values of z and w, real or complex, by the equation 

gn ^ liOg z 

and is the principal value of z". 

The general power z” is single-valued if, and only if , n is zero 
or an integer, positive or negative ; because 

n Log z'=n log z +71 . 2X;7», ft=0, ±1»±2 

and in this case is unity. If 7» is a rational fraction, 
n = ±p/s. where p and q are positive integers and pjq is in its 
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lowest terms, has g different values. In all other cases the 
general power z" has an unlimited number of different values. 


Ex. 1. (i) log (ii) log i ; (iii) log ( -t) = - 

Ex. 2. The principal value of i* is 

Ex. 3. If tan x=c sin fx./(l -c cos ^jl), show that if a; =0 when c = 0 



Ex. 4. If X and k are complex, | a? | < 1 and ^ =fx. where tx, and p 
are real, find the modulus of the principal value of ( 1 + x)^. 

The principal value of log (1 +ic) is that value which is zero when x 
is zero ; for if x =r(cos 0 -f- i sin 0), -n<Q '1' and 

1 +r cos 0 —p cos r sin 0~p sin 9?, 
cos (p is positive and therefore - ji/2 <97 < 7r/2 and 95 =0 when r =0. 

Next, log (1 +aj) =log q +19), 

so that k log (1 +a;) —(alog q - ptp) +i(^log q +09?) 

and therefore | ( 1 + a?)*' | = e« log - ^4 

where ^ = (1 + 2r cos Q +r*)i. 

Since I T’ I ^ ^/2, \(l +x)^\~z 


73. Complex Functions of a Beal Variable. If u and v are 
real functions of the real variable x — ^that is, functions in which 
the constants are real numbers — ^the function w 4*ir is called a 
complex function of the real variable x. 


A polynomial f(x) of degree n (n a positive integer) in which the 
coefficients are complex numbers may, by separating the purely real 
and the purely imaginary parts, be expressed in the form u The 

quotient of two such polynomials is of the form (u^ ’^ivi)l(u^ +w,) and 


‘ 

M, +Wi w|+v| 

Again, if a = 6 +tc (6, c real) e®® is of the form m 4-tw where 


u =e^ cos cx and v =e^ sin cx. 


From the definitions of logarithms and of the circular functions, 
direct and inverse, it will be seen that they are all of the form « +w. 
The definition therefore includes all the ordinary functions. 

The derivative and the integral of a complex function /(») 
of the real variable x are defined, when /(a:) has been expressed 
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in the fonu u +tv where u and v are real functions of x, by 
the equations 


where C is a constant, in general complex, C=Ci +»C7,.^ 
The definite integral is defined by the equation 

f» 


n f* f* 

I f{x)dx = \ vdx+%\ vdx, 

i a J a J a 


where the limits a and b are, of course, like x, real numbers. 

The rules for differentiating a sum, a product or quotient, 
and a function of a function (both variables being real) will 
obviously be the same for the complex as for the real functions ; 
the rule for differentiating an inverse function will be proved 
for the standard formulae, as the general proof really requires 
the concept of the complex variable. 

(I) c*®, where w=u^iv and u, v are real functions of the real 
variable x. 

By definition, e^=e^(co8v -hi sinv) ; therefore 


dx 


dv 


=e“g^(cosv +isinv) +e“( -sinv +icosv)g- 


=€“(oos v-hi sin 


+i6“ (cos V +iBinr) 


— 

dx 


=e“(cosv +fsinf; 



d.e^ 


~3^-^ dx‘ 


so that 

We thus have the same rule as if w were real. 


(II) Trigonometric Functions. By expressing sin w, cos w, 
tan w, etc., in terms of and applying (I) it is readily 
found that the derivatives have the satme form as when w is 
real. 

For example. 


d . sin w 1 d(e‘" - e-*") , dv) 


d.sinw 

~sr" 


=oosw 


dw 

35- 


so that 
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(III) logti;. In this case let ti;=^(Gosf> H-^sin^) where 
Q and q> are real functions of x ; then log w =:log q +i(p so that 
d . log k; 1 dQ 
dx Q ~dx dx 

^ ^ -f i^(cos (p sin tp) ^ 


/I dp 
=tu( ~ 


and therefore 


\q dx dx/ 


d Aogw _ 1 dto 
dx ~^wdx' 


Since Log t«?=-log ti; +2n7rf the derivative of Logu’ is the 
same as that of log w, 

(IV) Inverse Trigonometric functions. The forms are the 
same as when w is real ; for example 


d . tan~^%; 
dx 


Id. (I 


1 

iwJ 


1 dw 
I -pM?* dx * 


(V) w^. Let \ogw bo the principal value of Logtc; and 
gniogw where ti? is a complex function of the real variable 
X and n a complex constant. Wo find by (I) and (III) 

dx dx ' w dx* 


so that 


d.vf^ 

dx 


=nw 


n-l 


dw 

Tx' 


Cor. 


If the same value of Log w is used for and 


d.vf*^ 

dx 


—nw 


1 


dw 


(VI) In respect of integration we may assume (as will be 
fairly evident from consideration of the .definite integral as the 
limit of a sum) that 


or 


j J (tt +iv)dx ^ j* I « +i» I dx 
jj wdx 


where a and b are real numbers and a<b. 

It is also assumed that the integral of df{x)ldx is/(x) + oon* 
stant. 
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Ex. Find the integrals of e^oosbx and 6”*8in6x, (a, 6 real). 
( «(«+»)* dx +*8inte) 

J*' ^ ' ‘*'"o+»6 ~ a+ib 


and I e (« dx = Je®* cos hxdx + 1 Je** sin bx dx. 

Equate real and imaginary parts. 

74. Logarithmic and Binomial Series. The semes for 
log (1 +a;) and (1 +a;)*, where x and k are complex, willvnow be 
established. \ 

I. log{l+a;). When t is real, and x complex, 

|a; I < 1, the principal value of log (1 is that for which 
X (or t) is zero (§ 72, Ex. 4). 

Now, let I aj I = p < 1 and let t be real ; the binomial I -i^xt can- 
not vanish if 1, and therefore 


r 

Jo 


xdt 


^Principal value of Log (1 + x), 

1 -r Xt 

Again, by elementary algebra, wo have 

and therefore, log(l+a;) denoting the principal value of 
Log (1+*), 


log(l + *) = 2(-iriy+(-l)"i?„(x),|*|=e<l (1) 

where 

Now 1 1 + 1^1 - ^ > 0 when ] x | =^< Tand ; hence 

<*> 

and therefore 0 when n ->• oo. We thus find that 

log(l+a:)=a;-|a:* +lx^-^x^ +... , | » | < 1 (3) 

80 that the series for the principal value of log (1 +a;) when 

X is complex and | a; | < 1 is the same as that for log (1 +a;) 

when z is real and | a; |< 1. 


Ex.l. If |x| <i, llog(l+x)lg=2|xl. 

In the inequality (2) let 

n = l; then l-p>j) and \By{x)\=\x\*'Si\x\, 
so that |log(l+*)|g|*|+| JSi(*)|S2|*|. 

(The sign == occurs only for x =0.) 
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Ex. 2. llog(l +jc)|^|a:| +J Ia;|a4-J| 
and therefore | log ( 1 +a?) | -I ~ log (1 - 1 a? | ), | a: [ < 1 . 


Ex,Z. Show that | - 4 + Ja; -Jir* - ... | < 1 if la;|<4 and 
deduce that log ( 1 +a;) -=a! + 0a;* where | 0 | < 1 if | a; | < 4* 


II. (1 Suppose that x and k are complex, | a? | < 1 , and 

let / be a real variable, 1 ; the principal value of (1 

is that value which is equal to 1 when i-0 and the principal 
value of (1 is that value which is equal to 1 when ar = 0. 

Let F{t) be a complex function of the real variable t defined 
for the range 0 ^ f ^ 1 by the equation 

vY^) *'(1 +xtr-^{i -ty .(4) 


where 


fh\_k{k - l)ik - 2)...(Jc -r +1) . 


rk\ 

sf/ 


+ 1 ). fk 
’ VO 


.(5) 


Now the rules of differentiation with respect to the real 
variable t are the same as if x and k were real ; differentiating 
F{t) we find (compare E.T. pp. 390, 391) that 

=nQ a:»(l +a:<f-'*(l - 0“"^ • -(6) 


Since |a:|<l the binomial (! + *<) cannot be zero for 
1 and therefore every power of (1 +xt) is finite ; we may 
therefore integrate with respect to t from 0 to 1 and then 
equation (6) gives 

J’(l)-1'(0) =«(*)*»£ (1 +a:<)*-»(l = 

Again, from (4) we find that 

j’(i) - i^co) .-r (1 +xr 
and therefore, by (7), 

(l+*)'' = g(*)*-+22„(a:) 

= 1 + ia: + 2"^ «*+... 


k{k - !).,.(& -n +2) 
l,2...(n-l) 




( 8 ) 


where iJ»(aj)‘iB given by the integral in equation (7). 

It may now be shown by a method analogous to that given 
on p. 394 of the Elementary Treatise that RJx)-*0 when 
n-*-co if I a: j<l. 



180 ADVANCED OALOtTLDS [CH. VI. 

Let i =«. +t/S, x = e(cos B +i sin 6), - n< n, and put the 
integral for in the form 

Now, since i is real and | ii; 1 = ^ < 1 we have, if 0 ^ / k 1, 

1 1 1 ^ 1 - 1 -<sothat | (1 -0-^(1 I 

and therefore |{(1 - /)/(! 

Again, since \-\-xt cannot be zero when \x\<l and 0 ^ ^ ^ 1, 
the power | (1 | must be finite, say less than for 

Further, if | A; | 1 =/c, we have 

{k +!)(«: +2) ... (/c +71 — 1) 


\n 


< K . 


1.2... (n~l) 


Hence 


OI-|(»:i) 


and 


D / \ I ^ +2) ... (/c - 1) « 


1.2.. ..(71-1) 
where is the nth term of the convergent series 

1 + + l)Q + j— 2 ^^+... . 

Therefore, since when n-^cc , being the nth term of a 

convergent series, the Remainder Bn{x) in the expansion (8) 
also tends to zero when n->oo . The principal value of (1 + x)^ 
is therefore given by the series 

(l + a;)^=:l + ... |ir|<l, 

so that the expansion has the same form as when x and h are 
real. 

Ex, 4. If X is complex and /n ' prove that 




If n > I a? |, we have 


80 that 


= 1 .4„ I J I *(»* - 1) ), 

/*»*(/« 


Cor, The series Z(/„ - 1) converges absolutely for every value of x. 
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75, Uniform tbonyergence. When z is complex, + 
where x and y are real, a series 'Lun{z) will be of the form 

y) + iSw«(a;, y) 

where Vn{x, y) and w^ix, y) are real functions of the real 
variables x and y. 

If when I 2 1 ^ ^ or , more generally, when z is any point within 
or on the boundary of a closed curve (7, the term is such that 

(i) I Un{z) I ^ Mn, where Jlf„ is a positive constant 
and (ii) the series converges, 

the series l^uj^z) converges absolutely and uniformly for such 
values of z. 

The series converges since converges ; further, the 

convergence does not depend on any particular value of z so 
long as z is in the region specified, because the convergence of 
the series of constant terms is independent of z. The 
property of uniform convergence is therefore maintained. 

It is not hard to state theorems corresponding to those of 
Dirichlet and Abel, but for these and other developments we 
refer to Bromwich’s Infinite Series (2nd Ed.), Chapter X. 

EXERCISES VIII. 

1. Show that the points on the Argand Diagram that represent the 
roots of the equation (« + 1)® = 322"’ are concyclic, 

2. If Xf ou, p are real, show that the two series 

n-l n-l 

C = cos(f^ +rP)f ^ = V ajf sin(a. +r/?) 

r**=0 r='-0 

may be expressed in closed form by summing the geometric progression 

n-l 

Va:'e<(«+rP) 

f-4 • 

and equating real and imaginary parts. 
n—0 

00 

4. From the equation ( 1 - 2 )*-i= | « | < 1, deduce that, if | a: | < 1, 

n^O 

... 1 -a? cos B - A • . 

1 - 008 e +tr» = ^ ^ ’ 

- («) =«“»+* «n 20 +*» sin 30 + ..,; 
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6. Show that (1-2* cos 0 +*•)“! is equal to 

e-i» 


2i sin 


sin d ( 1 




and deduce Ex. 4, (ii). 


6. If a? =r (cos 6 + 1 sin 6) and r<l, - n<d':^n, prove that 
e= 1 1 H-a? 1 =v'(l +2rco8 0+r*), 

and <p =amp(l +a;), where q cos 9? = 1 +r cos 6 , q sin 9^=r sin B, 

BO that <p= tan-^ {r sin 0/( 1 -i- r cos 0) }, - ^ < 93 <~ . 

Deduce from the series for log (1 H-x) that 


(i) J log (1 + 2r cos 0 +r*) = ^ ( - cos nO ; 

(ii) tau-i i:( - sin nO. 

' W«=l 

7. In Ex. 6, let r-^1 and show, by Abel's Theorem, that 


(i) log (2 cos iO) = ^ ( - 1)" 
or, 20 being put in place of 0, 


, cos n0 ^ a ^ 

-1 , - 7t< d< 71 ; 


(ii) log(2cos0) = ^(-l)»-t22L?2?, 

(iii) = -!)»-> -«<«<«; 


n«l 

or, 7t-d being put in place of 0, 

(iv) ^(7t - 0) , 0<e<2n. 

n=l 

In (iii) the valtie of the series for 0 = 71 or - tv is zero but the limit of 
the series when 0->Tr is Jtv, and when 0-> - tv is - Jtv. 

In (iv) the value of the series for 0 =0 is 0 but the limit of the series 
when 0“^O is Jtv. 

8. Show that in the notation of § 74, II, x — q (cos 6 + i sin 0), ^<1 
and - TV <0^ TV, if k =w a real number, the principal value of (1 +a;)*** 

is ( 1 -f 2e cos 0 + g*)* (cos m(p + i sin mq>) where 

93 =tan-i {0 sin 0/(1 + p cos 0)}, ' 

9. Convergence of the binomial series for (1 +«)♦" when m is real and 
I =s 1, X =cos 0 + i sin 0 where - tv <0 ^ tv. 

(i) Convergence absolute if m > 0 ; (ii) convergence conditional if 
0 > m > — and also 0 not equal to tv ; (iii) divergence if — 1. 

[Let be the coefficient of x^ or (cos nO + ^ sin nB) ; then 

W'+l + A j j 

1+ — —4. n. bounded. 


il m-n n 

+ ori?»>0, the convergence is absolute* 
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If in <0, let m = - /i, fA> 0 ; the term in may now be written 

6„[cos(n0 +nn) +isin(n6 +nn)], == 't !L T . ^ . ; 

when n-> oo if, and only if, /* < 1. Now apply Dirichlet’s Test to 
the two real series.] 

10. Deduce from Examples 8 and 9 that, when m is real and | a; | - 1, 
a;=cos0+iBin0, -n<d^n, the series 

is equal to (2 cos J0)*" (cos Jm0 +isin Jm0) for all values of m for which 
the series converges. 

11. Show that the value of P„(a:), defined in § 66, Ex. 5, holds when 

X is complex provided | a; | 1. 

12. If X =cos 6 (0 real), express (1-21/ cos 0 + 1 /*)"^^ in the form 

(l-yei''rix(l- ye -»)-*, 

expand each binomial in powers of y, find the product of the two series 
and show that 

1 + 2 p„(co8 e)y» = 1 + ^ «o(®)y“ 

n“l n-1 

where w,,(0) — ^which is equal to P„(cos 0) — is equal to 

1 .(2n”- 1) 2co8{n -2)0 

where the series ends, if n is odd, with the term which contains 2 cos 0 
as a factor, but, if n is even, with the term which contains cos(0. 0), 
that is, unity as factor. 

Since the coefficients are all positive P„(cos 0) has its greatest vcdue 
when 0 =s0 and then Pn(cos 0) = 1 so that, when 0 is real, 

- 1£Pii(cob0)^1. 



CHAPTER VII 


SUBSTITUTION OF A SERIES IN A SERIES. INVERSION 
OP SERIES. LAGRANGE’S EXPANSION. MAXIMA 
AND MINIMA OF FUNCTIONS OF SEVERAL VARIABLES 

76. Power Series. The theorem of § 66 on the derangement 
of a series will now be applied to the expansion of functions in 
a power series. 

Svbstitviion of a Pcnver Series in a Power Series, 

Suppose the function f(y) to be given as a power series, 
convergent for | y | < «, 

— » \y\<^ (i) 

where y is a power series in Xy convergent for | a: |< r, 

y =60 + 6107 + 60^:2 + . .. + , | a: |<r (2) 

If /(y) were a series in powers of (y - y^) and (y - yo) a series 
in powers of (x ~ a:o), these could be reduced to the forms in (1) 
and (2) by substituting y for (y - y^) and x for {x - a:o) so that 
there is no loss of generality in using the given forms ; this 
simplification of notation is frequently used. 

The values of y*, y®, ... y^ ...^ay be found as series in 
powers of x by the rule for multiplying series, applied to the 
series (2) and all these series converge for |a:|<f. Now 
substitute for y, y*, ... in (1) and rearrange in powers of x ; the 
rearrangement can be effected when the conditions of §66 
are satisfied. The series of § 66 will take the form 

-4* =a^ =ajam. o + «m. i « + ^m. *** + — + ««,» a*" + 
whero the series in brackets is the mth power of the swies 
(2). (For »»=1, a«.o =«i.o=*o.« •“» for 

Oa s ” • • • sud so on>) 

190 
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Now the series given by is absolutely convergent for 
I :r |< r, but the conditions of § 66 demand that the series 

a« = |a«l(l«m.ol + |o«.il l»l 

+i«».ai i*i*+—+io«.f.i i®r+...) 
should converge and also that not merely S | .4^ | , should 
converge and a smaller value of | a; | may be needed to secure 
this, because and | | are, as a rule, very different 

numbers. 

We now use the symbol ol^ in a different sense from that given 
to it in this reference to § 66. 

Let I I =an, \bn\=pn and | a: | = f . We try to satisfy the 
conditions of § 66. 

The first condition is plainly that Pq<s because y=b^ when 

a; = 0. 


Again, the series (2), and therefore also the series (3), 
converges absolutely if | a: | g g < r so that being a term 
of a convergent series, is finite for every value of n, say 
From (2) we find 

1 y 1 PiS+ + + PnS^"^*** 


</3o + J^( 




+ - « H- ... H — ^ + 




•••) 


and therefore | !/ 1 < /8o + f )• 

If then f is chosen so that - f) is isss than a, that 

is, /3 q being less than a by the first condition, if f is such that 

(s - ^o)e 


f< 


s - /?o +M' 


/3o<« 


( 4 ) 


the series (1) will converge as required when the series (2) has 
been substituted in it for y and rearrangement is allowable. 
The series JS. of § 66 will be 


Bn 







®»=Cn!r", say, 


and then /(y)=]^Cn»"- *(5) 

n«0 

The substitution and rearrangement are therefore valid if 

(i) ^o<». (“) e<»‘ (®) 

where Jif is an upper limit to the values of p^^q^ and = | &» !• 


O.A.O. 


o 
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Cor. 1. If &o =0 only one condition is necessary, namely 
\x\<aQHs + M ) ; 

this case is of special importance because the coefficient of 
in (5) contains only a finite number of terms and is jnot an 
infinite series. 

Cor. 2. Again if « = ao there is only one condition, 

\x\<Q<r 

and, since q may differ as little as we please from r, the tlrans- 
formation is valid simply if | x | < r. 

In proofs of Existence Theorems it is usually the possibility 
and not the full range of a transformation that is in question; 
in the above case it is frequently possible to verify that the 
range of the variable x may be greater than the inequalities (6) 
would allow. It may be noted further that conditions (6) are 
merely sufficient, not necessary. 

Ex, 1. The expansion of log (1 +sin x) in powers of x. {E.T. p. 398.) 
Here f(y) =log (1 + j/) - Jj/* + Jj/* - + ... | y | <1 (1) 

where y =Bin»=a! + (2) 

If I and all the terms in (2) are made positive the series 

becomes sinh^. Now sinh 0*88 =0-998 <1 and the transformation is 
valid if \x\< 0-88. 

Ex. 2. f{y)=e^, i/=fclog(l +aj). 

In this case the series for/(y) converges for every value of y while the 
series for y is convergent if |a;|<l. Therefore the transformation 
holds if I rr I < 1. Further &o =0 so that the coefficient of is a poly- 
nomial. Show that .... 

and, since /(y) =(1 +a!)'^, deduce the binomial theorem. 

77. Division by a Series. If the quotient u/v is required where 
« is a polynomial or an mfinite series in powers of x, and v is an 
infinit e series in powers of x we may first express l/v as an 
infinite series and then find the product of u and 1/v by 
multiplication of series. 

If v—b^ + biX + b^* + ... we may suppose = I when 6, is 
not zero ; for 6, may be taken out as a factor of the series and 
then written in place of hn/bg. There are two oases. 
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(i) 6o = l. Let y=bjX + b^ + ...\x\<r (1) 

then l/v = l/(l + y) = l -y + y®-y® + ...|y I <1 (2) 


By § 76, we may when | a: | is less than some number, q' say, 
substitute the series (1) in the series (2) and rearrange in powers 
of X ; the product of u and l/v will then be of the form Sc^a?*. 

(ii) Suppose b^^O and let the lowest power of x that occurs 
in V be a:**, its coefficient being taken to be unity, say 

v=x^ + b„+ix’^+^ + 6^+2®”+® + . . . 1 a: I < r (3) 

= a;’’( 1 + b„+iX + ftp+ja:® + ...)• 

Express ( 1 + b^+iX + b,,^.^^ + . • . ) "^ as a power series Sc„a:" ; then 
(Lc„x«) 

V X X na_o 

SO that ~ + ^jTJi + ...+- + dj, + dp+iX + + . . . . 

V X X X 

In practice it is usually simpler, now that the validity of the 
transformation is established, to apply the method of un- 
determined multipliers {E,T. p, 388, Ex. 10.) 


Ex, Expansion of a;/(e® - 1). 


e--l=x: 


■> 

n^l 


, and therefore v = " where 
n! e® - 1 r 


X x^ x^ 


x^ 


« = l+2+3!+4I+- + (^^+T)r 


..( 1 ) 


and the value of aj/(e* — 1) for a; =0 is taken to be unity. 


Now express l/v in the form 

l/v =Co + c^x + Cjic* + . . . + + (2) 

where Cq, c^, ... have to bo determined. Multiply the series in (2) by 
the series for e in ( 1 ) ; then the following equation 

1 =^1 3! +^13? 4 -C 2 X* + ...) (2) 


must bo identically true for 1 3 ; | < q, where q is not definitely known 
except that it must be positive, not zero. Hence the absolute term Co 
on the right of (3) must bo equal to 1, the only term on the left ; while 
the coefficient of each power of x on the right of (3), when the multiplica- 
tion has been effected, must be zero. Thus we find 


and, in general. 
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These equations* when solved* give : 

Co=l, Cs=^* Cj=0* C4=-yJ^y* C5=0*.,.. 

It is hopeless to seek by this method the value of except for the 
smaller values of n ; it may be proved, however, that no odd po^er of x 
above the first occurs in the expansion. For* if we write 

we find that /( - x) =/(x) so that /(x) is an even function and coi^tains 
only even powers of x. The fact, however, that there is a power series 
has been established. ^ 

See further § 94. 

78. Reversion of Series. If y is defined as a function of x 
by the convergent series 

yrraja; +a 2 a:* +... |a;|<r, (A) 

the problem of reversing the series in (A) is, in general terms, 
that of expressing a: as a convergent series in powers of y. 
It has been pointed out in § 76 that there is no loss of generality 
in taking a;, y instead of x-x^y y -y^ as the variables, and 
further, that no importance attaches to the particular value 
of f (provided r is not zero). In the following discussion, 
therefore* the essential point is that the series converge ; the 
determination of the maximum range of convergence of the 
various series is a separate problem. 

It is, however, desirable to reduce the equation (A) to a 
standard form before defining more precisely the problem of 
reversion. 

Suppose in the first place that the coefficient is not zero 
and make the substitutions : 

anK ^ > i- 

Equation (A) becomes 

+ + + ... + a'a:" + (A^) 

Suppose next that the coefficient is not zero but that 
*•* ’ all zero and make the substitutions : 

yl<^m^y\ 2 ? = 1 , 2 ,.... 

In this case equation (A) takes the form 

y*-X^ + <+13?”****^ + + {A2) 

The series in (A^) and (A 2 ) will still be convergent ; the fact 
that the coefficient of a; in (A^) and of x”^ in (As) is unity is ah 
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important simplification. The accents may now be dropped 
and the discussion will proceed on the basis of equations (A^) 
and (A2), as thus changed. The two equations require 
separate consideration. 

First Case. Coefficient Oj in (A) not zero. The equation to 
be considered is 


y—x + a^^ + 03a:® + ... + o„a:” + (1) 

The problem of reversing the series in (1) may now be stated 
as follows : to show that there is one, and only one, convergent 
series for x in powers of y, say 

»=y + + 63^® + ... + + (2) 

which satisfies the two conditions that a;=0 when y=0 and 
makes the equation (1) an identity when the series (2) is 
substituted for x in the equation (1). 

We must first show that when | a: | is sufficiently small, y, as 
determined by equation (1), cannot be zero unless a;=0. For, 

y=a;(l +02a: + 03a:® + ...)=a:{l + v) say. 

The series v, that is, a^ + 03^® + ... , is convergent and there- 
fore defines a continuous function of x {E.T. p. 386 ) ; further 
v=0 when a:=0, and therefore, by the continuity of v, it is 
possible to choose | a; | so small, say | a; | < r^, as to make 
|vl<l. Hence l + r is positive if |a:|<ri and therefore 
«(! + v) is, if I a: I < r^, zero if, and only if , a; = 0. 

Let it be assumed for the moment that there is at least one 
convergent series which when substituted for a; in (1) makes 
that equation an identity. Since the coefficient of y in 
equation (1) is unity its coefficient in the series for x must also 
be unity ; the equation (2) may therefore be taken as defining 
the assumed series for x. The solution of the problem of 
reversion consists in showing that this assumption is justifiable. 

When the series (2) is substituted for a; in (1) and the co- 
efficients of y®, y*, ... calculated, each coefficient must be zero 
because the equation is then an identity ; thus, the following 
equations connecting the a’s and the &’s are obtained. 

6, = - o„ 63 = - 02(263) - Oj, 

64 = - o,(f^ + 26,) - 03(86,) - 04, 


( 3 ) 
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These equations determine, in succession, 
uniquely as polynomials in ^ 4 , ... , the coefficients of the 

polynomials being positive or negative integers; that is, 
bn is of the form, ( 

6 „=P„(a 2 , ag,..., a„). \ 

(If the coefficient of a: in ( 1 ) were not unity wouM be a 
polynomial, not in agj ® 3 > ••• > simply, but in a^, ag, . 1 . , a,j, 
divided by a power of Ui* ) This determination of the coefficients 
bn proves the important result that if there is a series of the 
kind assumed there is only one such series. 

The next step is, by a method due, like so much in the 
theory, to Cauchy, to solve a particular case of the problem 
and then by means of this solution to pass to that of the given 
problem. 

Suppose that the series ( 1 ) converges for \x\<r; then it 
converges absolutely for 1 a: | ^ ^ < r and therefore there is a 
positive number M such that | a„ ] M for every value of 
the integer n. Let and consider the problem for 

the particular case, where for distinction f , rj arc used in place 


of a:, y respectively : 

^ = I f I <^<r (la) 

+ (2a) 

The equations corresponding to (3) are 

^4 = ol2( ^2 2 ^3) + a3(3 P2) + ^4> (2a) 


ft — • • • > ft — • • • > 

and therefore, since each a is positive, so is each fi. 

Now I a„ 1 < a„ and therefore 

I 62 1 = 1 aa I < 0C2 ; I 62 I <ft* 

Iftl^l«2l(2|ft|)+|a3|<a2(2ft) + a3; |63|<ft, 
and so on, |6n|<ft, ti = 2,3, 4, ... . 

If then the series (2a) converges, say for \ri\<s, the series 
(2) will converge for |y|<« and then by § 76, Cor. 1, the 
substitution in (1) of the series (2) for x will be justified; the 
equation (1) will be identically satisfied and the problem of 
the reversion of the series (1) will be solved. 
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We now determine the series {2a). In (lo) put Jlf/g" for rx„ 
then if | f | < g we find, as another form of (lo), 





e(e-f) ” 


.(lo) 


so that {M+Q)i^-{Q + ri)QS + Qhjz=0. 

Solving this quadratic for f and taking the negative sign of 
the square root since f = 0 when = 0 we obtain the equation : 

2{M + q)$ = q{q + i]) ~ ~ + ^q)v + V^)^‘ 


Let and 4M t 2 q- *^ + 52 ; and Sj are positive 

and we take 5i<S2. Thus 

2{M + q)S = q{q +>y) -(?*(! -»?As-i)*(l ->?/«2)^. 

If \ri\ <s^<S 2 the binomials and 

be expanded in convergent series of powers of rj and when these 
series are multiplied we obtain the equation : 


2{M + Q)i = q{q + r])- e**|l “ C2>/® - C8»® - ... j 

= e(e +»?) - e® / 1 - ?/ - C 2 »?* - cj»?» - .. .| 


so that 


S—ri + 


2 (Jf +(?)’' ^2{M+q)^ 


+ 


(4) 


(There is no purpose to be served by evaluating Cg, Cg, ... in 
terms of and since the series is known to be convergent.) 

It has been already pointed out that if there is one con- 
vergent series of the type (2a) there is only one ; the series 
given by (4) is convergent and therefore the series given by (4) 
and by (2a) must be identical. Hence the series (2) is con- 
vergent and therefore solves the problem of the reversion of 
the series (1). 


Ex, If in the series of Equation (1) the signs are alternately + 
and - so that 

y=x -a^x*+a^x^ ... , 

show that X is given by 

a?=y - 6 gy*+d,y*- 64 y*+ 65 y® -6^+... 
where 6,, 63, 64, ... are the same as in Equation ( 2 ). 

Second Case. The coefficients a^^ao, a^^i in (A) zero, 
not zero. 



198 ADVANCED CALODLUS [CH. VII. 

In this case the form of equation (A) becomes (Aj) or 

y = -f + . . . . (6) 


When I a: I is sufficiently small it may be proved as ^fore 
that 1 + !«; is positive so that y = 0 only if a;=0. 

Let y^rj^ ] then rj has m different values, given by 

I 2k7t . . 2k7i\ 1 A 1 / 

ri=zif cos — + isin-^;==:y’'‘efc, i = 0, 

where y^l^ is the principal value of the mth root of y. Hence, 
by taking the mth root and expanding (1 in powers 

of X by the binomial theorem, wo find that equation (5) may 
be represented by m equations of the type 
1 

y^ 6* —rj ~rr(l + c^x + CgO;® 4- ...) ~^ + <* 1 ^^ + ^ 2 ^® + (6) 

The work in the First Case is not essentially altered if y is 
complex, and therefore to each of the equations of the type (6) 
^here corresponds an equation of the type 

+ 4*^277® + ... , (7) 

and the different equations of the t 3 rpe (7) are obtained by 
putting ?7 equal to y^J”^0jc, 

Thus in this case there are m different series each of which 
is zero when y =:0 and when substituted in (5) reduces it to an 
identity. 

79. Lagrax^e’s Expansion. In the equation 

z=x+yf{z), (1) 

let X be considered as a constant (or a parameter) and y as a 
function of z. If /(z) can bo expressed as a convergent series 
in powers of (z -®), say 

/(z) =a„+ai{z-x) + 02 (z - »)* + (2) 

where ao=/(a;) and is not zero, y may, by expressing l//(z) as a 
series in powers of (z - *), be represented by a convergent series 
of the form 

y=bi{z-x)-\-b^{z-x)^+ ... 6i = l/Oo (3) 

and then, by reversion of this series, 

z-*=ciy+c,y* + c,y»+... Ci = l/6,=o, (4) 
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Again, if fp(z) may be represented by a convergent power 
series in {z-x) the substitution of the series (4) for (z-x) will 
give for (p(z) a convergent series of the form 

(p(z) =do + + (S) 


When f{z) and (p{z) satisfy the conditions stated both f{z) 
and (p{z) possess nth derivatives with respect to y for all values 
of n and therefore the series in (5), which, by the conditions 
satisfied by/(z) and q>{z)^ is unique must be the same as Taylor’s 
expansion of q?(z) in powers of y. 

The range of y for which the series (5) converges cannot, as a 
rule, be found by the theorems at our disposal but it is certain 
from the theory of reversion of series that the series does 
converge for | y | < 5, where s is positive. A rule for deter- 
mining s in certain cases will be stated at the end of the article. 

The calculation of the derivatives of (p{z) can be effected by 
a method due to Lagrange by which the derivatives with 
respect to y are expressed in terms of derivatives with respect 
to the parameter x and when the coeffi^cients in (5) are ex- 
pressed as derivatives with respect to x the expansion (5) is 
generally called Lagrange’s Expansion of (p(z). 

Prom the equation (1) we find 


dx 




and therefore, by eliminating /'(z), 



dz ^ 
dx' 


{a) 


Again. = W 

Next let y)(z) be any differentiable function of z ; then 

and therefore by (a) 


iHs} 

Now let yi{z) = f'{z)f{z) ; then by (6) and (c) 


.(c) 


.(c') 
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In this case the form of equation (A) becomes (A|) or 

y = a:"* + o„+ia:“+i + + (6) 

= ir'»(l + «>), w=a^iX+a^iX^+.... 


When I a: I is sufficiently small it may be proved as '^ore 
that 1 + w is positive so that y =0 only if a;=0. 

Let y = j;"* ; then rj has m different values, given by 

V=y'''{ooa^ + iam~)=y'’' Ou *=0, 

where is the principal value of the mth root of y. Hence, 
by taking the mth root and expanding (1 in powers 

of X by the binomial theorem, wo find that equation (6) may 

be represented by m equations of the type 
1 

0* ==^ —x{l + c^x + c^x^ + =a; 4- c^x^ + + (C) 

The work in the First Case is not essentially altered if y is 
complex, and therefore to each of the equations of the type (6) 
«here corresponds an equation of the tjrpe 

+ + (7) 

and the different equations of the type (7) are obtained by 
putting Yj equal to 

Thus in this case there are m different series each of which 
is zero when y = 0 and when substituted in (5) reduces it to an 
identity. 

79s Lagrange’s Expansion. In the equation 

z=x + yf{z), (1) 

let X be considered as a constant (or a parameter) and y as a 
function of z. If f{z) can be expressed as a convergent series 
in powers of (z - a?), say 

f{z) = a^J 4- a^(z - a;) 4- a^(z ~ a;)* 4- (2) 

where a^—f(x) and is not zero, y may, by expressing l//(2) as a 
series in powers of (z -x), be represented by a convergent series 
of the form 

y = 6j^(z “*■ x) 4" ^ 2(^5 x)^4"««» 6j = l/<X0 .(3) 

and then, by reversion of this series, 
z-x=Ciy+C2y*+C3y*4*.,. 


( 4 ) 
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Again, if q>(z) may be represented by a convergent power 
series in (z-x) the substitution of the series (4) for (z-x) will 
give for (p{z) a convergent series of the form 

(p{z) = do + d^y + + (5) 

When f{z) and q>{z) satisfy the conditions stated both f(z) 
and <p{z) possess nth derivatives with respect to y for all values 
of n and therefore the series in (5), which, by the conditions 
satisfied hyf{z) and (p{z), is unique must be the same as Taylor’s 
expansion of <p{z) in powers of y. 

The range of y for which the series (5) converges cannot, as a 
rule, be found by the theorems at our disposal but it is certain 
from the theory of reversion of series that the series does 
converge for | y | < 5, where s is positive. A rule for deter- 
mining s in certain cases wiU be stated at the end of the article. 

The calculation of the derivatives of q>{z) can be effected by 
a method due to Lagrange by which the derivatives with 
respect to y are expressed in terms of derivatives with respect 
to the parameter x and when the coefficients d„ in (5) are ex- 
pressed as derivatives with respect to x the expansion (5) is 
generally called Lagrange’s Expansion of (p{z). 

From the equation (1) we find 


and therefore, by eliminating /'(z), 


dy 



•(«) 


Again, = W 

Next let y)(z) be any differentiable function of z ; then 

* 3ajJ 0^3®” 9® 3yl ’ 

and therefore by (o) 



Now let y)(z) = q>'{z)f{z) ; then by (b) and (c) 
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Similarly by putting (a) [/(«)] ® for ip{z) in (c) we find 

Let it be now assumed that the law suggested by (c') ^d (c*) 
is general, that is, that 



After putting q>\z)[f{z)]^ for ip{z) in (c), differentiate with 
respect to y and we obtain the equation 

92/1^9^ dxf ~dx^V dxj ^ 

so that the (n 4-l)th derivative of <p(z) with respect to y is of 
the same form as the ?ith derivative. Hence the form given by 
(d) holds for all values of n greater than unity ; the form (bj may 
be treated as the zeroth derivative of <p\z)f{z)dzldx so that 
the law holds if n >0. 

The variables x and y in these differentiations are inde- 
pendent. The value of the nth derivative of <p{z) with respect 
to y for any given value of y may therefore be obtained by 
substituting that value in the right-hand member of equation 
(d) either before or after the differentiations with respect to x 
have been made. If the given value of y is zero then 2= a; 
and dzjdx = 1 so that 

Now expand q)(z) by Maclaurin’s Theorem : 


= q>(x) + y<p'{x)f{x) + ^{9’'(*) iy(®)] *} + 


y»0 


+ ••• 




where the form d/dx may be used since <p'{x)\J{x )] " is a function 
of X alone. 

The special case in which 9(2) =2 gives the expansion 


*=* + Kf(*) + |i g ■ + ... +|j 


‘ + .. 


(H) 
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If a:=0 equation (I) takes the form 

q>{z) = <p{0)+y[(p'(x)f{x)] ^ + ... 

(in> 

In all cases z is the value which satisfies the condition that 
z = 0 when y=0. 

For another form of the Expansion, see § 80, Ex. 13. 

Note. Lagrange’s Expansion requires for a complete 
discussion the theory of functions of a complex variable. 
Reference may be made to MacRobert, Functions of a Complex 
Variable, § 54, or Whittaker and Watson, Modern Analysis, 
§ 7-32. 

Hermite’s Cours, redige en 1882 par M. Andoyer, contains on 
pages 182-197 a valuable discussion of Kepler’s Equation (see 
Example 5, § 80). Serret’s Algebre Superieure, 6th Ed. Vol. I. 
pp. 466-484, gives an exposition based on memoirs of Cauchy 
and Rouch4. 

An excellent presentation of Lagrange’s method is given by 
Bromwich, Infinite Series, 2nd Ed., pp. 158-160, and pp. 265- 
266. 

A rule for determining the range of y for which Lagrange’s 
Expansion converges when z = yf(z) may be stated as 
follows : 

Let \z\=r and let yj{r) be the least value of | y | , that is, of 
\z-^f{z)\ when \z\=r. It s is the maximum value of y}(r) 
Lagrange’s Expansion converges when | y | < ^. 

If the equation is z—x +yf(z) let z = f -fa; so that 

and proceed as before. 

The rule is by no means evident but the application of it 
in the examples of § 80 makes its meaning clear; there are 
many cases, however, such as Example 5, in which the deter- 
mination of s is laborious. 

The proof of the rule depends on the theory of ftmctions at 
the complex variable ; see Bromwich, l.c. p. 265, or Gouraat, 
Cours, Vol. II, pp. 123-4. 
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Serret (Z.c. p. 480) states the rule in the form : If s is the 
least value of | y | for which the equations 
z=x-hyf(z) and l=yf{z) 

have a common root — ^that is, for which the 
z=x+yf(z) has two equal roots in z — Lagrange’s 
converges when | y | < 5 . 

In whatever way the range of convergence of the 
(I), (II) and (III) may be determined, the 
expansions arc valid for that range. 

80. Examples. The followmg examples furnish illustrations 
of Lagrange’s Expansion ; some of them are worked out in full 
to indicate the general method of solution. The numbers 
(I), (II) and (III) refer to the equations of § 79. 

Ex. 1. If ^=2(1+2)^ where m is a positive integer expand in 
powers of y that value of z which is zero when y =0. 

Write the equation in the form 2 =y(l ; then 
/(2) =( 1 +2)“”*, fp(z)=^z. Hence [/(a:)]” =( 1 ; when the deriva- 
tives of [/(a:)]^ have been calculated the value 0 is to be put for x, and 
equation (11) gives 

. 3 m( 3 m + 1 )^^, 4 w( 4 m + l)( 4 m + 2 ).., . 

2 iy 31 y 41 y+- 

+ ( - + + ^ 

The least value of | y | when |2|=r>0isr(l - r)”*, and the maximum 
value of r(l -r)*" is easily found to be w*®/(w + series just 

found converges if | y | is less than this number. 

Ex. 2 . y =2 -02^+^, m a positive integer ; find the series for that 
value of 2 which is zero when y is zero. 

Proceed as in Ex. 1. /(2)=(1 -02”*)"“^ so that [/(a?)]” is (1 -oa?”*)""**. 
The only derivatives of the powers oif{x) that are not zero when a =0 
are the mth, ( 2 m)th, ( 3 m)th, ... , (nm)th ... and therefore the only 
powers of y that occur in the series after y itself are the (m -filth, 
( 2 fn + l)th, ... . The values of the derivatives are easily found by 
expanding ( 1 - cm 5"*)““ by the binomial theorem. Hence 

2 =y + ay*»+^ + m+i ^ ^ ^ 

^ (nmf 2 )(nm 4 3 )...(nm+n) 

Again, the least value of |y| when \z\ is r -Ar***+i(A s= [a]), and 
the aeries converges if 1 

ly I + Arm. 
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Ex. 8. *=*+y*"W-‘} t=x for y=0, m a pomtivo integer and * 
positive. 

(u) log g=loga!+ya!"»+?^|j!llyia^m +2X3w + + 

Both series converge if \y\< m^Km + 


Ex, 4. Expand c®* in powers of y when y = 2 e^*. 

Here z =ye~^^ so that f(x) =e“^®, g>{x) =e®* 

and 9 >'(»)[/(ic)]® =a6(®“®*>)®. Equation (III) gives 

a« 1 a(a - 26) « o(a—n6)®“^ 

e«* = 1 +ay + 2!"“^ ^ — 

and the series converges if 1 6?/ 1 < 1/e. 

Cor, If a = 1, 6 = - 1, a; =e* then log x =xy^ and we find 

» = l+y+|y*+-3^y*+^y« + ... +^^^^^y" + ... . 


Ex, 5. z=x-\-y sin z, (Kepler's Equation.) 

The determination of the general term in the expansion is a matter of 
difficulty and the student should consult the section in Hermite’s Coura 
(see § 79, Note), It is easy enough to calculate a few of the earlier 
terms. 

(i) 2=a;+ysina;+ysin2a;+^'-(3sin3a; -8ina;) + ... . 
ii) sin 2 = sin a; + 1 sin 2a; (3 sin 3a: -sin a;) 

i/t 

+ ^(2sin4a7 -sin2a;) + .*. . 

t/i 3vS 

(iii) 1 -ycos 2 = l -yoosa; + ^(l - cos 2a;) +~|- (cos a; -cos 3a;) 

+^(co8 2a; - cos 4a;) + 


Ex, 6. If 2 = 2 - y/z expand zr^ in powers of y, that value of z being 
taken which is equal to 2 when y *0. 

Here /(a;) = - x^^ and q>{x) =ar*». Apply equation (I), putting 2 for x 
in the evaluated derivatives ; the result is 


2 


z y ■ 

“2*»‘4‘^ 2^21 




p(p+4)(p+S )/y>l 


2>'.3! 


+ ... » 


y(jp+n-hl)(p+n+2)... (p4-2n-l) fy\ 


2^n\ 


the general term being 
and the series converges if | y | < 1. 

Since 2 = 1 + ( 1 - y )^ the expansion may be stated in the form 
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Oor. Let (1 = l -2m, p= -n ; then 

(1 -«)« = ! -?«(l 


where - - 1)< w<i. 

Ex, 7. In Ex. 6 let 1 / =4i, where 1 4< | <1, and let ^ = - h whSsre k is 
a positive integer ; show that if P{t) is given by the equation ' 

P(t) is a polynomial of degree \k or \(k - 1) according as A; is even or odd. 
Then prove that 

Not.a». 

BO that the expansion of this part of P{t) will cancel all except the terms 
of the polynomial that arise from the first part of P(t), 


Ex, 8. Prove that if \4tt\<l 

-it—-)-*’ 


«* + ... 


the general term being + — 1) 


Ex. 9. Theorem. The derivatives of <p(z) tvith respect to x 
are obtained by differentiating Lagrange's Expansion term by 
term tvith respect to x. 

p{z), by hypothesis, can be expressed as a convergent series 
Sc„(*-a:)" and the derivatives d”'p{z)ldz”' are obtained by 
differentiating the series term by termji?.!r. p. 400). But the 
form of the series shows that d”'p{z)ldx”' is simply 

( - l)"*a"‘9»(z)/3z’” 

so that d”*p{z)ldx”' can be expressed as a convergent series in 
powers of z-x. 

Now, by equation (d) of § 79, 


3" 3”*y(z) 3” 3"y(z) 3” 3»-^ 

3 y» • 3y" ~dx”* ' 3*"“^ 




and therefore 


ril ?>M1 

Lv 8»- J... 
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80 that the expansion of 9’"^(z)/3a:’" by Maclaurin’s Theorem is 

+ +••• +ll + ... . 

and this is the series obtained by differentiating the series for 
q){z) term by term. 


Ex. 10. Prove that if m is a positive integer and \y\ <1, 


Let z=x-\-y(z -1) so that /( 2 ) = 2-1 and in the series for dqj{z)ldx 
fz^ — 1 \ 

Ex. 11. li z—x-^^y I — 2 ^- j 9 expand in powers of y that value of z 
lich is equal to x when i/=0. 

Here /(a;) = 1) and equation (II) gives at once 

/x^-\\ y^ d /a;*-l\* v" /a:*-l\" ... 


If we solve the quadratic equation for z, choosing the negative sign 
of the root, since z=x when 2 /= 0 , we find 

z = {l -(1 -2xy+y*)i}ly, 

and therefore, differentiating z with respect to x, 

-2^+y*ri =1 +'y;p„(x)ir ( 2 ) 

n»l 

by § 66, Ex. 6, Pn(x) being Legendre’s Polynomial. 

Now differentiate (1) with respect to x ; therefore by Ex. 9, 



so that by equating coefficients of y** in (2) and (3) we find 

^n(®) = 2n . „i ^ 

Equation (4) gives Rodrigues’ Formula for Pn{x). 


Ex. 12. By differentiating the equation 

00 

V =(1 - 2*3/ +3/*)“i = 1 + ^ 

n~l 

with respect to y, show that 

00 

(a? - y) ( 1 “ 2xy + y*ri = ( 1 ~ 2xy + y*) ^ 

n-i 

and, by equating coefficients of y”, prove that 

(n + l)P„+i(a;) - (2n 4- l)a;PJa;) +nP,,>i(a;) =0, n =0, 1, 2 (i) 

where P_i(a?) is taken to be unity. 
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Again by differentiating with respect to x, show that 

, . dv dv 

that is, if Pn(x) denote dP^{x)ldx, 


(* -y) ^Pn(3s)y^ =y^nP^{«>)i/"-\ 

n-1 n-1 

and deduce, by equating coefficients of that 

ic^n(«) =nPJic), n = 1, 2 


.(ii) 


Ex. 13. Show that 

and, if y}{z) can be expressed as a convergent series ^c^(z -x)^, 

The expansion (i) is obtained by differentiating with respect to y 
the series (I) for 9 ( 2 ). The expansion (ii) is then foiuid by putting ^(z) 
for fp\z)f(z ) ; by the conditions for Lagrange’s Expansion q>'{z)f{z) 
can be expressed as a convergent series in powers of {z -x). 


Ex, 14. Prove that 

V( 1 - 2a/ - SalM” n! L 

Apply Ex. 13 (ii) taking /(«) =l+«+z' and y>(z) = l : the expansion 
begins with the terms 

l+!/ + 3y*+7a/* + 19y« + ... . 

81. Implicit Function of One VariaUe. It has been proved 
in Chapter V, § 62, that under certain conditions an equation 
F(x, ^) = 0 defines ^ as a function c3 x. We shall now consider 
a special case in which F{x, y) is given by an infinite series and 
then sketch the proof of the corresponding general theorem. 

Let Jlf be a positive constant, the homogeneous poly- 
nomial 

tt, =ar" + a;^iy + a:"-*y* + . . . + ay*-^ + y", 
and y=j|lfa; H-if 2 ®n •(!) 


the series in (1) being convergent, as will be proved, when 
|d;|<l and | y |<1. It is to be proved that if y=0 when x=Q 
the equation (1 ) defines y as a single-valued function of ».< 
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To each side of equation (1) add M +My ; the equation thus 
becomes, if = 

M + {M + I)y-M{UQ + Uj, + U2 + + ...) (2) 

The series in brackets contains every product of the type 
xmyn where both m and n take every positive integral value, 
including zero. The terms in (2) that contain form the 
Mx”^{l + y + y ^-\‘ ... + + ...) 

and the series formed by the moduli of the terms, namely, 
M\x\”^{l + \y\ + |y|2 + ... + |y 
converges if | y | <1, its sum being M\x\'^(l -\y\Y^, Also 

Jf| * |"•(1 - I y l)-i=Jf(l - 1 * |r(l - 1 y |)-1, 

m—0 

provided | a; |<1. Hence the double series in (2) is convergent 
if I a? I <1 and | y | <1 and its sum is therefore given by 


oo 00 

Jf ^ a:*" 2 y^=M(\ -a;)"'^(l 

m«*0 n— 0 

SO that JIf -f (jJf + l)y = Jf(l - a;)"’^(l - 

This equation is a quadratic in y, 

(M + \)y^ - y + Mx{l -a;)~^ = 0 (3) 

and, when solved for y, gives 

2(Jf + l)y = 1 - (1 -®r*{l - {2M + 1)**}* (4) 


where the negative value of the root has been chosen so that we 
may have y = 0 when a; = 0. 

If I a? I <l/(2Af + 1)* (and therefore also | x |<1), each binomial 
can be expanded in a convergent series of powers of x and, when 
the series have been midtiplied, y will be given by a convergent 
series y = Mx + + c^a:® + (5) 

The theorem is therefore proved. The general theorem of 
which this is a special case may be stated as follows : 


Thbobem. Let denote the polynomial 

«» = O«.0 *" + + o—s. S *"~V + — + Ofc. y", 

00 

andlet -y + Oi,o* + S «» W 

n«2 

la&ere ike coefficient of y is *-1 and the series converges for 

O.A.O. F 
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|a:|<l avd ly|<l. The equation F(x, y)=0 defines y as a 
single-valued function of x by a convergent series, say 

y-b^x f b^^‘\-b^x^ + ,..+bnX:^-\^ (II) 

which satisfies the condition that i/=0 when x = 0. T^e series, 
when substituted for y in F(x, y), makes F{x, y) identically zero. 

The coefficient of the first power of y in F(x, y) must not be Wo, and 
there is no loss of generality in assigning the stated form to\ F(x, y). 
If the series converges for | a; | < and | y | < put x — y = 
and if the coefficient of y' is not ~ 1 but k, say, divide the equation 
F{RiX\ —0 by -k ; the new form of the function is that assumed 
in the above statement. When the transformation has been completed 
the accents may be dropped from x', y' and the coefficients denoted by 
the symbols given. Again F{x, y) may he a polynomialy that is, after 
a certain stage each coefficient „ may be zero. 

The method of proof follows the lines of that used in the 
theorem of the Reversion of Series. Suppose, to begin with, 
that the coelficients in (II) are undetermined ; substitute 
the series for y in F{x, y), and, if possible, choose 6^, b^i ... 
so that when F(x, y) is arranged in powers of x the coefficient 
of each power will be zero. If this choice can be made, and if 
the values of 62* ••• found are unique, the condition that 
F(x, y) vanishes identically will be formally satisfied, and the 
theorem will be formally proved since y=0 when To 

make the proof complete (that is, a real proof) it must be shown 
that the series (II), with the values of b^, 621 ••• that have been 
found, is a convergent series ; when it is convergent the various 
transformations are valid. 

Now, the equating of coefficients determines ij, ftgj ••• 
succession (compare § 78) and 5^ is given by a polynomial 

= -P n(®l, 0. 0. ®0, 2, • • • ®0, n) (HI) 

in which the coefficients are positive integers. This deter- 
mination is unique and therefore if there is one convergent 
series such as (II) there is only one. 

Next, the general term in the series (I) is and since 

the series converges for \x\<l and | y |<1 there is a positive 
number, M say, such that \a^^n\<^ for every value of m 
and n. Take now the equation ??({ , ?j) =0 where 

+f* +...) ...(la) 

and let +^2^^ + . . . + + (Ha) 
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Substitute this value of rj in q){^, rj) and choose )32» ••• 
that <p{^, rj) may be identically zero. The value of j8„ is given 
by the polynomial in (III) when M has been substituted for 
each of the numbers CLi,oy ••• 5 since the coefficients in 
Pn are positive integers and the number is 

positive and greater than | 6„ | . It has, however, been proved 
that equation (5) with f, rj in place of x, y gives a convergent 
series which makes identically zero and therefore the 

series in (5) and (Ila) must be the same. Hence the series (Ha) 
and therefore the series (II), since | |<j^n> converge, so that 

the proof of the theorem is now complete. 

Factorisation, In F{x, y) substitute P(x) + z for y, where 
P(x) is the series in (II), and arrange as a series in powers of x 
and z\ the function F[Xy P{x)-\‘Z'\ is identically zero when 
2 = 0 and therefore F[x^P(x) is of the form zP-^{x,z) 
where Pi(a;, z) is a series in powers of x and z. Let z be now 
replaced by y - P(x) and we find 

y):::^[y -P{x)\P^(x, y) 

where P^(x, y) is a series in powers of x and y, the absolute 
term being - 1 because the coefficient of y in F{x, y) is - 1. 
The analogy with the usual expression f{x) = (a; - a)fi{x) when 
/(a) = 0 is obvious. This Factorisation Theorem is due to 
Weierstrass. 

Cor. If F{xq, yo) = i^tie substitution x^x^^hx' and y=yo ~^ y' 
reduces the problem of finding a series for y in powers of x which 
is such that y — y^ when x—x^ to the problem just discussed 
for the function F{x^ + x\ y^ + y') or Fy{x\ y'). 

For applications and extensions of the above theorem 
the student is referred to ChrystaFs Algebra^ Part II, 
Chap. XXX, pp. 373-397. Some illustrations are given in 
Chapter XII of the Elementary Treatise (§§ 106, 107, and 
Exercises XX). 


82. Algebraic Forms. As a preliminary to the consideration 
of the Remainder in Taylor’s Theorem for a function of several 
variables it is necessary to prove two theorems on the behaviour 
of the ratio of two algebraic forms. The number of variables 
that appear in the statements will usually be three, a:, y, z, but 
the definitions and the theorems are quite general. It is to 
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be understood that the variables and constants are all real 
numbers. 

A polynomial that is homogeneous and of the wth 4egree in 
two or more variables is called a Form or a Quantic. j A form 
2 ) is a continuous function of its variables and therefore 
(§ 43, Th. II) if it has opposite signs for the values a, ft, c and 
a\ b\ c' respectively of x, y, z — or, as will bo often said^ at the 
points (a, 6, c) and (a', b\ c') — ^it will be zero for an unlimited 
number of values of x, y, z, or at an unlimited number of points 
{x, y, z). 

A form is said to be definite if it is not zero unless its variables 
are all zero and to be indefinite if it is zero for values of its 
variables that are not all zero. 

For example, + 2 ^ is a definite form. Every form of 

odd degree in the variables is indefinite because in that case 
/( “ y» ~ 2 ;) and /(a;, y, z) have opposite signs for all values 
of a:, y, z (not all zero). 

A definite form has the same sign for all values of its variables 
(unless these are all zero) because, as has just been seen, if it 
had opposite signs at two points it would be zero at an unlimited 
number of points. The form is called a positive definite form 
or A negative definite form according as the sign is positive or 
negative. 

It is possible, however, for a form to be neither definite 
nor indefinite ; it may, like a definite form, have the 
same sign when it is not zero and yet be zero when its 
variables are not all zero. In this case the form is said to 
be semi-definite. For example, the form (a: -f 2y - z)^ is semi- 
definite ; it is never negative but it is zero at all points in the 
plane z=x + 2y. 

Let Q—f{x, y, z)lg{x, y, z) where / and g are two forms of 
the same degree ; though each form is defined and continuous 
for all values of the variables, Q is not defined for values of the 
variables that are all zero. The point (0, 0, 0) is a limiting 
point of the region for which Q is defined but does not belong 
to it so that the region is not closed (§ 40). The proof that a 
continuous function attains its upper and lower bounds, 
however, requires that its region of definition should be closed 
and, as the proof is important for the applications to be made 
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of the properties of forms, it will be shown how a closed region 
may be obtained. 

Let a;=rf, y=n/, z=rC, r = ((x* + y* + z*)* | ; 

then Q=/(f, rj, C)/ff(f, r)> 

where + + = l (S) 

Q is not defined for x=0, y=0, z=0, and r is not zero unless 
X, y, z are all zero ; all the values for which Q is defined may 
thus be obtained by assigning to values which satisfy 

equation (S). Now the region defined by (S), which for three 
variables is the surface of a sphere, contains its limiting points ; 
for, if P(o, 6, c) is a limiting point of a set P'(o rh,b + k,c + l) 
which lies on {8) then 

(a + h)^ + {b + k)^ + (c + l)^ = l, 

and therefore when A, 1 all tend to zero the numbers a, b, c 
satisfy equation (S) so that P lies on {8). In other words the 
region defined by equation (S) contains all its limiting points 
and is therefore closed ; the reasoning is clearly applicable to 
the case of n variables x, y, z, w, ... . 

Now equation (S) is not satisfied when f, rj, f are all zero, 
and therefore when g{x, y, z) is a d^nite form gr(f, rj, C) cannot 
be zero for any admissible values of f, ij, C- 

Two theorems will now be proved which are essential for 
the discussion to be given of the Remainder in Taylor’s 
Theorem and these, with the whole discussion of the Remainder, 
are based on the exposition in the Calculus of Genocchi-Peano 
(German Translation, pp. 170-189). 

Theobbm I. If f{x, y, z) and g{x, y, s) are, forms of degree n 
the ratio f{x, y, z)lg{x, y, z) has an upper bound M and a lower 
bound m which are attained and are therefore maximurn and 
minimum values of the ratio, provided g{x, y, z) is a definite 
form. 

Let the ratio be transformed in the manner just shown 
to /(f , V> 0- The ratio is a continuous function of 

t},, f, sinoe jr(f , rj, C) is not zero at any point (f , tj, f), and 
therefore has upper and lower bounds, M and m respectively, 
which are attained and are therefore maidmum and minimum 
▼alues of the ratio. ■ 
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Thboebm II. Let g(Xy z) be, as in Theorem /, a definite form 
of degree n and let f{x^ ViZ) he expressible as the sum 
Ci(«, y, ^)fi(x, y, z) + c^{x, y, z)f^(x, y, z) + . .. + c^{x, y, z)fjpc, y, z) 
where f^, /g, ... o,re forms of degree n while the coefficients 
Cj, Cg* • • • > are functions of x, z, each of which tends to ziro when 
all the variables tend to zero. The ratio f{x, y, z)lg{x, y, zMends to 
zero when all the variables x, y, z tend to zero. \ 


For 


g{x,y,z) 


r=l 2/» y 

Each ratio frjg is bounded, by Theorem I, and each of the 
coefficients tends to zero when x, y, z all tend to zero so that 
fig also tends to zero. 

Ex. 1. Find the condition that the form ax^ -h2bxy +cy* should be 
definite. 

If y — 0 the form becomes ax* so that a cannot bo zero if the form is 
definite ; similarly c cannot bo zero and must have the same sign as a. 
Again ^^232 ^ 2 bxy + cy* s= a{x + byja)* + (oc - b*)y*/a 


so that if ac > b* the form has the same sign as that of a (or c) and is 
therefore definite. 

If oc = 6® the form is semi-definite. If ac<b* the factors of the form 
are real and different and the form is then indefinite. 


Ex. 2. If <p(Xt y, z)=iax* ~^by* +CZ* •j-2fyz + 2gzx -{■2hxyt the form tp 
is definite if (i) a, b, c are all of the same sign, (ii) .d , B, C are all positive, 
where A, C are tho co-factors of a, 6, c in the discriminant A of the 
form, and (iii) A has the same sign as a (or b or c). 

9?(1, 0, 0) =0, 97(0, 1, 0) =6, 9?(0, 0, 1) =c and therefore o, b, c must be 
all different from zero and have the same sign when the form is definite. 


Again 


*)=«(»+ 


hy+gz'^ 


C( J* V A 

•«(y-c;V+o* 


and therefore C must be positive and A must not be zero and must 
have tho same sign as a. 

Also oA - F®, 6A =CA - C?®, cA =AB -H* (where F, O, H are 
the co-factors of /, y, A in A). But aA is positive and therefore BC, 
and therefore B, is positive ; similarly A is positive. 

In general, when a form of the second degree in any number of 
veuiables is given the terms in one variable, say x, are brought together 
(as has been done above) into one term a(x +b'y +c'z +d'w + ...)* ; 
the terms left give a form in which the niunber of variables has been 
reduced by one and this form is treated in a similar way. Finally, a 
form in one variable is left. 

Tho student may consult treatises on Higher Algebra, such as B6cher*s 
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Introduction to Higher Algebra. Bromwich's Quadratic Forme is useful ; 
see also Hilton’s Linear Substitutions, 

Ex. 3, Show that (a;* + 2 /®) and (a;* +t/« i-y* + 2 *) 

have + 1 as the maximum value and - 1 as the minimum value. 

Ex. 4. The forms 

(i) xy -hy^ -{■2^z -\-3zx +wy +WZ, 

(ii) xy + 2yz + 3zx + wy + wz ; 
can be expressed as 

AX\ +BXl -DXl 

where A, jB, C, D are positive numbers and X^, X 3 , X 4 are linear 
functions of a*, 7/, s, w. 


83. Remainder in Taylor’s Theorem. Suppose that /(a:, y, z) 
is continuous at (a, 6, c) and can be expanded near (a, 6, r) by 
Taylor’s Theorem ; let x=a^ht, y~~b+ki, z = c-hU, where 
I A], |i| and \l \ arc small, and f{x,y,z) — F(i),f(a, b, c) = F{0). 
In the notation of § 157 of the Elementary Treatise, when i = l 
and therefore x, y, z equal to a + 6 + h, c ^ ? respectively 

f{x, y, z) jF(1), the expansion is given by the equation 

i’(l)=i'’(0) + F'{()) + ... + ~ ^’(’•>(0) + ... + i J’<")(0) ...(1) 


where 0 < 0 < 1 and F^^^{6)ln\ = the Remainder after n terms. 

is a form of degree r in the variables A, k, I, namely 


■'^da^ * da'-^db + " ' + ^ 9c" 


(A) 


JiPP, (x.+ P+y=r 

where is a function of a, b, c, is of degree n in 

h, Ic, I and the coefficients, Aa,p,y say, in this case are functions 
of a + Oh, b + Ok, c +$l. 

The equation (1) may be written so as to contain an addi- 
tional term with the remainder namely, 

F{l)=Ug + Ui+ ... + Ur+ ...+Un + (2) 

where «, = jF’^’‘>(0)/r!, r = l, 2,..., n, and «» + if»+i = 60 that 

iJn+x = ■«» - «« - ^<”>(0)}/™! (3) 
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Thbobem I. If the term u„ is a definite form in the variablea 
h, k, I the ratio of to u„ tends to zero, and the ratio of R„ to 

tends to unity, when all the varicdtles h, k, I tend to zero. 

The expression for given by (3) shows that S„+i is a 
form of degree n in the variables h, k, I, namely 

<x.+f}+y=n ; 

but when all the variables A, k, I t^nd to 

zero and therefore by Theorem II of § 82 the ratio of i2n+l to Un 
tends to zero. Hence when all the variables tend to zero ' 

:?2±i_>0, that is, ^-^1. 

U„ ’ U„ Un 

It should be specially noted that the proof is essentially 
conditioned by the assumption that Un is a definite form. 

Theorem II. Suppose that /(o, 6, c) or F(0) is zero and, that 
the first of the terms in (1) or (2) that does not vanish identically 
is Ur or F^^\0)lr\ There are two cases, (i) If F^'^\0) is a 
definite form f{x, y, z) is not zero and is always of the same sign 
in the neighbourhood of (a, 6, c) {that is, when h, k, I are not dll 
zero), (ii) If F^^\0) is an indefinite form f{x, y, z) takes positive, 
negative and zero values in the neighbourhood of (a, &, c). 

Case (i). In the equation (1) let n=r ; then f{x, y, z) or 
is F^^^0)lr\ The form is definite and therefore 

by Theorem I tends to unity ; since F^'^{0) is 

continuous in h, k, I and F^^^O) is not zero and is always of the 
same sign so is F^^^(d) and therefore f{x, y, z). 

Case (ii). In this case the form is indefinite and 

therefore there are values of h, k, I for which it is positive and 
also values for which it is negative. But when 

h, k and I all tend to zero, and therefore, since it tends to 
values that are positive or negative according to the choice of 
h, k, I it must itself take both positive and negative values. 
Further is a continuous function of h, k and I and 

therefore must also take zero values. 

If /(«> b, c) and g{a, b, c) are each zero the fraction 
f {^9 iff ^)l0{^f Hf is ^ot defined for the values b, c of 
a?, y, z and (compare F.T. § 101) f(a, b, c)/g(a, b, c) used to be 
called an ‘^Indeterminate Form.” The following theorem 
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throws some light on the possibilities of what may happen 
when X, y, z tend to o, 5, c respectively. 

It is imderstood that/(a;, y, z) and g{x, y, z) can be expressed 
near {a, b, c) by Taylor’s Theorem. Iiet 0(t) have the same 
meaning for g{x, y, z) as F{t) has in the preceding theorems for 
f{x, y, z) ; then J?’(0) —f{a, b, c) =0, (?(0) =g{a, 6, c) =0 and 
JF'(l) =«! + + ... + tt, + ... 

6(1)=»1 + »2H- ... + Vr f ... 

where «, = J'<’'>{0)/r! and 

Suppose that vanishes identically, that is, for all 

values of h, k, I, when r has the values 1,2, ... (m - 1) but not 
when r=m and that G'<’‘>(0) vanishes identically when 
r = l, 2, ... {n - 1) but not when r=n. Further, let w denote 
the quotient /(x, y, z)lg{x, y, z). 

Theobem III. If is a definite form the qwtient w or 

f(x, y, z)jg{x, y, z) behaves, when cdl the varuMes h, k, I tend to 
zero, in the way specified in the following cases : 

Case (i), m>n: w tends to zero ; 

Case (h), m=n : w oscillates finitely imless the ratio 
tends to a limit, K say, in which case w also 

tends to K ; 

Case (iii), m<n: w does not tend to any finite limit. 

Case (i). Let g(x, y, z)=O(l)=G<’'\0’)ln\, 0<fl'<l; then 
fl((")(fl')/(y(*')(0)->l because is a de^te form (Theorem I). 

Next let /(x, y, z) = F(l) = F<»)(e)/n! as in equation (1); 
though is identically zero since m>» the form 

is not zero because F(l) is not zero. When all the variables 
h, k, I tend to zero the coefficients in the form 

tend to the coefficients Aa, /j, y iu the form F<"^(0) and therefore 
to zero since is identically xero. Hence by Theorem II 

of § 82, since is a definite form, the ratio Jw»>(fl)/G'<">(0) 

tends to zero and therefore w also tends to zero when h, k, I 
tend to zero because 

^ “ G'<»>(0) ’ G«">(0) 

and (3'<")($')/GK“>(0) tends to unity. 

Case (ii), m—n. Let F(l)=«„ where 
by equation (3). By the same reasoning as before the ratio 
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of {n\ that is, of {F^"^(0) - F^*^^(0)} to the definite form 

(!?<">(0) tends to zero when all the variables h, k, I tend to zero 
and therefore the behaviour of the ratio F<*^>(0)/G<**^(0) when 
h, jfc. I tend to zero is the same as that of the ratio JF<">(0)/C^^"^(0). 

Now 

INOW W j , 

and tends to unity so that w behaves in the iame 

way as F(”>(0)/G^”^(0) when all the variables A, fc, I tend to 
zero. But, by Theorem I of § 82, the ratio has a 

maximum value M and a minimum value m and therefore lo 
oscillates between M and m unless the ratio J<">(0)/G<”>(0) tends 
to a limit K in which case M—m=K and then w tends to K. 

Gases (iii) m<n. In this case take the functions F(t) and 
G(t) instead of jF’(I) and G(l) ; we now have 

_F(i) _J_ nl F(^)(0t) 

If the fonn J'<”>(0) is definite when <-»0 

and is not zero imless A, fc, I are all zero. If 

is indefinite A, A, I can be chosen so that F^”^^(0) is not zero 
since is not identically zero. Therefore whether 

is definite or indefinite, the ratio of F^^>(0t) to G^^>(0't), 
when may be made to tend to F^”^>(0)/G^^>(0), or N say, 
where N is not zero. Hence w cannot tend to a finite limit 
when /~>0, since m<n and therefore l/r”*" tends to infinity 
while the factor N is not zero. 

84. Maxima and Minima. The difficulty noticed in § 159 of 
the Elementary Treatise can now be to a-eertain extent cleared 
up. When f{x, y) is continuous near (a, 6) the derivatives 
fa and /j are both zero and, in the notation of the preceding 
article, we have for two variables A, A, 

/(a + A,6 ^A)-/(a, b)^F\B)l2. 

The conclusions of Theorem II of § 83 are now applied. 
If is a definite form F'^ifi) is not zero and is always 
of the same sign in the neighbourhood of (a, 6), that is, when 
A and A are not both zero. On the other hand, if is an 
indefinite form F"(0) takes both positive and negative values 
in the neighbourhood of (a, 6). Hence, when F"((i) is a 
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definite form /(a, b) is a maximum value of /(a?, y) when the 
form is negative and a minimum when the form is positive 
but if is an indefinite form /(x, y) is neither a maximum 
nor a minimum for the values a, b of x, y. 

It is seen in the same way that if F^^\Q)lr\ is the first term 
in the expansion of f(a + A, 6 + ifc) -/(a, 6) that is not identically 
zero /(a;, y) will be a maximum or a minimum for a:=a, j/=6 
if F^^^{0) is a definite form but will be neither a maximum nor a 
minimum if F^^^{0) is an indefinite form. 

These conclusions obviously hold for functions of any number 
.of variables. 

Nothing has been said of what conclusion may be drawn 
when F'^iO) is a semi-definite form : this is the case of Peano’s 
example {E,T. p. 413). All that can be said in this case is that 
the above tests for a maximum or a minimum fail and further 
examination is necessary to decide the question of a maximum 
or a minimum. In many of the cases that occur in ordinary 
work it is often possible, as with Peano’s example, to decide 
the question by use of purely algebraic methods but any general 
method usually involves complicated expansions, and even 
then may not lead to a definite conclusion. See, for example, 
Jordan’s Gours d' Analyse, Yol. I, §§ 399, 400 ; Stolz’s Differen- 
tial- und Integral- Rechnung, VoL I, Abschnitt V. (with the 
references) ; Hobson’s Functions of a Real Variable, Chapter VI. 

Ex, fix, y) + y* - 2(a; - y)*. 

The equations /a. = 0, /y=0 give the points (>/2, V2) 

and (0, 0) as points for which /(a?, y) may have a maximum or a mini- 
mum value. The test from the charewjter of the form F*'(0) shows 
that fix, 1 /) is a minimum at -*^2) and at ( - ^2, >/2) ; the test fails 
for the point (0, 0). 

But/(A, A)=2^*>0,/(A, 0)=:A*(A*~2)<0if A*<2; since /(O, 0) =0 
the function fix, y) takes both positive and negative values in the 
neighbourhood of (0, 0), because | A j may be arbitrarily small, and 
therefore fix, y) has neither a maximum nor a minimum value at (0, 0). 

In t.hia and similar cases the consideration of the surface z =fix,. y) 
is often useful. 

It may, however, be remarked that the determination of 
maximum and minimum values can frequently be effected by 
the use of algebraic inequalities, as noted in the ElemevUary 
Treatise (§ 76), and the discussion in Chrystal’s Algebra, Vol. II, 
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Chapter XXIV, will repay careful study. The methods of the 
Calculus are powerful, but it is a great mistake to neglect the 
resources of comparatively simple and straightforward algebra. 

85. Absolute Maxima and Minima. When a function, jn(a;) say, 
is defined for the range a^x^b it does not foUow, of course, 
that oven when more than one maximum value has been found 
the greatest of these is also the greatest value of f{x) \n the 
range. It may quite well happen that f(a) or f{b) or bolih /(a) 
and f(b) may bo greater than any value of f(x) for the range 
a<x<b ; the method of the calculus implies that the values 
of X for which the function is a maximum or a minimum lie 
inside the range. To find the absolute maximum or minimum 
it is therefore necessary to find the turning values, as deter- 
mined by the Calculus, and then to compare them with each 
other and with /(a) and /(6). 

It may be the case that /(a) and /(6) are themselves the 
maximum and minimum values and that f{x) has no turning 
value between a and b. 

For example, the perpendicular p from the focus (oe, 0) of the 
ellipse a?*/a* +y*/6* = 1 on the tangent at the point (x, y) is given by 
the equation 

p=6(a -6aj)i(a+ea;)“i 

, dp - ahe 

and ;£= i 

(a + ex){a* - 

so that dpjdx is neither zero nor infinite in the range ( - a, a). As x 
increases from -a to a the perpendicular p steadily decreases from 
o(l +e) to o(l -e), so that o(l +e) is the absolute maximum and a(l -c) 
the absolute minumum value of p, ^ 

Though the maximum and minimum values of p cannot be 
found by the ordinary rule yet the sign of the derivative settles the 
matter ; even when the derivative is discontinuous the sign 
will often indicate the possibility of a maximum or a minimum. 
Thus the function f(x) where 

f(a:)=a + 6*(a?~c)* 

is a minimum when x—c\ f{x) is discontinuous for x — c but 
/'(x) is negative when x<c and positive when x>c, so that /(c) 
is the minimum value of the function. 

In the case of functions of more than one variable corre- 
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spending observations may be made. The type of region 
defined by the equation f ® = 1 in § 82 is of importance 

in some connections, for example, in the problem there treated 
and in the case of the determinant presently to be considered. 
The region has no boundaries in the usual meaning of the term, 
and every maximum or minimum that may occur is given by 
values that are within the region. 

Implicit Functions of one Variable, If the equation/(a:, y) = 0 
defines 2 / as a function of x, the determination of the turning 
values of y is of course a frequent problem in the tracing of the 
curve represented by the equation and hardly demands any 
special treatment. 


Since 


dx dy dx ' 


:0 


.( 1 ) 


the condition that dyjdx^^O gives the equation /a. = 0 and the 
two equations /=0, /a. = 0 determine the possible values of 
X and y. The sign of d^yjdx^ has next to be considered ; 
differentiating equation (1) and noting that dyfdx^^O for a 


turning value we get 


91 , 

dx^ dy dx^ 




.( 2 ) 


What is the significance of the coefficient of dyjdx in (1) and 
of d^yjdx^ in equation (2) ? 


86. Hadamard’s Determinant. Let D be a determinant of 
the nth order, the element in the rth row and 5th column being 
afg ; if the numbers satisfy the n conditions 

• • • *t' ~~ bf.^0 ...(1) 

where r has the values 1, 2, , n and b^ is constant, then 
li)l^^/(6A... 6„) 
when the elements a^g vary continuously. 

The region defined by the equations (1) has no boundaries 
and therefore D, being a continuous fimction of its elements a,.,, 
has both a maximum and a minimum value which may be 
obtained by the usual method of undetermined multipliers 
{E,T. pp. 414, 415). Let be the co-factor of a,., in D ; then 
D ^af’yAf'^ + • . • + Oi^gA f.g + • .. 4* 7 * = 1,2, ..., n, •••(2) 
Now take the multipliers Pi, p 2 , , \K let 

F^D — Pi 9^1 — p29^2 "“ ••• *" Pf9^r ••• ““ •...••(3) 
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and the values of that determine the turning values of D 
are obtained by equating to zero the differentials of the elements 
in F. The coefficient of in D is ai^d the only one of 
the functions (p in which occurs is (pr ; hence we find 

r=l, 2 , ...jTl, 5 = 1 , 2 , . 1 .. . .( 4 ) 

From ( 4 ), keeping r constant, assigning to 5 the mlues 
1, 2, , w and multiplying by we obtain the equatiqns 

+ + ^rn-^rn = (®fl "»■ «?2 + ••• 

that is, Z) = Ar6,.,... r=l, 2,...7i ( 5 ) 

Again, instead of the multiplier take where t is any of 
the integers 1, 2, ... ,n except r; then keeping r and t fixed 
we get the equation 

+ ®«'^r2 + • • • + ^tn^rn == + ®t2®r2 + • • • + ®tn®rn)> 


that is, + «r2®t2 + • • • + <^rn<^tn = 0, 1(6) 

since + . . . + a^^A^ = 0. 

From equations ( 4 ) and ( 5 ) 

Afg=^(irgDlbr ( 7 ) 


In the equations (6), r and t are any two different integers 
from 1 to 71 so that when D has its maximum or minimum value 
the determinant is orthogonal, that is, the sum of the n products 
of corresponding elements in any two rows (say the rth and 
the rth) is zero. (Compare the equations (1) and (6) with the 
relations between the direction-cosines of three mutually 
perpendicular lines.) 

The determinant which has Ars as the element in the rth row 
and 5th column is equal to ; but that determinant is by ( 7 ) 
equal to 2 )"+^/ 6 i 6 a Hence the maximum and the minimum 

values of D are given by the equation 

... that is, Z>* =6162 ••• ^n» 

BO that I D I ^J(byb^ •••bn) 

whatever values the elements a^g may take so long as they 

satisfy the conditions (1). 

Cor. If \arg\^ M, and therefore b^^nM^, then 

The above theorem is due to Hadamard and is of great 
importance in the theory of Integral Equations. 
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EXERCISES IX. 

(For answers to some of the Example's, see at end of the Set.) 

Find the maximum and minimum values of the functions in Examples 
1-12 : 


1 . xy\2^x-\-^y - 2 ). 

3. (a:-l){2/-l){a:a+2/*-4). 

5. 

7. +2/* +2* - 4txyz, 

9. (a; +2/ -!)/(»* +1/*). 

11. (a?-2/)/(*®+2/* + l)* 


2. 2/* + 4ar2/ + 3a7* + a:*. 

4. + 2x^y - a;® -f 3y*. 

6. y® + 22® &x^ + 4a;*. 

8. xy •^x~^ -^-yr^, 

10. (a;+2/)/(a;® +22/®+6). 

12. (2/ +2)® +(2 +a;)® +a?y2. 

13. If all the letters denote positive numbers, show that the maximum 
value of 

is (2A/6)»a5/c«. ° 

14. If 7a;* + 30a;®2/ +21y* =21, find the maximum and minimum values 
of a?® + 2/*. 

15. The maximum value of xyzl(a-¥x){x ■^y)(y where all 

the letters denote positive numbers, is given by 

a X y 

16. If 3a®2/® -^xy^ + 4aa;* =0, show that y has a maximum value, - 3a, 

3a 

when a; =-^ , and that, if 2a;» + 3oy* -a;®y* =0, 2/ is a minimmn, o . 6®/*, 
when X =a . 6* *. (a is positive.) (Todhunter.) 

17. If xyz = %, the product (a; + 1)(2/ + 1)(2 + 1) 's a minimum when 
X =2/ =2 =2, and if xyz =6* the minimum value of the product 

(a;® +o*)(2/® +a®)(2® +o®) 

is (a® +6®)*. 

18. If xyz =ifc*, the product (a; + a)(y +6)(2 -f c) is a minimum when 

x_y_z_ k 

a'”5’~c’"(a6c)^'* 

the letters denoting positive numbers. 

In Examples 19-24 all the letters denote positive numbers. 

19. If /(a;, y, z) ^x^y^z^ and y(a;, y, 2) =a; -fy +2, apply the tests for 
discriminating maxima and minima to prove that/ possesses a maximum 
when g is constant and that g possesses a minimum when / is constant. 

Show that the theorem holds for p variables x-^^ scj, ... a;,, and extend 
to the more general form 

g(x^ y, 2)=aa;*+6y^+C2’'. 
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20. (i) If 2iP + 3y + 4:Z =a, the maximum value of is 

(ii) If a*a:*+26y*+2J*=c\ the maximum value of x^z^ is given by 
17a*^^;® = 12c^ 1763 /® =cS 172* = 3c^ 

21. If xyz ==ahc, the minimum value of bcx + cay +abz is Zctbc, 

22. If x*la* + 2 /*/ 6 * + 2 ®/c* = 1 , the maximum value of xyz i^ ahcjZy/Z, 

Interpret geometrically. \ 

23. If xyz =o*(a; + y + 2 ), the minimum value of yz +zx +a:y us 9a*. 

24. If 2 c*+y* = l, the minimum value of (oaj* + 62 /*)/(a*x* 46*2/*)^ is 

2(a6)i/(a + 6). ' 

26, 9 ?(a?, y, 2 ) 5 aa* + hy^ + C 2 * + 2fyz + 2gzx + 2hxy^ and 
2 )sia? +m 2 / +n 2 ; 

find the maximum and minimum values of r* where r* is equal to 
a;*+ 2 /*+ 2 * 

(i) if 93 =^5 = constant ; (ii) if 93 = A; and y = 0 . 

If u = - kjr^, the values of r* are the roots of the equations 
(i) I a+u, h, g I (ii) |a+w, h, g* I \ 


a + 1 /, 

h. 

0 

(ii) 

0 +u. 

h. 

g> 

1 

K 

b+u. 

f 

= 0 ; 

h. 

6 +m, 

/. 

m ' 

gf 

f. 

c +u 

9> 

f. 

c +w. 

n 





1. 

m, 

n, 

0 


IVhen 93= A; represents an ellipsoid the volume of the ellipsoid and 
the area of the section by the plane y =0 are and 71^1^2 

where rj, r, are the roots of Equation ( 1 ) and pi, gj those of Equa- 
tion (ii) ; these products are easily found. 

26 . If (x* +2/* +2*)* =a*a;* +6*2/* +c*2® and lx -^-my +n2 =0, show that 

the maximum and minimum values of r*( =a3* + 2/* 4- z*) are given by the 
equation ;i/(ri - a*) + m*/(r* - 6*) + n*/(r* - c*) = 0. 

27 . If f{x, y, z) = {a*x* + 6*2/* + cV)lx*yVf where aa?* + by^ + cz* = 1 

and a, 6, c are positive, show that the minimum value of f(x, y, z) is 
given by . _ » ^ _ 

'2a(u+a)’ ^ 2b(M+6)' '2c(«+c) 

where u is the positive root of the equation 

«* - (6c + ca + ab)u - 2a6c = 0. (Schldmilch.) 

28 . /(a;, y, z) and y(a;, y, z) are two quadratic forms 

/s a^a;* + a^^y^ + 0,32* + 2a,3yz + 2a3iza? + 20^ jjcy , 
y s 6x1®* + 6„y* + b^^^ + 2683yz + 2 b^^zx + 26x2a?y ; 
if y is a positive definite form, prove that the maximum and minimum 
values of the ratio //y are the values of u given by the equation 




®n ~ 

1 

0* 




, 033 - 632U, 


where 0^3 ttUgo hrg-htr. 

{t = 1, 2 , 3 , s 

= 1 , 2 , 3 ). 


If / ssra:* + 7z* - 2yz - 2ajy, y =a;* + 2y* + 6z* 4- 2yz - 2ajy, show that u 
has the values 2, 1, ~ 1. 
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29. y)=8a;*~eajy*4-y^, and if a?=^, y =I;<,/(a:, y) =F(0, show 
that i^(f) is a minimum when t =0 {hi^O, ki^O) although {E,T, p. 413) 
f (^9 y) is *iOt a minimum for as =0, y =0. 

Hence if x—a-\-htty—h+kU y) — F(t) it is possible that F(0) 
may be a turning value of F{t) and yet f(a, b) not a turning value 
of /(a:, y). 

30. From the point B(0, -6) of the ellipse a;®/a* + y */&■ = 1 a chord 

BP of the ellipse is drawn ; find the position of P when the length of 
BP is greatest. (Lampe.) 


L Min. at (J, J). 2. Min. at (», - j). 

3. Two minima given by 2x* +2j/^ =x +y+4 and x=y and two 
xnaxima given by 2a:* + 2i/* =x +y + 4 and a: -f*i/ = 1. 

4. Min. at and at ^ 

5. Min. at (0, 0) if a > J. 6. Min. at (1, 0» 0). 

7. Min. at (1, 1, 1). 8. Min. at (1, 1). 

9. Max. at (1, 1). 10. Max. at (2, 1), Min. at ( -2, - 1). 

11. Max. at(^. X). 

12. No Maximum or Minimum. 

14. The values are obtained from the given equation and the three 
equations as =^0, y =2a:, y = 5x; the first two give minimum values and 
the third gives a maximum. 

30. If a* > 26*, P is given by »= dbo*(a* - 26*)i/(a* - 6*), y s=b*/{a* - 6*), 
but if a* < 26*, P is (0, 6). 
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INFINITE PEODUCTS. PRODUCTS AND SERIES OF PAR- 
TIAL FRACTIONS FOR TRIGONOMETRIC FUNCTIONS. 
GAMMA FUNCTIONS 

87. Infinite Products. Lct/j./j, /s, ... be a sequence of real 
or complex numbers and let P„ be the product /i/ 2 -*-/n> or, 
in the usual symbols » 

^ Pn= nu 

r-l 

Definition. If when n tends to infinity P„ tends to a limit, 
P say, which is not zero urdesa one of the factors f^ is zero, the 
infinite product is said “ to converge ” or “ to be convergent ” 
and P is called the value of the product or simply “ the product.” 
If P» tends to + « or to - oo or (when no factor is zero) to 
zero the infinite product is said “ to diverge ” or “ to be 
divergent.” If P„ tends to no definite limit (finite or infinite) 
the infinite product is said ” to oscillate.” 

It is possible for P„ to tend to zero even though no factor/, 
is zero; for example, P„ = l/(n+l) when /,=r/(r + l) and 
P^-^O when Of course, if any one factor /, is zero so 

is P, when n^r and therefore P„ tends to zero ; but, by con- 
sidering products that tend to zero when no factor/, is zero as 
divergent, the property that a product does not vanish unless 
one of its factors vanishes, remains for convergent products. 

Thus, if no factor /, is zero and if P„ tends to a limit P that 
is not zero, | P„ | must be greater than a positive constant, 
C say, for every value of n ; because m may be chosen so that 
I P, l>0i>0 when n>m, while | P„ ] is not zero when n takes 
any one of the tn values, 1 , 2, ... , m, since no factor/, is zero. 
Hence | P, |>C for every value of n, where C is any positive 
constant less than or than any of the m numbers | P^l, |Pi|, 
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In testing for convergence the condition that the limit P 
is not zero unless a factor fr is zero must be specially noted. 

The notation for an infinite product is, in analogy with that 
for an infinite series, 

n/„ or n/« or n(l +M« or n(l+«n) 

n-l n-1 

the brackets being used when the factor contains two or more 
terms. 

In the following work the symbol e has the usual meaning. 

Theorem. The 'product P„, 'where Pn—fif 2 •••fm when 
n tends to infinity, tend to a limit P, that is not zero unless one of 
the factors fr is zero, provided there is an integer m such that 

(i) I fn+X fn-i 2 • • • fn+v 1 j fi if ^ Wl, p = 1, 2, 3, .... 

This condition is equivalent to the following which is often 
more convenient in practice : 

(ii) ifn+lfn+2 ••• fn+p "" 1) P = 1> 2, 3, ... . 

«->oo 

The product • • • fn+p is Pn+plPn> 

(a) The condition is necessary. If no factor fr is zero | Pn 1 
is greater than a positive constant C for every value of n while, 
if P„ tends to a limit, m may be chosen so that | P^+p -Pn\<eC 
when n^m whatever integer p may be. Hence 

l/n.l/n«.../n+,-l|=' pj,- ^ m, 

SO that I fn+x fn +2 * * * fn+p ““ 1 { 6 if n^t m, p = l, 2, 3, The 
condition is therefore necessary. 

(b) The condition is sufficient. Let e ; since condition (i) 
is satisfied m may be chosen so that, whatever integer n may 
be provided that 7i>m, 

I f »»+l f m+2 •••fn 1 I i > or, J <C I / m+l fm+Z ••• fnl^if 
and therefore, m being now fixed, 

i|P„,|<|PJ<llP^l ifn^m (k) 

If therefore P„ tends to a limit that limit cannot be zero unless 
a factor of P« is zero. We have now 

I P n+p P« I ~ I -Pn I I fn+x fn+2 • ' • / n+p 1 | • 

But |P„|<f lP^|<Jf, a constant, by (jfc) ; and, since 
condition (i) is satisfied^ there is an integer p (which may be 
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taken greater than m) such that 1/n+i •••/••+» - 1 l<e/^ when 
2, 3, ... . Hence 

\ Pn+p if ^ ^ = 1, 2, 3, ... , I 

BO that Pn tends to a limit which, as has been shown, is not 
zero. \ 

Cor. 1. Let p = l. For convergence it is necessary \ that 
fn+i or (what amounts to the same thing) that /„ should tend 
to unity when n tends to infinity ; it is therefore usual to 'S^te 
the typical factor in the form (1 +Un)i where u^-^O when 
n-> oo , The form /„ is, however, useful, and Un =fn ~ L 

The condition that Un-^0 is necessary but not sufficient 
for convergence (§ 88, Ex. 1). 

The two Lemmas that follow are often required. 

Lemma 1. l+a<e®ifa>0; 1 -o<e“® ifO<o<l. 

See § 25, Ex. 3. 

Lemma 2. If 1 | whether is real or complex, 

I (1 +^n+l)(l +Wn+l) ••• (1 +^n+p) “ 1 1 

= (1 +0„+i)(l +On+a) ••• (1 +®n+j>) ” 1* 

Take three factors, 

1 1 +t;, 1 +ti; where [w| = 0 , |t;| = 6 , |u;| = 0 ; 
then (1 +w)(l +v)(l +«;) - 1 ==(w+v+w) ^{uv +uw +vw) 4 'Uvu;, 
and therefore 

I (1 +ie)(l +v)(l +w) - 1 1^ (a +6 +c) +(06 +OC+ 6 c) +a 6 c, 
that is ^(1 +a)(l + 6 )( 1 +c) ~ 1 . 

The proof is obviously quite general. 

88. Tests for Convergence of Products. Two tests for 
convergence will now bo given ; these will be sufficient for the 
applications we make, and Bromwich’s treatise on Infinite 
Series may be consulted for further information. 

Test 1. If dn dnd positive for every value of n the 

product 11(1 4-Un) converges or diverges according as the series 
converges or diverges. 

Let =ai + Uj + ••• + aud, when converges, let s^ tend 
to s when n tends to infinity. 

(i) Let Sa„ be convergent. By Lemma 1 of § 87, 1 + a,.<c®*’ 
and therefore 

P« = (l-f-ai)(l +a2)--- (l+aj<e^»e®*...e*«, 
so that P« < c** < e*. 
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Thus P„ increases as n increases, but is less than the fixed 
number 6* for every value of n ; therefore tends to a limit 
and the product 11(1 + a„) is convergent. 

(ii) Let Sa„ be divergent. In this case 

= (1 + %)(1 ^ 2 ) • •• (1 + == 1 + + (positive terms), 

and therefore P„“>+oo when n-><x> since does so. The 
infinite product 11(1 + a„) is therefore divergent. 

Test 2. IfUn is any number, real or complex, and if \Un \ ==a„, 
the product 11(1 +u„) converges if the product 11(1 + a„) converges. 

By Lemma 2 of § 87 

I (1 +^«+l)(l +^n+2) — (1 +^n+p) - 1 I 

^(1 + a«+l)(l + ®n+2) • • • ( ^ ®n+i>) 1 • 

Now (§ 87, Theorem) [(1 + a„+i)(l + o„+ 2 ) ... (1 + o„+,) - 1] tends 
to zero when n tends to oo if the product 11(1 +o„) converges; 
therefore, when 11(1 +a„) converges, 

I (1 + ««+j)(l + ««+,) — (1 + ««+p) - 1 1 

also tends to zero when n tends to infinity so that the product 
n(i ■h u„) is convergent. 

Definition. If u„ is real or complex the product 11(1 + u„) is 
said to converge absolutely when the product 11(1 + !«„!) 
converges. 

Hence 11(1 + «„) converges absolutely if S| | converges and 
n/n converges absolutely if S(/„ - 1 1 converges. 

Again, since 11(1 + «„) cannot converge unless when 

«->-oo, it may always be assumed in testing for convergence 
that |u, |<1 ; the omission of all factors in which |Un|^l 
would at most afiect the valtie of the product and not the 
property of convergence or divergence. 

Suppose now that 11(1 +it„) is expressed in the form 

Psn(i+«„)=n(i+M«)x It (i+«„)=p„.G» 

I 1 m + l 

where G«=n(l + M„). 

The product P will or will not converge according as the 
product Q„ does or does not converge. Further, we may 
suppose I I to be not merely less than unity but less than 
any positive number e when considering the conveigenoe of 
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the integer m being taken large enough to make | t^n |<c 
when n>m. 

An expression for log P will now be found and the assuniption 
is expressly made that every logarithm has its principal value. 
Suppose (i) that the series ' 

Slog (!+«„) .\.(a) 

4- 1 

converges, its sum being I ; (ii) that m is so large that 1 1 1< :?t ; 
and, therefore, (iii) that I is the principal value of logQ„. 
It follows that 

P=Pn. = +%)(! +«*) (1 

since 

Again, by § 70, 

m 

log [(1 + «i)(l + ttj) . .. (1 + «„)] = ^ log (1 + tt„) + 2k7ti, 

where h is zero or a positive or negative integer. Hence, since 
l=logQm, m 

log -f* = S log (1 + “«) + ^kni + 1 


= Slog(l + “n) + 2i7n. .(/?) 

The number k is not zero, in general, but it is finite (not 
greater than m nmnericaUy) ; even when u„ is real the factor 
(1 +u„) may be negative and therefore log (1 +«„) may be 
complex for several values of n. 

If there is no value of m for which the series (a) convei^es 
then the product and therefore also the product P caimot 
converge. The existence of the number I, that is, the con- 
vergence of the series (a), is therefore both sufficient and 
necessary for the convergence of the product 11(1 + «*). 

Note. In testing the convergence of S | | a useful com- 

parison series is S(l/»*). Thus S] tt„ ] converges if »* ] «, | -»■ i, 
a constant, when »-»■ « ; for if k'>k and n sufficiently large 
n* I Un I l^BS than k' and therefore | Un I < k'jn^. But 

B(l/n*) converges and therefore 2| | will also converge. 

Ex.l. (i) (ii) (iii) II^l 

The products (i) and (ii) converge absolutely {x may be real or 
complex) because 2( 1/n*) converges. The product (iii) diverges because 
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2(l/n) is a divergent series. The product (iii) is an example of a 
divergent product 11(1 +it„) for which 0 when n-> oo so that, as 
for infinite series, the condition that when n->x is necessary 

but not sufficient for convergence. 


Ex* 2. If is positive and less than unity for every value of n and 
divergent the product 11(1 -a„) diverges to zero. 

Of course it would be the same thing if < 1 for n . : m, some fixed 
number. Now 

1-0* 1 
1 - Or Y ^ 1 ®r <T~, “ therefore 

1 -t- o,. 1 + 0 ,. 

0<fl(l~Or)<l-n(l+Or). 

f-l r-l 


n 

But the product +®r) tends to +x when n->« and therefore 
n ^ 

the product fj ( 1 - Or) tends to zero when n->x . 

1 


Ex* 3. 


Tf P _^(^ + l)(a? + 2)...(a;+n) 

" 2/(2/ + l)'(2/+'2)...(y+nr 


where 0 < a: < y, show that 


Pn"^ 0 when n-^ x . 

Here Let =o-. and the result follows from 

y + n y+n y+n ” 

Ex. 2. 


Ex* 4 . If 


^n+l 


n 


and if 6 > 0 when n x , show that 


►0 when n-^ao , 


“» «n-» Y 

«« “« “iV r/- 


When r is large br differs but little from the limit 6, say 6,. > 6' > 0 
when r>m* The series '^{b'ln) diverges to x so that aja^ diverges 
to X and therefore o„ 0. 

Ex* 6. The product Il|^l+^^e converges absolutely for every 

value of X, real or complex. 

By § 68 we have 


Hence 


-■-iS+ig-.- 




and therefore w* 1/,^ - 1 1 -> i | a? 1 * when n -► x so that the series 
2 1/n “ 1 1 converges and therefore the product Ufn converges absolutely 
for every value of real or complex. 

This example is of fundamental importance for what follows. 
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89. Derangement of Factors in Product. It is proved in § 69 
that no derangement of the terms of an absolutely convergent 
series alters the sum of the series ; it will now be provei^ that 
no derangement of the factors of an absolutely conveij^nt 
product alters the value of the product. \ 

Let the sequence ffi, gfa, j/s, ... be a derangement of \ the 
sequence ... in the sense that every element in bne 

sequence occurs once, and only once, in the other. ' 

Suppose that n/„ converges absolutely; then the series 
2(/n - 1) converges absolutely and, by § 59, no derangement 
of its terms alters the sum of the series. Hence the series 
^{9n - 1)> which is derived from the series S(/„ - 1) by a 
derangement of its terms, is absolutely convergent (with the 
same sum) and therefore the product is absolutely conver- 
gent. It has now to be proved that n/„ and Jlg^ are equal. 


Let 


J*«=n/,andC, = ng,. 

»=1 


However large m may- be, n may be chosen so that 
contains all the factors that occur in ’> but whatever integer 
r may be there is one, and only one, integer « such that 
and therefore the quotient Q„/P« contains only factors 
» S\ such that the integers a, /?,..., A are each greater 
than m. Thus 





and, since n/; is absolutely convergent, |/a/a.../ji - 1 ] tends 
to zero when m->oo , But when n»->oo so does n and there- 
fore QJPm tends to unity and P„ and Q, tend to H/, and 
Hpn respectively ; but n/„, being an absolutely convergent 
product, is not zero so that ngr„ = n/n. 


1. Show that 


EXEBCISES X. 



2 


n<n + l) 




. 5 . 


D- 


£ 


1.3.5. 




2.4.6... 2n 


2 

3- 


2. Prove 


0. 
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3. If 0< a?< y prove that 

1 ^ a;(a; + 1) ... (g? +n - 1) 1 


4. If the factors (1 + 1/r) and (1 - 1/r) are multiplied by e""*/*’ and 
respectively, prove that the products 

and 

are convergent while the products 

fl(-i) «a fl(.-J) 

diverge, when n-^oo , to infinity and to zero respectively. 

6. Prove that the equation 


■‘X + 


x(X‘ 


2 ! 


1) a;(aj~ l)(a;-2) , ,, 1) 

3! ■'•+■*•• + 1 


n! 


holds for all values of x and investigate the relation, when n->ao, 
between the series and the product. 


6. If P„(a:)= n (!+»«,) 

fl 

show that •Pn(®) “ ^ 

where is the sum of the products of u^, u,, ... taken r at a time, 
and deduce that if is absolutely convergent 

n (1 +*"n) = * + ^ 

•t-l n-1 

the series being absolutely convergent for every value of x. 

[If == I % I + I I + ••• + I “n I ^ when n-^ oo , then 

n— ►» r»-l 

also I cTr I < S^lrl if r > 1.] 

7. If I a; I < 1, show that 

(1 +*){! +*»)(! +*<)... (1 +**") ... = 1/(1 -*). 

8. Prove that if | g | < 1 the four products, n = 1, 2, ... . 

g,=n(l-g*»), g,=n(l +?*»), 
g, =n(l +g*'->), «, =n(l -g*»->) 
are absolutely oonvwgent. Purther, 

g^,=n(l -g"), gigt=n(l +g*), g,grf, = l. 
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9. !£/{*) =n(l show that (1 + g*)/(?**) =/(»). 

00 

and if /(*) = 1 + 


show that 
and 


q +q*Ai =^i, +?*M, =A^ 


A — — i— A — 

^1-1 -«•» ^n“-, 






10. If i^(a:) =I1{(1 show that qxF(q*x) is equal 

to F(x) ; then prove that F{x) may be represented by a series ' 


F{x):=^B^-¥"^B^(x^ + \lx^) 

n=l 

where = l/9o. t)eing the product in Ex. 8. 

11, If |a| >1, prove that 

fT/'l-*Vl + V 

}}y w («-i)(o‘-i)...(o”-i)’ 

12. If I a I < 1 and | a; | < 1, prove that 

„5o ^ (r-o)(r=^*) .;r(i~o»j • 


90. Uniform Convergence. If the factcHPs /„ are functions 
of a real variable a?, say/^^l 4 ttn(ic), the question of uniform 
convergence arises. It is sufficient for our purposes to consider 
the case that corresponds to the convergence of series when the 
JIf-Test applies. It is assumed therefore that 

(i) each function Un{x) is defined for the closed interval 

(a, b) ; 

(ii) I ujpo) 1 < Mn for every n, where is independent of x ; 

(iii) SJfn is convergent. 

If P(a;) = n{l i^be convergence will be uniform, and, 
further, if each function ujx) is continuous for a^x^b the 
product P{x) will be a continuous function of x for that range. 

That the product converges both absolutely and uniformly 
follows from the fact that S| | < SJtfn and that the con- 
vergence of S| ujx) I is therefore independent of x. 

, Let Pn{a:)=n(i+M^)}, en=n(i+if«); 

f—l r—l 

then I ujx) | < „ and therefore, by Lemma 2 of § 87 and the 

conditions for convergence, m may be chosen (and then kept 
fixed) so that 


I ~ 1 “^Qm+v ~ 6 < S 


( 1 ) 
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for every x such that a^x^b and for 2, 3, ... . Now 

let ; therefore 

I P{x) - P^{x) 1 ^ e, a^x^b (2) 

Suppose now that each function Un{x) is continuous. If x^ 
is any number in {a, b) we can choose h so that 

\Pm(^)-Pm(Xl)\<^ if \X-Xi\<h (3) 


because Pm{x) is the product of a finite number of continuous 
factors. 

Hence P{x)'-P{x^ 

r=[P{x) - PJx)] - [P{x,) ~ P^{x,)] + [PJx) - PMl 
and therefore, by (2) and (3), 

\P{x)-P(xT^)\<3e if \x-x^\<h, 
so that P{x) is continuous. 

Differentiation. If Un{x) is continuous for a given range, say 
for a^x^bi the derivative of log P{x) is given by the equation, 

P’(x) ^ ^ u'„{x ) 

P{x) Vl + M®) 

when the following conditions are satisfied : 

(i) 1 1 +Un(x) I > ^ > 0, for o ^ a: ^ 6, and for every value 
of n ; 

(ii) I u'„{x) |< B„, independent of x, for a^x^b and for 
every value of n ; 

(iii) "LBn convergent. 

When these conditions are satisfied the series 

V 

Y 1 + u„{x) 

converges uniformly for the range a^x^b and therefore {E.T. 
p. 400) the series is the derivative of the series for log P{x). 

The above conditions are not very wide, but they are suffi* 
cient for many applications. 


Ex. If 




show that 


P'{x) _ 1 ^ 2x 

P(x) " iP* +n*7r** 


0< |a?| 


where b is arbitrarily large. 

u^(x)=ix^ln*n* and ther^ore P{x) converges uniformly for every 
value of aj, 1 » 1^6. If s=2x/(ar* +n*Jt») the limit of n*e,|{a!) for 
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n 00 is 2xl7i* ; may be tcbken to be 2hln^n* and is con- 
vergent. Obviously 1 is positive for every value of n and x. 

The term IJx requires that |a7| be positive. 


91. Tannery’s Theorem. The Theorem for products corre- 
sponding to that of § 63 for series may be stated as followst: 

If F{n) = n {1 + Ur{n)}, where is a function of n that tmds 


r«0 


to infinity with n and Ur(n) is a function of w, the product i\(n) 
will tend to a limit when n tends to infinity provided ^e 
following conditions are satisfied : 

(i) jT Ur(n) =Vri when r is fixed ; 


(ii) I Ur{n) I ^ Mn where is independent of n ; 

(iii) SJfy is convergent. 

When these conditions are satisfied F{n) tends to a limit 
when n oo and the limit is given by the equation 

^ P{n) = n (1 +»r). 

n-4-00 fwO 

As in § 63, it is plain that I! | | converges and therefore the 

product n(l -f Vr) is convergent. Again, since n and therefore 
also N is to tend to infinity, we may always suppose that N 
is greater than any given integer m, however large m may be. 
Now take the notations 


Qs=U{l+Vrl C=n(l + t;,), 

r«0 f«0 r—0 

and express F{n) -Q in the form ca+fi-y where 

a.=Pfn(n) -Q„, p=Ps{n)-PJin), y=Q-Q„. 

We now have 

\fi\=\PM\ n {!+«,(»)} -1 

!r-=m+l 

^n(n-Jif,)r n 

r-O Ij— m+l J 

n (i+v,)-i ^n(i+jif,)r n (i+if,)-i 

f— m+l r*0 Lr»m-fl 


Since "LMr and therefore 11(1 +Jlfr) converges tn may be 
chosen so that, given e as usual, both | ^ | and | y \ will be less 
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than e. When tn has been chosen let it be kept fixed and then 
may be chosen so that if » > % the modulus 

I a I = 1 P„(n) -Q„ I 

will, by condition (i), be less than e. Hence 

if »>%, or >C-^{«) = n(l + ®r). 

n-^Qo 0 

This Theorem is essentially the same as that stated by 
Chrystal on p. 346, Part II, of his Algebra. 

92. Infinite Products for Trigonometric Fimctions. The ex- 
pression of sin X, sinh x and similar functions as infinite products 
was given by Euler in his AncAyais Infinitorum, Vol. I, §§ 166 
et aeq . ; the following method, which is an improved version 
of Euler’s, is given by Tannery and Molk, Fonctuma EUiptufuea, 
I, Chapter III of the IrUroduction, and is said to be due to 
Darboux. 

Let + ( 1 ) 

where n is an odd positive integer and x is any number, real 
or complex ; f^ipo) -> sinh x when w qo . 

/n(a:) is a polynomial of degree nin x\ the absolute term of 
the polynomial is zero and the coefficient of the first power of z 
is unity so that fn{x)lx -> 1 when a; -> 0. 

The roots of f„{x) =0 are 0 and ^Xj^ where 
Xfs=intajx{k7tln), i = 2, ... , ^(n- 

and therefore 

fn(x) —Ax\[[x^^n^ tan*f — Vr > -d = constant. 

\n/j 

But fn(x)lx when x->0 ; therefore 
i=4{«-t«.(^)} 

We now apply Tannery’s Theorem, § 91. The greatest value 
of ibi/n is {n - l)7r/2n which is less than 7t/2 so that n* tan*(l;7c/n) 
is greater than and therefore, if ] »* | = o* 

1(1 + «*/n* tam* (i;w/»)}| < 1 + «•/**»*, 
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and the series converges. Further, when k is fixed, 

+ z*ln* tan*(i!jr/w)} = 1 +®*/ifc*jr*. 

n~►oo 

The conditions of Tannery’s Theorem are therefore satis^ed ; 
and since /„(a;)->sinh x when n oo, we find 

sinh = a; n ( 1 + x'^jk^n^) ^ a: H ( 1 'hx^jn^n^), .Vs) 


and the product converges absolutely and uniformly for t^e 
range \x\'^K where K is an arbitrarily large positive number. 
The number of § 90 may be taken to be 

Again, cosh a; = sinh2a:/2sinha:. The product (3) is abso- 
lutely convergent, and therefore the factors of the product may 
be arranged so that one set contains x and the even multiples 
of 7t while the other contains the odd multiples of n ; thus 

&=& n/i + X _n {1+ ,2;^^.— .} , 

and therefore 

00611*= nji tpjnjisi} (*) 

The formulae (3) and (4) are valid for complex as well as for 
real values of x and therefore if ix is substituted for x we find 


nn*=*n/l-^.) 


93. Expansions in Partial Fractions. The products in (3), 
(4), (5) and (6) of the preceding article may be differentiated 
logarithmically (§ 90). Thus from (6), if 6 < a; < a:, 

cota:=-+V -5 (1) 

X **-»*«* ' ' 


_ vT / ^ I: 1 

^^^ynn + x {n.+ l)7r-a:/ 

Again, cot ix - cot x = 1/sin x ; therefore 


■ -‘i y( 1). ^ 

sinx X ' x*-n*7i* 


* / 


I 1 . 1 1 ^ 

[UTt + x‘' (n + l)7t -x) ‘ 


(2a) 
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Another method of obtaining an expansion in partial fractions 
is given by Tannery and Molk (sec § 92) and is, like the method 
for obtaining an infinite product, said to be due to Darboux. 
The method may be seen by taking the function l/sinha;, 
defined as the limit of llfn(x), where fn{x) is the polynomial 
of § 92. 

Express l//n(^) as a sum of partial fractions ; since /„(a')/a;- >l 
when we have 




^ V + y 

fn(x) X i^iX-Xj, 

Now (E,T. p. 291) if fn(x) -(lfn(x)l(lx the value of A*, is 


llfn(^k) I therefore, as is easily proved, 

1 1 

so that 


5, 


ki 


1 1 A 2xA^ 


X 

Apply Tannery’s Theorem, § 63. If k is fixed 

r -/ lu 

(For the limit of see § 25, Ex. 5.) 

Next I Afc |<1 and | a:* --a:| |>| k^n^ - | a:|* | so that 


.(3) 


2xA^ 


<1 


21*1 


- ja:!* I ■ 

If X is not a multiple of 7t the series 

2X 

is absolutely convergent and therefore the conditions required 
by Tannery’s Theorem are satisfied, and we find 


1 


1 


sinh X X 'a:* 


2a; 


.(4) 


n^l 


The values 0, ±nm are of course not values that x may take. 

In (4) put ix in place of x and the series (2) for 1/sin x is 
obtained. 

By either of the above methods various series may be 
derived ; as the product formulae hold whether x be real or 
complex the series for a trigonometric function can at once be 
transformed into one for the corresponding hyperbolic function 
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and vice verm. An identity such as tan x=cot a; - 2 cot 2a; is 
also useful. Several of these series are given in Exercises XI 
and many developments which lie outside our limits will be 
foimd in Chrystal’s Algebra, Chapter XXX, Bromwich’s 
Infinite Series, and books on Trigonometry, such as Hobscjp’s. 

Ex, 1 . Show that if Q<x<n 

where < 2/(n + 1 ):r. 

Write equation (2a) in the form 
n 




f-0 


x^ (r + 1)31 -a? 


+ (-l)»^+ii?Ja;). 


where R^(x) =- 


1 


** r3r +a;^ (r + 1)31 -a? * 
If O — 31, Uy > Wy+i, r =n + 1, n +2, ... and therefore 


i2«(aj) < < 2/(n + 1 )n. 


Ex, 2. Show that 
cos 




. V « - €L-X . CL + X 

(oo8a?~co8 a.) = 2 8m'~-g-' sm'~y 






-))■ 


- Vn((--'^X'- W 

Take the quotient (cos x - cos f^)/(l - cos rx.) ; the typical factor is 


4n*3t * -(«. -5)^ 4n*^j-(a +a?)* 

4n*3r* -a* 4n*3t* -a* 

'’"2n3r ~a ^ ’’in^T+aX^ ’’2n3r ~aX^ 2n3r + a) 

~(2n3r^*X^ “r2nSl^'aO*)’ 

flo I 1 

iZfa:. 3. Find the values of y) -s , -a • 

From the infinite product for sin x/x we find 

CO 




Now if a;* < 3V* and is the series 

A i f-i x^ \ X* 1 


1 a?* 
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the series and satisfy the conditions for derangement of § 66. 
Hence we have 


(1) 


/ a;* \ 

log (1 =®»** +®«** +®«®‘+ 

where ®i='^ S A* =5^ S A* ••• 

■ 71* n* * 2n* ^ n* 

Again, since sin xjx — I - a:*/6 +37^/5! - etc. 

/X* a* ^ \ X* \» 

\6 126 "^’'V'*'®l 6 126 ■^•■7 

and, as before the series may bo re-arranged in powers of x, so tliat 


, /sin x\ 
-log(— -)= 


X^ X* 


■( 2 ) 


The series (1) and (2) are convergent for a common range, say for 
«• < a* ; therefore equating coefficients we find 

1 1 
or 2ii?=-6' 

1 1 71^ 

^n*”96' 


®‘~180 


In the same way the values of 2n“*, . . . may be found. 

Ex. 4. Show that :^{2n - 1)-* =7r*/8, 2(2n - 1)~* = :?r*/96 

Proceed as in Ex. 3, using the infinite product for cos a;. 

94 . Bernoulli’s Numbers. In equation (1) of § 93 put ix 
for X ; then we find 

_ 1 2x 

coth«=-+V-s . (1) 

X ^n*7r*T-a:* ' ' 

and if we now pat \t for x the equation (1) gives, after a slight 
reduction, 

+ 2 2 + (2) 

The series in (2) may be expressed as a series in powers of t *, 
for if I f I =a<2?t we have, » = 1, 2, 3 

4n*^* +4^ 4n*i;r* \ ^ 


. 4 f - + 


o.v.o. 
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This series converges absolutely if | i | =(x. < 2n, and therefore, 
by § 66, the series in (2), namely, 

00 00 / 29n 

may be evaluated by summing first with respect to n ani| next 
with respect to m. Thus 

00 /2 00 / 2 m 00 1 

(Sr- 

^ + + (3) 


Hence, if we now, for convenience, interchange n and m 
we get / * 

(4) 


Again (E.T. p. 404, Ex. 7) 


where JS^, ... are Bernoulli’s numbers. Therefore, equating 
the coefficients of in (4) and (5) we find 

R _0 (2^)! O 

^"’“'^(271)^^^” 

It may be verified from this expression for that the 
series (5) converges absolutely when \t\<2n\ for fi^ 2 n+ 2 <^ 2 n 
and R /2 a / 2 / 2 

■Qyi-f-l ^ _ ^2n+^ . ^ ^ ^ 

(2?i + i)(2?i + 2) iSan ^ 2n * 

Equation (4) shows that tl(e* - 1) is expressible by a power 
series and therefore the Maclaurin series (5) is now justified; 
also (5) holds for complex values of t since in (4) t may be 
complex. 

The remainder after the term in f®”, equation (5), may be put 
in a convenient form, t being real. For 

2 ^* -2y( ir-^- 

. / ,w 2«*“+* 

^ ’(4»*w* + <*)(4n»«»)'"* 
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and therefore, when summation is made with respect to n in 
the series (2), the coefficient of ( - l)*»(*»n+* ig 


2S- 




1 




(4«*7r* (4n*j?)’»+i ~ (27r)*^* ’ 

so that the coefficient is of the form 6«{252„+2/(2 ;t)®’"+*} where 
O<0™<1. 

Hence, interchanging m and n as before, we see that the 
remainder B„{t) after the term in in (5) is given by 

i2n{0 = ( - 1)"0« <*"+*, O<0„<1 (5a) 

If f is complex the above reasoning fails, but there is a 
similar form. 

t t 2t 

e'+l~c‘-l e“-l’ 

we deduce from (5) that if | f 1 <Ji, 
t 


c‘+l 


\t\<^ (7) 


and, by putting ix for t, series expressing various trigonometric 
functions in terms of be found (see Exercises 

XI). 

The following values of J5„ may be useful : 

==■«■> ■®2='sV> ■®4~'aV> ■®6~2*VVir* 

See Chrystal’s Algebra, Part II, Chapter XXVIII, § 6 ; 
Nielsen, Traite MUmentaire des Nombres de Bemovili. 

For the expression of B„ as an integral see § 165, Ex. 6. 


EXERCISES XI. 


)/ 2 «. 


1. Show that n ~ 

2. Show that n^(^g^?)=i(e^' + e-?). 

3. 1 +8m » =4(a + 2*)* { 1 - 1 - ... 


A /•K ^ X SC X sina; 

4. (l) COB g cos g, cos cos 'gi ... =— ; 

(ii) g tan p “ 

What restriction is there on a; in case (ii) ? 
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(ii) 008*= -48m*^^. 

e E^=f\ f(l+-^Yl—^^\. 

3 sin o; \\ nn +a?A -xJJ 

Examples 7-17 are taken from Chapter IX of Euler's Introdv^io in 
Analyain Infinitorum, 


7. 


+e® 


w ^ 

= n {i+ 

n-l '• 


4(6 ->c)a; 




(2n-l)«jt* + (6-c)» 

4(6 -c)x+4x^ 1 


ft / 2x\^ f, . 4(6-c)a;4-4r« ^ 

- e® \ ^ 6 - I ^ 4n*;r® + (6 - c)* / 

9. (cosh a? + cosh c)/(l +cosh c) 

„ii U (2n - +c*A (2» - +cV/ 


1 0. (cosh ic - cosh c)/( 1 - cosh c) 


IL (smha;+sinhc)/sinhc 

12. (sinh a: - sinh c)/sinh c 


1 + 


n*7r* +c* 


)■ 


=-(-f)n{- 


( ~ l)”^^2ca?+ a?* 
n*7r* + c* 


)■ 


13. By putting ix for a; and ic for c, or otherwise, deduce the formulae 
for the circular functions corresponding to those of Examples 9-12. 
For instance, from 9, if m =2n - 1 

cosa;-hco8C _ A f/. x^ V 
1 +COS c (mn +c)®A (wtt ~c)V1 ’ 


COS (a? -c) _ 


008 c 


= n{(i. 


2a; 


(2n - l);r 




2a; 


(2w-l)7r + 2c. 


)} 


^(2nLc)*X^ +(^+cp)} • 


16. 

17. 


cosh a; - cos c 
1 - cos c 

cosh a ; +008 c 
1 +OOBC 


=A{(- 


(2n-lat + c)* 





vra.] 
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18. From Examples 16, 17, deduce products for cosh 2ui:0os 2u and 
deduce the value of 

TT ~4n4-5 \ 
fi«i - 4w. + 1/ ' 

1 a TT 1 . ( ^n^ 2) - cos { 7ix<J2) 

„“A ««j 2^^ 

20. sin 7tx—}ix{x + 1) H 1 1 . 

n=l'- «(»+!)/ 

21. cothg=-+y 

/:x coshoa? 1,2^, ^^^aoosnx ^ ^ 

ZZ. (1) -r-r H— >.(-1) — S 5-* -n^X^Ttl 

smhayr an n^ ^ ' n*+a* * — 


sinh oa? 2 . 

' sinh an‘~ n " ^ n* + a* * 


-n<x<n \ 


(iii) 


sinh x 


'V ( 

cosh a? + cos [(2n- l)ji-cp+x*^[{2n-* l);E+c]*+a;*J 

“ 8a: 

«-=l( 2 n-l 

8a; 


2a: 


2a: 


23. tan a: j ^ . 

24. (2n - l)«n* + 4»» • 

26. -i- = y ( - n«-i 4(2n-l)« 

COS a: ' (2n - --4a:* 

26 ^ r=^( 4(2n-l):7t 

cosh a; ' (2n - +4a:* 

07 ^ ^ 2a - 

27. - + >, -a- — i = ;7r coth an. 

ft®* 1 


Put an for a: in Ex. 21. Many numerical series may be expressed in 
finite form by assigning particular values to a: in Examples 21-26 and 
similar examples. 

28. a; cot a; = 1 - 5] To^^**** \x\<n, 

“i( 2 n)! ' ' 


29 . tan* = |;( 2 *»-l)^®*»-‘, |*|<|. 


n-1 


X 

sin^a: 


(2n)l 


n»l 


31. Derive the series for the hyperbolic functions corresponding to 
the circular functions in 28-30 by putting ix for x. 
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32. By mviltiplying the power series for (e< - l)/t and the series (6) of 
{ 94 for tl{e* - 1) prove that 


33. Show from equation (2) of § 94 that if 0 < « 


2n-ll 


0< 


1 1 t 

e*-l 


Note that 


^ (4n*«* +<»)-» 


Avl 

4^* ““n® 


34. Expand the logarithm of the infinite product (i) for (sin xjx) 
opd (ii) for cos a; as a double series, and show that it may in each case be 
arranged as a power series in x (see § 93, Ex. 3) ; then show that 

(1) log— = - ^ I* I <„; 


(ii) logoosa;: 


(2n)!n-' 




(2n)! n 






36. sec «= ^ i * I < i • 


n-»0 






where 


and 




■ Sn+l ““ j2n+l 32n+l^52n+i 7221+1 

2»» +«(2n)!r,^4 

- yjtn+l 




The numbers are called Euler’s Numbers. E^ = 1, Efj =6, J2?8 =61, 
E^ = 1386. (Chrystal’s Algebra, Part II, Ch. XXX, § 3 and § 16.) 

36. Prove that 1 + ^>S,„>1+ . 

Apply the inequalities (6) of § 11. 

37. Prove that and E^ are both positive and tend to co when 

ti— ► 00 . 


Examples 38-40 are from Tannery and Molk, Fonctiona EUiptiquea I. 
38. If A is real and positive but not greater than unity, show that 

C 08 Aa? _l ^ 2a? cos nXn 

sina? ^ a?*-n*;r* 

( _ 

fn-^oo n-'-m 
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/n(»)=»9’n(*)/V’n(*) where n is an odd positive integer and 
9’n(^)> V'n(^) polynomials in x, namely : 




/n(^) Aar/siu x when n -> oo and xf^{x)->l when a; -► 0. 

Express (a;) in partial fractions ; the roots of x=0 and 

x= ±^ib= intan(A;jr/n), fc = l, 2, ... , J(n - 1)=^. 


/n(“) 


=1+ Vf-^H 


X + XkJ 


and 


^ L cosajfe J 


cos (no Ljf) 
cos^{knln) 


tan oLj^ = A tan 


kn 

n 


Now proceed as in § 93. For the limit of Ajc see Exercises II, 27, 
Show that the series represents the function if - 1 ^ A ~ 1. 


39. 


sm X 


2nn sin nXn^ 
- 


jC 


sin nXn 

/>• _ M nv * 


00 n — m 


where A is the same as in Ex. 38. 


Note. 


sin Aa; If, cos Aa; cos A(a? + ^ 

sm X sm An I sm x sm {x+n) J 


40. 



^ (-1)" 
n— - m 


ewXw 


95. The Qamma Function. The product P„(x) wheoe 

n\ 


■Pn(*) = 


'x(x+ l)(a: + 2) ... (x + n-l) 


( 1 ) 


is defined for all values of x, real or complex, except the values 
zero, and the negative integers numerically less than n. It 
will now be shown that Pn{®) tends to a limit when n tends to 
infinity ; the limit is called the Oamma Function of x, is denoted 
by r(x) and is defined for all values of x, real or complex, except 
zero and the negative integers. 

The limit will not be altered if Pn(*) is multiplied by the 
factor n/(n +x) which tends to unity when n tends to infinity ; 
hence we may, as is often convenient, suppose that Pn(^) is 
defined by the equation 

n / \ n\if . 

^"^®^“x(x+l)(x + 2)...(x + ») 

When a distinction is needed, the form (1) may be called the 
first and the form (la) the secortd form of P%(x). 
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First Proof. Take the fonu (1) and write 

=(»-i)in'(i+iy; 

f-1 ' 

also. +■•)■■■ 

Thus »p.(.) =• "n {(i + i)'(i + ?)■■} = nV,). 

Now /,=(’h.5+?(;-')+4Yi.?+^_:B'i 

\ r 2r* r»A r r* r® ^ 

^2 ^ yS » 

where A, B,C are all finite ; therefore 

»•* l/r - 1 1 ->J I x(x - 1) I when r-> co 
80 that S{/, -1) converges absolutely for every *. Hence 
P„(x) converges absolutely when «■->• co . 

Second Proof. Taking the definition (lo) we may write 
J _ (a;+l)(ic + 2)...(a; + r)...(a; + w) 

*?»(») 1.2...r...» 

since Now express the factor {x + r)jr in the 

form 


X 

\er 


and we find 
where 


(?„ = 1 + J + ^ + ... + - — log n. 


Now (Exercises II, 8) Euler’s Constant, when »-►« . 

Also by §88, Ex. 6, the product II[(1 +®/»)c~*^”] converges 
absolutely for every x ; it also converges uniformly since 
1 l->i I ®* 1 and therefore the Jf-Test applies, for 
we may take where K is any given n um ber. 

Hence l]xP^{x) converges absolutely and uniformly for every x 
when »-> 00 , BO that 


r(*) 


=e‘>®a:nj^(l.+ 




( 2 ) 
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Equation (2) may, since a:r(a:)=r(a! + 1), (see next aortiole) 
be expressed in the form 

r(a;+ = +.^) ^ cs| (3) 


Obviously l/r(a:) is zero and ?(«) infinite if x is zero or a 
negative integer. 

llie product (2) is usually called W ei&rstraas' a Farm. The 
name “ Gamma Function ” and the notation r(«) are due to 
Legendre. 

Oausa'a IL-Function. The function r{x+ 1) is the same as 
the function IT(a:) introduced by Gauss. As will be seen 
immediately r(a: + 1) =a:r(a:) so that II(a:) is the limit of xP„(x) 
when n-> oo . 

Cor. If m is a fixed positive integer r(a;) is the limit of 
Pmni^) for mn->eo . For, when a sequence P„, P„+i, P„+2, ••• 
tends to a limit any partial sequence selected from it, P„+p, 
■Pn+«» Pn4 {p<q<r ...) will tend to the same limit. 
Pmn, Pmn+v Pmn+2. ^ soch a partial soqueuce. 

96. Properties of r(a;). The following properties are easily 
deduced from the first form of the definition. 

(1) r{i)=i. 

P„(l)=:l and therefore r(l) = l. 

(2) r(a; +l)=a:r(a:) or r(a:) = (a: - l)r(a; - 1). 

P„{x + 1) =:xP„{x) ■ so that T{x +1) =xT{x). 

(3) If *=«, a positive integer, T(n) — [n - 1)!. 

Apply (2) repeatedly. 

r(«)=(« - i)r(n - 1) =(« - 1)(« - 2)r(« - 2)=... 

the last factor being r(l) which is uixity. 

CoT.l. n(»)=r(» +!)=»!. 

Cor. 2. If p is a positive proper fraction and n a positive 
integer 

r(»+p)=(n - 1 +p){n - 2+p) ... (1 +p)r(l +p) ....(i) 
r(i -p) = -pr( -p) = -p( -p - i)r( - p - 1) 

so that r( - » -p) = ( - 1)'»+T(1 - p)/p(p + l)(p + 2) . .. (p + n). (ii) 
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(4) T{x)r{l^x) = nlBm7tx. 

If X is real or complex, but not zero nor a positive or negative 
integer, the product P^(a;)P„(l -x) may be expressed as . 
n\ n\ 

x(l +x){2 + a;) ... (ti - 1 +a;) (1 -x){2-x) \n - 1 -x){n\xy 

and this is equal to unity divided by 

that is, ?)]>■(" “S' 

When »-> 00 the product last written tends to (sin 3tx)l7i 
so that r(a:)r(l-a;) is the reciprocal of (smnx)l3i. Thus, 
whether x is real or complex (the values 0 and positive and 
negative integers excluded) r(a:)r(l -x)—nlsm7ix. 
li x + y=l, r(a!)r(^) = :T/8in nx = Ttlexn ny. 

Cor. 1. r(^)r(^) = :7r/sin 2 ; r(^)=v^;;r, since r(i) is positive. 
Cor. 2 . n(a:)II(-a:) = r(l+a:)r(l-a:)=-7ra:/8in7ra:. 

C7or. 3. n(-i)=r(l-i)=r(i)=r7:r. 

(6) jT (x +n)r(a:) = ( - l)"/n! {n a positive integer). 

x-*‘-n 

For, (* + TC)r(a:)=r(a: + n+ l)lx{x+ l)(a: + 2) ...(» + »- 1). 

(6) If o is real and positive and n a positive integer, 

T 3 , . r(7i +o) r(a) .a(a+ l)(a + 2) ... (a + n- 1) r(a) 

and P„(o) -> r(o) when » -»■ oo . 

97. dauss’s Function y>{x). If ^(a;) denote the derivative 
of logr(l+a;) with respect to x, the function tp{x) is called 
Gauss's Fumtion y>{x). A Table of values of y)(x) is given in 
No. I of Tracts for Computers (Cambridge University Press); 
^(x) is there named the Digamma Function and a Table is also 
given of the values of the function dip{x)ldx which is there 
called the Trigamma Function. 
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It should be noted, however, that the symbol f{x) is frequently 
(in English text-books, usually) taken to be the derivative, not 
of logr(l +ar), but of logr{a;). If, for the sake of distinction, 
y)i{x) is taken to mean d log r(a:)/da:, the relation between 
and Gauss’s Function y>{x) is simply fi(x) —f{x - 1). 

If o is constant %p{ax) means dlogr(l+ ax) jd{ax ) ; that is 

The following properties of Gauss’s Function y>(x) are easily 
proved by using Weierstrass’s form of r(l + x). 

( 1 ) + (2)y(0)=-y. 

(3) ip{x + l) = ip(x) + ^^; V’(» + ») = V’(aj) + S^-7.- 

(4) y>{n)= 

r^l f 

(5) ip{-x-l)- y){x) = n cot nx. 

(5a) Y>i(l -x)- ipiix) =31 cot 7KC if ‘>Pi(x ) = • 

,^,dy>(x)_dnogV(l + x)_-^ 1 

^’~d^~ dx* ~;^i(x + n)^’ 

To prove (5) observe that 

r( - x) r( 1 -f-x) = jr/sin 3i(x + 1 ) = - at/sin jrx 

dx dx dx 

Ex.\. v'(0)=~. 

By ( 6 ), v'(0) = ;^»=T ’ 

Ex. 2. v'( -*)=”" 

By(6). V''(-i) = |:(;^=4;^(2;r^=T’ (|98-E*.4). 

For other relations see Exercises XII, 8, 9, 10, 14, 16. 
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98. Examples. The following examples indicate methods 
of expressing some infinite products as Gamma Functions. 

1 TT r(<i+6 + l) 

nix w(n+o+6) ““r(a + 1)17(6 + 1)* 

In § 95, (1) let x=a + l and we find 

{a + l)(a+2) ... (a+n)-n!n®/P„(a + l), 
and therefore, the other factors being treated similarly, 

n +6) _ nln ^ n ln^ ^ 

fll + a + 6y “ i\{a + 1 ) Pjh + 1 ) n! 

P + 6 + 1 ) 

-pT^l'PjfcTTT)* 

The result follows at once. 

2. (1 -.1(1 tWd - W(1 ^ W - - I'd tiSt-ii -P) - 

Let /,„=(! -*)(1 

/*»+! =/*n[l -*/(2» + 1)] SO that, if /,„ tends to a limit, / 2 n+i tends to 
the same limit and therefore tends to a limit whether n is even or 
odd. Now 



and the result follows from Ex. 1 by taking a = - i(l +a;), 6 = Ja;. 


o Tf .V 0 L(a + l). ..(a+n-l). jg(ff + l)...(ff + n-l ) 

•j, XI “ i.2....n.y(y + l)...(y+n-l) 

investigate the convergence of 

The series is P(a, y, 1), § 60, Ex. 3. Proceeding as in Ex. 1, 
we see that 

„ . 1 . Pn(v) _ p„(y) 1 

“"-P„(a) P„(i8) n! n!n>'-i~P„(fl<.)P„(/J) 

Suppose that r(a), T(p) and r(y) are definite numbers and let a^, pi 
and yi be the real parts of a, P and y ; then 

1 ,, 1-1 Pn(y) I 1 K 

where AC is a constant which, for large values of n, differs little from 
ir(y)/r(o.)r(y?)l. Hence converges absolutely if yi-cLi-Pi is 
positive, that is, yi > «.i + p^. 

n-^oo 

when converges absolutely. 
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We may write 


-y^r(i+c ) 

+ c+x') ‘ 


( 


1 + 


x_ 

c +n^ 


( 

Je «=- 


1 + 


c +x\ 
n 


\ 

j e n 




i^ii ((i +" D 

and no +!)•’■”} = 

since r(l + c 4-a;) =:(c + a;)r(c +a;), the result follows at once. 


The following example gives an interesting illustration of 
Cesaro’s Theorem, § 65. 


6. Let /(ic) = +2^“^a:2 4 + ... 4- ... ; show that, 

if fA is positive, (1 “iP)y(ir)->r(]u) when x->\. 

The series converges if | a? |<1 but diverges if a; = l. The function 
(1 is, by the Binomial Theorem, represented by the series 

V + 2) •••(/*+ »- 1) ^ 

which (by Raabo’s Test) diverges if a? = l. In Ces^ro’s Theorem take 
gf (a;) = ( 1 - a?)-^ ; then 

r^Tirnrlfeij. 

x-*‘l X’-*'! »-^Q0 

provided the last limit exists, ae it does, being r(/i). 


99. The Hypergeometric Function. The hypergeometric series, 
when the real part of {y-a.-§) is positive, is equal to 
F'(a, /?, y, 1) ; when the parameters a, /?, y satisfy the 
condition just stated, the function F{a., /?, y, 1) can be expressed 
in terms of Gamma Functions, namely 


FIol R V n r( y)r(y-fx.-^) 

F{fl., p, y. -a)r(y -p) ' 


The theorem may be verified as follows. Let »„ and w* 
be the- coefficients of *" in the series for F(a, /5, y, *), 
F(a, /?, y + 1, x) and F(fl.-l, p, y, x) respectively ; 

tt^ = l=t;o=Wo- 
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It is not hard to see that the following relations hold : 

(i) »=0, 1, 2 ^ 

(ii) (y -»)(«„-«?„) = /?«„_!+ » = 1, 2,L. 

All three series S«„, Hm„ converge when the real part 
of y - a - ^ is positive ; also (by § 98, Ex. 3) when . 

Now sum (i) from »=0 to » = « ; therefore 

l=(l-Pj’(a. /3, y+1, l)-[i^(a-l, y, 1)-1], 

or yJ'(a - 1, /J, y, 1) = (y - p)F{a., jff, y + 1, 1) (a) 

Again, sum (ii) from n = l to n = Qo ; therefore 
(y-a.){J’(a, /3, y, 1)-J’(a-1, y, 1)} = /3J’((X, /5, y, \)- £{nu„) 

= y, 1)!*"" 

or (y-a.-p)F{a., p, y,l) = (Y-CL)F((x.-l, p, y,l). ...(6) 
Eliminate J’(a - 1, /?, y, 1) between (o) and (6) ; we thus find 

J-K y, y + 1, 1) (c) 

Now apply the formula (c) repeatedly so as to increase the 
third element to y + n ; thus F{oi, y, p, 1) becomes equal to 

(y-a)(y-a+ 1) ... (y-g+n- 1) , {y- fi+l ) ... {y-P+n-1) 
y(y+l) ... (y+n- 1) . {y-a.- P){y-a.- p+l ) ... {y-a.- P+n- 1) 

xf’(a, p, y+n, 1). 

But (see § 98, Examples 1, 3) the coefficient of F{ol, p, y + n, 1) 
has as its limit when n->oo 

r(y)r(y-a-i5)/r(y-a)r(y-^) 

Again, when »->« , every term in the series for 
f(a, P, y + n, 1) 

tends to zero except the first term which is unity. Hence 

y./„ ft ^ IX r(y)r(y-a-ig) 

F{a., p, y, l)-r(y_a)r(y-/S)' 

100. Gauss’s Fonnula for r(mx). If m is a positive integer 
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Take the first form of P„(a:). The function pIx+ — ), when 

\ rn,/ 

numerator and denominator have been multiplied by m” is 

p(x + ^\=: - - 

"\ m/ (ma; + r)(ma: + m-f r)... [mx+{n-\)m-\-ry 

If each of the functions PJx ^rlm), for r = 0, 1, ... m - 1, is 

expressed in the same way and the m functions then multiplied 

together, it is readily seen that the denominator will be the 

product of the factors {mx +r) from r = 0 to r~mn - 1 inclusive. 

The^r5^ factor from each denominator gives 

mx(mx +1) ... {mx -i-m - 1) ; 

then the second factor from each gives 

{mx ■\‘m){mx +1) ... {mx +2m ~ 1), 

and so on. Hence 


m-l 


r«o + 2^ ... (mx + mn - iV ' 

Now, § 95, Cor., we may take V{mx) as the limit for mn 
tending to infinity of P^Jmx)^ where 

(mn)! (mn)"**”’^ 


Pmn(rrix ) : 


( 2 ) 


ma;(ma;+ l)(ma; + 2)... {mx^mn- 1)’ * 

If we now divide corresponding members of (1) and (2) we find 


np„(a:+^) 

\ m / 
Pinn(wia:) 


(mn)! n * 


.(3) 


and the expression on the right is independent of x ; its limit 
for n->-ao is easily found by using the value of n! in Exercises II, 

30 to be ( 271 )"^ . m-k. The limit for n-*-oo of the left hand 
side is r(a;)r(a;+ 1/m) ... r[a:+ (m - l)/m] . m™*“V^(ma:) so that 
the formula is established. 

The student might work out independently, by the same 
method, the particular case r(a:)r(a: + i), obtained by a totally 
difierent method in the Elementary Treatise, p. 460. 

In Gauss’s Formula put a; + 1/m in place of x ; then 


r(m®+ l)=(2n). » .m"“+l n^r(l + a;-^). 


(4) 
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and therefore, by taking logarithms and differentiating j(4) we 

find j m - 1 / g \ I 

V^(ma;)=logm + ^^ 


EXERCISES XII. 


1 . If f{x) = n {( 1 + ~) . prove that f(x) x/( - a?) = sin xjx. 

71®*1 

^ / aj \ 

2. * If q)(x) = IIM 1 “• ““ )* show that when m and n tend to infinity 
q>(x) tends to the limit (sin xlx)a^f* where a is the limit of (min), 

Noteih« 

where «„= + J + -lognj -^logn. 

Thus <p(x) tends to sin xjx if, and only if, 0 = 1, that is, if m and n tend 
to infinity ** in a ratio of equality.** 

3. (i) sinjKr = 7Kr 
(ii) 

/•••V 1 

4. Prove the following statements : 

“> n.{(' •-< 

00 1 j 

»■* — 00 

* The symbol 11% with the accent on II, indicates that the value r =0 is 
excluded so that r takes the values -m, - (m - 1), ... >^2, -•!, 1, 2, ...n* 
A similar meaning is assigned to the symbol of summation 
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6. If q>(x) =* n'^{(l function defined by 

the product in Ex. 4, (i), prove, without using the circular functions 
and simply by transforming the products, that 

(ii) q)(x + \)= ~q>(x), <p'(x + l)l<p{x + 1) =ip'(x)l<p(x ) ; 

(iii) f{x + l) = -er^f{x). 




Show that if o = y, b = y - cl - c=-a, where the real part of 

(y - CL - p) is positive, the infinite product is J?^(a, p, y, 1). 

7. JL n(l-3' = e'«. 

n-*« f-l'- 

»• (i) v(i) + y = 2-21og2: (ii) yi-i) - y>{-i)=n. 

n«»0 

(ii) 

11. If n, p, » are all positive integers, prove that 

f' + w)(iB +w + 1) ... (a; +w +p — 1) _ I 

A» (a! + l)(as + 2)... (*+p) “ 

*-►« 

r a!(a; + l)(a; + 2)...(a! + 2n-l) =«*-» 

A. 1.3.6....{2n-l).2*(2!B + 2)...(2a!+2n-2) 

n-^00 

13. Prove that if | a? | < 1, 

(i) logr(l +») = - y* + 

# 1-2 

where ’ 

(ii) logr(l +*) +log(l +*) =(1 -y)v + ^ 1)"~*(1 -'S'n)^ 

n— 2 

(iii) logr(l -«)+log(l -«) = -(1 -y)»- (1 


O.A.O. 


s 
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(iv) logr(l+a!)-logr(l-a:)=log™ ® 

(v) logHl +rc)-t-logr(l -a?)=log(;ra:/sin;M7); 

(Vi) logHl +»)=.llog(j^) + Jlog[-^ + (l-,|, 

[To obtain (i) uso Weierstrass’s form for r(l+a;), expand each 
logarithm and show that the series may be deranged and expressed in 
powers of x. The equations (ii) ... (vi) then follow easily.] 


14. Deduce by putting a; = - J in Ex. 13, (vi) that 


V - 1 ~ lo2 5 - V ~ tL } . L 

loga 2n + l 2*«‘ 


16. Deduce series for %>(x) from Ex. 13 ; for example, 

v(»)=-y + i){-i)V» 1*1 <1- 

n»2 
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CHAPTER IX 

INTEGRATION OF BOUNDED FUNCTIONS 

101. Intervals. Sets. In establishing general theorems in 
integration there is frequent use of the division of an interval 
into sub-intervals and of sums of terms associated with sub- 
intervals ; it will obviate inconvenient interruptions in 
exposition and perhaps emphasize the essential elements in the 
discussion if we begin with some definitions and explanations. 

Numbers x chosen so that 

a =Xo < a?! < ajj < ... < x„^i < b =a?^ 

effect a division. D say, of the interval (a, b) into n sub-intervals, the 
notation a=a;0, 6=a;„ being adopted for symmetry and for use in 
summations. 

If in one, more or all of the sub-intervals of D there be inserted one or 
more numbers, a new division, D' say, of the interval (a, 6) is mad.e 
which is said to be consecutive to D; the numbers a?g, ... , x^^i and 
the numbers that have been inserted are considered as a single set and 
are always supposed to be arranged in order of magnitude from a to 6. 
For example D' might be 

fa* ••• * fp» ^n— 1* 

whore fj, fg, ... are the numbers inserted and a < <fi < fg < asg ... < 6. 

If there are two difierent divisions of (a, b), say 

Di [a. *1, »*, ... . *m_i, 6] 

with m sub-intervals and Dg [a, fg, ... , 6] with n sub-intervals, 

the division, Dg say, formed by taking the numbers x and S in order 
of magnitude from a to 6 is said to be made by superposition of 
the divisions and Dg. In the division Dg there will lie between a 
and b at most (m -Hn -2) numbers ; but there may be fewer, since a 
number x may be equal to a number f and every equality of this kind 
reduces (wi+n -2). Thus if a;g=fg, the four numbers afg, 

fg, fig would give only two different numbers and the number (m + n - 2) 
would be reduced by 2. It is obvious that Dg may be considered as 
consecutive both to Dg and to Dg ; if Dg is taken to be consecutive to 

257 
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there are not more than (n - 1) numbers inserted in the sub-intervala 
of jD^ but there may be fewer owing to equalities such as 072 = h* = (it* 

The formation of a consecutive division by superposition is of constant 
occurrence and the student should be quite clear what exactly is being 
done. 

Again, there may be associated with a sub-interval (Xf, Xf^^) of 
division D a number Uf and with the division D there may be associat 
a sum V, where 

V =Mo{»i - O) + Ml {*, - ®i) + . . . + Mr(*M-x -Xt) +...'+ M„_i (b - X„_i) 
n-1 

f-0 

If the division D varies so will the number v, and if we suppose, as 
will usually happen, that n may be as large as we please and that the 
numbers Xf may be chosen arbitrarily so long as they are arranged in 
order of magnitude from a to h, the numbers v will form an infinite 
set {v). The properties of the bounds of the set (v) will then be discussed. 
It is the properties of such sets that lead to the conditions for the 
existence of an integral. 

If the student turn to p. 324 of the Elementary TrecUise he will see 
that V is the siun of the expression (1) on that page when Ur^F(Xr); 
the upper boimd of the set (v) is the area ABDG under the curve 
(Fig. 75). In the absence of theorems on the existence of boimds of 
infinite sets appeal was made to the conception of an area to determine 
the limit of the sum (1), p. 324, and establish the existence of the 
integral. From our present standpoint the process is reversed ; the 
existence of the integral is first established without appeal to geometrical 
considerations and then the area is defined by an integral. 

102. The Sums S and s. Let the function F{x) be single- 
valued and bounded for the range a^x^b; at present no other 
restriction, such as continuity, is imposed on F(x),* 

Let jD[a, Xj, ... , x„^ 2 , 5] be a division of the interval (a, 6) 
and let (Xr+i-Xr)=hrf ^ positive number that measures the 
length of the sub-interval {x^y x^+i). Further, denote by 
JC# w the upper and lower bounds respectively of 

F{x) in the whole interval (a, b) and in the sub-interval 


{Xrt 

Now consider the sums 8 and s where 

fi-i 

8 ^ M ihi + ... + ^ Jfr&y 

n-1 

+ ••• ( 2 ) 

f«0 


* For the value of F{x) at a point of discontinuity in (a, b) see § 29. 
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8 and s ox6 called respeotively the upper and lower sums for 
the function F(x) and the division D of the interval (a, b). 

In whatever way the numbers are chosen we have 


and therefore, from equations (1) and (2), 

m,{b-a)^s^8‘^M{b - a) (3) 

since “ b ~ u* 

From the inequalities (3) take the following 

s-^8, 8^m(b -a), 8^M{b-a) (3o) 


Thus it is seen that for the same division of (a, 6), s^8. 
Again, the inequalities 8 ^ m{b - a) and s ^ JIf (6 - a) are true in 
whatever way the division D may be varied. The variation 
of D may be made in an infinite number of ways by varying n 
and the numbers Xf and for each division there is a corre- 
sponding 8 and a corresponding s. Hence the inequalities (3a) 
for 8 and s show that the set (8) has a lower bound, L say, and 
the set (s) an upper bound, which may be called 1. 

Some properties of 8 and s will now be proved. 

1. The inequalities 

tn{b-a)^8^M{b-a), m{b -a)^s^M{b -a) 

are true whatever be the division of (a, 6) 

These inequalities are obvious but important. 

2. If the division of (a, b) is consecutive to the division D, 
and if 8j^ and are the upper and lower sums respeotively for 
the division then 8^8i,s^Si‘, that is, in passing from any 
division to a consecutive division the sum 8 decreases or is" 
stationary while the sum s increases or is stationary. 

Suppose first that contains only one number where 

®,<f<x,+i, that does not occur in D, and let M', M" be the 
upper bounds of F{x) in the intervals {x„ f), (f, Xr^f) reflec- 
tively. All the terms in 8 and 8i are the same except that 
instead of the term Jf r(Xr.(.i - Xr) there is in the sum of 
the two terms - x,) and Af''(x,+| - f ). Hence 

8 — ~Xf) — \M (f ”Xj.) +Af (Xr.|.i — f)] ; 

but (f -Zf) +(Xr+i - i) and therefore 

8-8^=(Mr- - X,) + (M, - 2f')(x,^i - f) (4) 
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One of the numbers M\ M" is equal to while the other 
may be less than Jf, or equal to Mr ; each term on the right of 
(4) is therefore zero or positive so that (Sf - is zero or positive, 
that is, /8 ^ 8^. 

In a similar way it may be seen that s^Si since the lower 
bounds, m\ m" say, of F(x) in the intervals (ar„ (), (f, rXi) 
are greater than or equal to m,.. \ 

Suppose next that contains more than one number thi^t 
does not occur in D ; these numbers may be supposed to 
inserted in succession and since at each insertion 8 decreaset^ 
and 8 increases (if there is any change at all) we see that 
however many numbers there may be in Z>^ that do not occur 
in D the relations 8'^8i and s ^ are true. 

3. If the consecutive division contains /i numbers that 
do not occur in D and if for the division D the length (hr) of 
each interval is less than h then 


0^8 -8]^<(i{M ~m)h, 0^8 i-8<ix{M - m)h. 

The relations 0^8 -8^, 0^8i~s have been proved in 2. 

As before, suppose first that only one point f, where 
Xr< f < Xr+i> has been inserted in D. Then, Mr -M'^M -m, 
Mr - M" ^M-m and therefore by equation (4) we find 

8 - 8i^ {M - - *,) < (Af - m)h. 

Thus the decrease in 8 due to the insertion of one number is 
less than {M - in)h. Suppose next that /t numbers have been 
inserted. As before, they may be supposed to be inserted in 
succession, and as the insertion of each additional number 
produces a change that is less than {M - m)h the insertion of 
ft numbers produces a change that is less than fi(M -m)h so 
that 8 -8iiB less than /i{M - m)h. 

In the same way the relation 8i-8</i{M - m)h is proved ; 
we thus find the inequalities stated. 

4. The lower sum 8 for any one division cannot exceed the 
upper sum 8 for any other division and not merely for the same 
division (as shown in (3a)). 

Let 8, 8 and 8', «' be, respectively, the two sums for two 
different divisions D and D' of (a, b) and let 8", a" be the 
sums for the division D* formed by the superpositioa of D 
and D'. 
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If i)* be taken to be consecutive to i) we have (by 2) 

8^8', a^s", 

while if taken to be consecutive to D' we have 
8'-^8'',’ 8'^ a". 

But a" ^ 8" since both sums belong to the division D " ; 
therefore a ^ ^ ^ -8' and a' ^ g ;S* ^ 5 

as was to be proved. 

5. 1 ^ If. By the definitions of the bounds I and L there are 
divisions D' and D" of (o, b) such that a' differs from I and 8" 
from L by as little as we please ; the inequality I >L would 
therefore imply an a' and an 8" for which a'>8'', which has 
been seen to be impossible. 

103. Daxbouz’s Theorem. The following Theorem or Lemma, 
known as Darboux’s Theorem, is of fundamental importance ; 
e denotes as usual an arbitrarily small positive number and 
is to be imderstood in this sense throughout the discussion. 
The Theorem will be stated in two forms. 

Firat Form. To any given e there correaponda a positive 
number h auch that 8<L+e and 8>1-b for every diviaion of 
{a, b) in which the length of each {or the Umgeat) avb-intervcd 
ia leaa than h. 

8econd Form. 8 and a tend to L and I reapectiveJy if the 
number of avb-intervala in the diviaion of {a, b) tenda to infinity 
in auch a way that the length of each {or the longeat) avb-iniervcd 
tenda to zero. 

I. Cionsider, for example, the sum 8. Let D be any division 
of (a, b) into n sub-intervals such that the length of each is less 
than h ; for the present h is simply a fixed positive number. 

Next, since L is the lower bound of the set {8) there is, by 
the definition of L, a division D' of (o, b ) — ^which will be 
supposed to contain p numbers between a and b — such that the 
corresponding sum 8' satisfies the inequality 

8'<L + \e (1) 

Now superpose the divisions D and D' to form a new division 
D*, and let 8" be the sum for the division D". If is con- 
sidered as consecutive to D we have (§ 102, 3) 

8<8'' + p{M-m)h 


( 2 ) 
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since there are ju (or fewer) numbers that enter the sub-intervals 
of D from D'. On the other hand if D" is taken to be con- 
secutive to D' we have (§ 102, 2 and (1) above) 

S'<8'<L + ie (3) 

and therefore, by (2), ^ 

S <L + ^e-i- /i(M - m)h (^) 

The numbers /i, M, m axe fixed (though /i depends on e) \ 
we now suppose h chosen so that ju(M - m)h < ^e. Hence^ 
applying (4), we have found h so that 8<L + e’, the only 
restriction on the division X> is that the length of each sub- 
interval is less than h. 

The proof for the lower sum a may be left to the student since 
it follows the same lines as that just given and requires little 
more than verbal changes. 

II. Again 8'^L since L is the lower bound of the set (S) ; 
combining this relation with the inequality 8<L+e, we see 
that if in any division of (a, 6) the number of sub-intervals is 
so great and at the same time the length of each sub-interval 
so small that the longest is less than h 

0^/S-Z/<e. 


Therefore L is the limit of 8 under the conditions stated. 

Obviously we also have 0^1 -s<e and I is the limit of a. 

0 

Ex. 1. Prove that if F(x) is continuous { =ly. 

The proof of Darboux’s Theorem requires the property 3 of § 102, but 
when F{x) is continuous that property need not be appealed to. 

Since F{x) is continuous it is uniformly continuous and therefore we 
can choose h so that (Mf -mr) shall be less than e/(& - a) provided that 
-Xr)=hr< h where r is any of the numbers 0, 1, 2, ...» (n-1). 
From equations (1) and (2) of § 102 we find 

S - «= sW - tnrVh < ^ =e 

r«0 

since -a). 

Next we have the identity 

Each of the numbers (S -L), (L -1), [I -a) is positive when not zero, 
and therefore each is less than 8 -a< a. But Z, L are constants so 
that I Again and l^a when each 


Ex. 2. I)[a, a?!, a?*, ... , 6] is a division of the interval (o, 6); 

F{x) is bormded in (a, b) and q>(x) is continuous and steadily increases 
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as X increases from a to 6. If Mr and are the upper and lower 
bounds of F{x) in {Xf, and if and denote the sums 

»-l n-i 

= ^^MrMXr+i) - (p{Xr)], 84 , 

r*0 f-0 

show that if n tends to infinity in such a way that the length of eaoh 
sub-interval (Xf, Xfj^^) tends to zero 84 , and will tend to limits L and I 
respectively. If jP(a?) is continuous in (o, 6) prove that Z =X. 

(Goursat.) 

104. Functions with Limited Variation. A function F{x) 
which, for a range a^x^b, has the property called limited 
variation can be expi*essed as the difference of two functions 
which are each positive, monotonic, increasing (or, at least 
not decreasing) as x increases ; for variation the word fluctuation 
is sometimes used. This class of functions is important in 
many investigations and we therefore make a brief reference 
to them. 

Let 2)[a, x^, 6] be a division of the interval (a, 6) 

and F{x) a function that is single-valued and bounded in the 
interval. Consider the differences {F(x^^^)-F(Xr)} a^nd also 
their absolute values \F{Xr^y)-‘F{Xr)\; if v{a,b) is the sum 
of the absolute values we have 

v(a, b) = I F{xj) - F{a ) | + 1 Fix^) - F{x^)\ + . . . 1 
+ |J’(6)-J(a:„_0| / 

and, identically, for the sum of the differences, 

F(h) - F{a ) = f (o)} + {F{,x^) - F(x^)} + ..A „ 

+ {F[b)-F{x^,)} j 
so that v(a, b) ^ | F{b) - F{a) | . 

The number v{a, b) is called the varuUion of F{x) in the 
interval (a, 6) for the division D ; it is usually different from 
|i?'(6) - J'(o)|. If the set (») is bounded when the division D 
varies in all possible ways its upper bound, which will be 
denoted by V(a, b), is called the total variation of F{x) in (a, b) 
and F{x) is said to be a, function with limited variation in {a, b) — 
more fully, with limited toted variation in (a, 6). 

If p(a, 6) is the sum of the differences in (2) which are positive 
and -n(a, 6) the sum of those which ar^ negative, we have 
obviously F{b) - F{a) =p-n, e =p +n 

and th^sef ore 

» = 2p H- F(a) - F{b), V = 2n - Fia) + F(b) 


( 3 ) 
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From (3) it follows that p(a, b) and b) have upper 
bounds when v has an upper bound ; these are denoted by 
P(a, b) and N{a, b) respectively and satisfy the equations 

F(a,6) = 2P(a,6) + F(a)-F(6),\ 
V{a,b)^2N{a,b)-F(a) + F(b)] 

P(a, 6) and -N{a,b) are the total positive and negativ^ 
variations. 

The variations F(a, a;), P(a, x)^ N{a, x) in the interval (a, x) 
where a^x^b are obtained by substituting x for b in the 
formulae ; obviously these numbers are positive and all 
increase (at least do not decrease) as x increases. In equations 
(4) put X for b and eliminate F(a, x ) ; then 

F(x) = F{a) 4- P(a, x) -N{a^ x ) ; 
take any constant C > | F{a) | and we find 

F{x)—{C + F{a) + P(a, x)} - {C’\‘N{a, a:)} = (p(x) - yf{x). 

The functions q){x) and y){x) are positive, monotonic, increas- 
ing functions ; F{x) is thus expressed in the form stated. 

It may be remarked that F{x) may be continuous and yet not 
have limited (total) variation (or fluctuation). See Goursat, 
Cours d' Analyse, I, p. 23 (2nd Ed.). 

Ex, 1. If F{x) is monotonic for a'^x^b, F(a, b) = | F{a) - F{b) | . 

Ex, 2, If F{x) has limited variation in (a, b) and if a< x < b the 
limits for /t 0 of F(a;+ A) and F(x - h) are definite numbers. 

Ex, 3. If F{x) and f{x) have each limited variation in {a, b) so has 
their product. 

Write the difference P(i*?r+i)/(a;r+i) -'^{^r)f{^r) form 

F{Xr^^){f{Xr^^) -f{Xr)] +/(aJr){P(^r+i) - F(Xr)} ; 

if the upper bounds of |P(a;)| and |/(a;)| are A, B respectively, the 
absolute value of the diSerence is less than or equal to 
A \f{Xr+i) -f{Xr)\ +P|P(a?^^.l) ^F(Xr)\, 
and therefore the (total) variation of the product cannot exceed 
^F(a, 6)], + BF(a, 6)]^. 

105. The Definite Integral. The theory now to be explained 
is usually called Riermnn^s Theory of Integration ; other 
theories, such as that of Lebesgue, will not be discussed as they 
involve considerations that are outside our limits. We shall 
suppose the student to be familiar with the terminology and 
the subject-matter of integration as presented in the Elementary 
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Treatise and shall'direct attention chiefly to those aspects of 
the subject that depend on the more fully developed theory of 
number and limits given in the preceding pages. 

The bounds L and I respectively of the upper and lower 
sums S and s associated with the bounded function F{x) and 
the interval (a, b) are shown by Darboux’s Theorem to be the 
limits of the respective sums, in whatever way the interval 
(a, b) may be divided provided the number of sub-intervals 
tends to infinity in such a way that the length of each sub- 
interval tends to zero. 

Definition 1. The limits L and I are defined to be the upper 
and lower integrals respectively of F{x) over the range a^x^b 
and are expressed by the symbols 

i=J^ F(x)dx, F(x)dx, 

The numbers a and 6 are called the lower and upper limits 
respectively of the integrals. 

These two integrals always exist, in virtue of Darboux’s 
Theorem, when F{x) is a single-valued, bounded function in 
(a, b). In general L and I are unequal, but if X == Z, the common 
limit is defined to be the integral of F(x) for the range a^x^b. 

Definition 2. It L — I this common limit is defined to be the 
(definite) integral of F{x) over the range a^x^ b and is expressed 
by the usual notation 

F{x)dx. 

When X = Z the function F{x) is said to be integrable over the 
interval (a, 6) and the next step is to state the condition that 
F{x) should be integrable. It must be remembered that the 
function F{x) is restricted to being single-valued and bounded, 
and the limits a, b finite ; at a later stage (Chapter XIII.) the 
definition will be extended to cases in which F{x) is not bounded 
and the limits a and b (one or both) infinite. 

106. Condition of Integrability. The condition follows from 
Darboux’s Theorem, and will be stated in the two corresponding 
forms. 

First ' Form, Given e {as usual) there must be a positive 
nwmber h such that 8 -s mil be less than e for every division 
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of (a, 6) in which the length of eaah {or the longest) sub-interval 
is less than h. 

Second Form, The difference 8 -s must tend to zero when 
the number of sub-intervals in the division of (a, 6) tends to 
infinity in such a way that the length of each (or the longest) 
sub-interval tends to zero, ^ 

Consider the First Form, The condition is necessary. Let 
/ip be the longest of the sub-intervals in the division of (a, b) ; 
then, by Darboux’s Theorem, there is a positive number h 
such that S-L<^e,l-8<^Eifh„<h. 
and therefore if L =■- 1, 

8 ~s = {8 -L) ¥{l-s) < e H h„<h. 

Again the condition is sufficient ; because 
8^L^l^s; L-1^8-8. 

Hence if /S - «<e when A, < A so is i/ - Z and therefore L=l, since 
L and I are constants. 

Cor. It may be noted that ^(a:) is integrable over {a, b) 
provided there is one division of (o, 6) for which 8 -s<e. The 
condition is sufficient for L-l^8-8<e and therefore L=l. 
It is also necessary for, as has been seen, if Z/=Z every division 
for which A, < A maJres 8-8 <e. 

The proof for the 8econd Form is equally simple. 1i L=l 
then 8-8, that is, (8 -L) + (l-s) tends to zero when A,-^0 
since in this case 8-L-*-0 and Z-«-^0. Again, if 8-s->^0 
when Ap->0 we must have L=l since L-l^S -s. 

A third form of the condition of integrability may be given 
which depends on the oscillation o>r of F(x) in the sub-interval 
(ar„ ; if Mr and m, are the upper and lower bounds of F(z) 
in the sub-interval ct)r=Mr - (§ 27). In teiffis of eor have 

8 -8='L(Mr-mr)hr='Eim,hr. 

If F{x) is continuous for a ^ a; ^ A it is possible to choose A 
(§ 28) so that a>r<c/(6 -o) provided Ar<A(r=0, 1, 2, 1) ; 
in this case jS - s <e if A^ is less than A, since ScurAr is less than 
(SAr)e/(A-a) or e. Thus a contimums function is always 
iniegreAle. 

On the other hand if F{x) is discontinuous for a;=Cr where 
Xr<Cr<Xr^i the oscillation cu, of F{x) in the sub-interval 
(a;,, Xr+^) is finite and does not tend to zero when Ar->0. The 
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value of F{x) for ®=c, is frequently not determined by the 
analytical expression for F{x) but it is always assumed to be 
a fixed number, Of say, such that where M and m 

are the upper and lower boimds of in (o, 6) (or, Jlf,. 

The precise value of is of no importance provided | C7, ( 
is finite.) See § 29. The discontinuity of F{x) at c, is measured 
by the lower bound of {Mf-nir) when and Xf+i tend each to 
Cf and therefore cannot exceed M-m. 

The condition of integrability may now be stated in another 
way. 

Third Form. The necessary and sufficient condition that 
the bounded function F{x) be integrable over {a, b) is that to 
every pair of arbitrarily small positive numbers to and f] there 
shall correspond a division of (a, 6) such that the sum of the 
lengths of the sub-intervals in which the oscillation of F(x) is 
greater than or equal to ca unU be less than rj. 

Let 6r and kf be the lengths of typical sub-intervals of the 
division D of (a, b) in which the oscillations oif of F{x) are 
respectively greater than or equal to o> and less than w ; also 
let A=S6r. Then 

S -s = + 'LoirK. 

Obviously La>,dr ^ but So* A ^ ~ w) 

since Ur^M -m-, further, 2 ^ 0 , 4 , < (6 - a)ai since Ucr ^b -a. 
Hence -m) + {b-a)co. 

The condition is necessary ; for if tt> and rj are given 8 -s, 
which is not less than Aoi, cannot be less than rjm unless k<ij 
and therefore, iir)ci> = e, cannot be less than e unless X<ri. 

The condition is sufficient ; for, given e, the numbers m and q 
may be chosen so that 

<o=\el(b-a) mdr}=ieHM -m), 
end therefore, if A<i;, the division D is such that 8 -s< e — an 
inequality which secures that L=l. 

107. Other Forms of the D^nition of an Integral. Let the 
notation for the diviaon of the interval (a, b) be the same as in 
the preceding articles, F{x) being integrable over (o, 6). Now 
take Sr oo tiiat 

^ ^ ®f+l> 7* “0, 1, 2, ... , (n — 1), Xf+i^Xf hff 
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and consider the sum where 

-S.= 2ii^(fr)Ar (1) 

We have m, ^ F{ir) ^ and therefore a ^ S„ ^ S. Hence 
1= jCSn = ?F{z)dx {D,) 

n-^oo •'a f 


provided n tends to infinity in such a way that hr tends to ze^o 
[♦•=0, 1, 2, .... (n-1).] 

This definition may also be stated in the form : Given the 
arbitrarily small positive number e there is a positive number h 
such that 

F(x)dx-8„ < e, a hr<h, r=0, 1, 2,, •.,(»-!), (Dj) 

a 

It will often be convenient to call an approximation to the 
integral I and equation (1) would read approximately.” 

Cor, Instead of i^(f r) we may take where 

Another form that is of frequent use in applications may be 
stated. In place of l’(fr) F{x^)’¥OLr or F{Xr^i)-hoir where 

I a,. I < e/(6 -a) ii hr <h so that tends uniformly to zero 
when hr->0. Let or„ denote the sum 

On='^{F{Xr) + a.r}hr (Dg) 

r-0 

»-l n-1 

= '^F{Xr)hr+ S«-A- 

r-O f-0 

Now if hr<h we have [ 5kx.,Ar I < W(& that is, 
<e. Also, when n is sufficiently large 'LF(Xr)hr differs, by 
(Dg), from the integral I by less than e. Hence \ I -a„ \ <2e, 
when n is sufficiently large, say n>N, sojthat o„ tends to I 
when n tends to infinity in such a way that the length of each 
sub-interval tends to zero. 

108. Integrable Functions. The following classes of functions 
are integrable ; the functions are supposed to be single-valued 
and bounded, and the range (a, b) of integration finite. 

I. Ciontinuous Functions. II. Monotonic Functions. III. 
Functions with Limited Variation. 

I. Coniintuma Functiona. The proof is given in § 106. A 



§§ 107-109] INTBGEABLB FUKCTIOKS 269 

consiant (7 is a special case of a continuous function ; but the 
integrability of a constant is obvious from the 

II. JIfonotontc Functions. Suppose first that the ftmotion 
F{x) increases (or at least does not decrease) as * increases 
from o to 6. If D is the division [o, arj, * 2 , 6] then 
Mr = F{Xr^.^, mr = F(Xr) SO that 

S = F{Xj){Xi - o) -t F{x^)(Xfj — ajj) + ... + F(b){b - 

8 = F{a)ixi - a) + F{Xi){Xi - ajj) + . . . + F{x^i){b - a:„_i), 

fif - S = S {^’(*r+l) - F(Xr)}{Xr+i “ Xr). 

r-0 

The differences {J’(a:,+i) - F{xr)} are each positive or zero 
and their sum is F{b) - F(a) ; therefore if each difference 
i^r+i - ^t) io less than h 

8 -8< AS{ J’(a;,+i) - F{Xr)} or h{F{b) - F{a)} 

so that 8-s<eii h <el{F(b) - F{a)}, which is the condition of 
integrability. 

If, next, F{x) is a decreasing (non-increasing) function 
Mr=sF{Xf), m, = i?'(a;,+i) and S-s<e if h<el{F{a)-F{b)}; in 
this case also the condition of integrability is satisfied. 

Cor. A function that is bounded and has only a limited 
number of maxima and minima is integrable because the 
range of integration may be divided into a finite number of 
intervals in each of which the function is monotonic. (See 
§ 109, Th. VII.) 

III. Functions with Limited Variation. A function with 
limited variation can be expressed as the difference of two 
monotonic functions and therefore its integrability follows 
from II, if it be assumed, as will be proved immediately (§ 109), 
that the difference of two integrable functions is integrable. 

109. General Theorems. The method of proof is simple. 
A division of the interval (o, 6) is supposed to be made, the 
upper and lower sums 8 and s to be formed and the condition 
of integrability in one of its forms to be applied. In the 
application of the First Form it should be remembered that, by 
the Corollary to it, a function F{x) is integrable over (a, b) 
jffovided there is one division of (o, b) for which 8 - e<e where s 
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(as will always be assumed) denotes an arbitrarily small potitive 
number. 

It is supposed further that the interval of integration is (a, 6) 
unless a different interval is expressly mentioned, so that the 
speoifieation of the interval may be omitted in the enunciation 
of the Theorems. 

Theobbm I. If F{x) is irUegrahle so is CF(x) where C is a 

constant and n n \ 

j CF{x)dx=C^ F{x)dx. 

If the division of (a, 6) is such that 8 -slot F{x) is less than e 
it is such that 8 -s for CF(x) is less than \ C\ e and since 
I O' I £ is, like c, an arbitrarily small positive number CF{x) is 
integrable. The equality of the integrals follows from the 
definition of an integral, for example, from the definition {Dj) 
of § 107. 

Theobem II. If Fi{x) and F 2 {x) are integrable so is their 
sum and their difference and 

r {J'i(ii:)±i'j(a:)}cia:=r Fi(x)dx±? F 2 (x)dx. 

Ja Ja Ja 

In the sub-interval (ar„ let Mr, m'r and Ml, ml be 
the bounds of F^{x) and jP’ 2 (a;)' respectively and 8i, s^ and 8^, Sg 
the respective sums. Let Or, gr and 8^, s^ be the corresponding 
numbers for the sum F^{x) + F^ix) ; then, as is easily seen, 

Or-^M'r + Ml, gr'^m'r + ml\ Or-gr^{M'r-m'r)-^{Ml-ml), 

so that 8^ ~ ^ (^1 "f" (^2 ~ ^ 2 )* 

It is easily proved that this relation also holds when 
gr, S 2 , Sg are the corresponding numbers for Fi(x) - Fg(x) 
because 

Or^Ml- ml, gr^m'r-Ml', Gr-gr^ {M'r - ml) - {m'r - Ml). 
Hence if the division of {a, b) is such that iSj - Sj < ^e, 
iSg - it is such that 8g-Sg<e and therefore Fi{x) ± F 2 {x) 
is integrable. 

The relation between the integrals follows as before. 

Cor. 1^2 C'r-Pr(*)] dx =|j Fr{x)dx 

if l'i(a:), F 2 {x), ... , F,J{x) are integrable and Cg, Cj, ... , 
stants, m being a finite integer. 
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Theobem III. If F ■y{x) and F ^(x) are integrahle so is their 
‘product. 

First, suppose that F^fix) and F^(x) are both positive and use 
the same notation as in the proof of Theorem II, the numbers 
Gt, S'r. ^8. «8 referring to the product Fi{x)F^{x). A little 
consideration shows that G, ^ M!,M; and g, S ; therefore 

Or-gr^^'r^r- m'.m", - m“) + - m'r) 

so that Or - gr<A(M; - m') + B(M'r - »»;), 

®nd — 83 < A {82 ~ S2) + — 5j^), 

where A and B are upper bounds of Fi{x) and ^3(2:) in (a, b). 

Hence if the division of (a, b) is such that S2-Si<e and 
8i-S2<e it is such that /S3-S3<(A + 5 )e and therefore is 
arbitrarily small, so that the product Fi(x)F2(x) is integrahle. 

Next, if F^(x) and ^3(2;) are not both positive for a ^ 2: ^ 6 
there are positive constants and C3 such that Fi{x) +0^ 
and ^3(2:) +<73 are both positive in (a, b) and therefore the 
product {Fi +Oj){F2 +C2) integrahle. But 

F3F3 = (Fi + 02 ){F 2 +C2) - C2F2 - C2F2 - C,C 2 
and therefore is integrahle since it is the sum of integrahle 
functions. 

Cor. If each of the m functions Fi(2!), F2(2:), ... , F„(2 j) is 
integrahle so is their product, m being a Unite integer. 

Theorem IV. If F(x) is integrahle in {a, b) so is llF{x) 
provided \ F{x) | >0 0 for a^x^b 'where c is a constant. 

In the sub-interval (Xr, x^+i) let if,, to, and 0„ gr, he the 
upper and lower bounds of F(2:) and llF{x) respectively. 

First, suppose that F(2:) is either always positive, F{x) > c, 
or else always negative, F(x) < - c, for a^x^b. In this case 
G, = 1 /to, and g, = 1 /if, while the product if , to, is positive and 
greater than c® Therefore 


« _ — -L 1 _if, -TO, 

’■ ^'~mr Mr~ Mrtnr 


< ^ 3 (if, -TO,). 


Next, suppose that F(x) takes both positive and negative 
values in (x,, a;,^x) ^ < 0 . Let m'r be the 

lower bound of the positive values of F(2;) and if' the upper 
boimd of the negative values of F(2;) in (2;,, ; in this case 

G, = !/«»' and g,= 1 /if'. Now M'r and to, are both negative 

O.A.O. ' T 
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and ( (-»»,) while ( -Jlf^)>c; alsoilfr^m'. Hence 


rt — 

‘'"“mi 


1 mi - if i ^ 1 , ^ 


and therefore ii 8, a and 8^, are the sums for F{x) and IJFix) 
respectively -Sj < {8 -8)lc^ so that llF{x) is integrable. 

Cor. If F(x) satisfies the conditions of the Theorem and 
if J’i(a:) is integrable so is Fi{x)/F(x). This is now simply a 
particular case of Theorem III. \ 

Theorem V. Any rational function ^{F^, F ^, ... , F^) of m 
integrable functions Fi{x), F^ix), ... , F„(x), m being a finite 

integer, is integrable provided the lower bound of\ piF^, F^ 

is 'positive (not zero). 

This follows at once from the preceding four Theorems. 

Theorem VI. If F(x) is integrable so is |i’(a:)I hut |i'(a:)| 
may he integrable and F(x) not integrable. Further 


r F(x)dx ^ r 

J a y a 


F(x) dx. 


liy,z are any two numbers and | y \ =r}, | z | = C then 
|y-z|S|j?-f| 

so that the oscillation of | F{x) | in any sub-interval cannot 
exceed that of F(x) ; hence | F(x) | is integrable if F(x) is. 
The relation between the two integrals follows at once from the 
form (Dj), § 107, of the definition of an integral. 

That I F{x) I may be integrable but F{x) not integrable may be seen 
by considering the (somewhat artificial) function F{x), defined for the 
interval (0, 1) as follows : F{x) = 1 for irrational values but F{x) = - 1 
for rational values of a; in (0, 1 ). In this case | F(x) \ == 1 and is therefore 
integrable. On the other hand, in any sub-interval the upper and lower 
bounds of F(x) are 1 and - 1 respectively so that 8-8=2 whatever 
division of (0, 1) be made and therefore F{x) is not integrable. 

Theorem VII. If the interval (a, b) is dwided into m partial 
intervals (a, af), (a^, a^, ... , (a„_i, 6) by the fixed nunbers 
ai.o,,-.. ,a„_i where a<ai<a^<...<an-i<b and if F(x) is 
integrable over (a, b) it is integrable over each partial interval 
(a, Oj), (Oj, 02), ... , (ani-i* b). Conversely, if F(x) is integrable 
over each partial interval it is integrable over the whole interval 
(a, 6). In both cases 

I F{x)dx= I F(x)dx -b I F(x)dx-\- ... -(- f* F(x)dx. 

Ja Ja Jas 
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The proof is obvious. If there is a division of (a, 6), the 
numbers a^, Oj, being fixed points of the division, such 
that 8 -siov the whole rai^e is less than c, then 5 - s for any 
one of the partial intervals is certainly less than e. Again, if 
there is a division of (a, h) such that 8 -s for each partial 
interval is less than elm then 8 -s tot the whole interval (a, b) 
is less than m{e[m) or e. 


110. Discontinuities. It has been seen in § 108 that every 
continuous function is integrable ; the third form of the 
condition of integrability (§ 106) shows, however, that a 
bounded function may be discontinuous and yet integrable. 
The following theorem throws some light on what may be 
called “ admissible discontinuities.” 

Theobbm I. A bounded function F{x) is integrabh over (a, 6) 
(i) if there is only a finite number, m say, of points of discontinuity 
in (a, b), and (ii) if there is an infinite number of points of 
discontinuity in {a, b) provided this infinite set of points has only 
a finite number of limiting points in (o, 6). 

First, let there be only one point of discontinuity, c, and let 
I F{x) I be less than K for every value of a; in (o, b). Choose 
d (d>0) so that the length 2d of the sub-interval (c - d, c+ d) 
may be less than e/4Jf ; then the part ot 8 -s arising from the 
interval (c -d, c + d) can not exceed the product of 2K and 2d 
(the length of the sub-interval), that is, cannot exceed 
In the intervals (o, c-d) and (c+d, 6) the function F{x) is 
continuous so that there is a division of the intervals (a, c-d) 
and (c+ d, b) such that the part ot 8-8 arising from these two 
intervals jointly is less than ^e. Thus there is a division of 
the whole interval (a, b) for which 8 -s ia less than e and 
therefore F{x) is integrable over (o, b). 

Next, let there be m points of discontinuity Cj, c^, ...,c„ and 
enclose these in sub-intervals (c, - d„ c, + d,), r = 1, 2, ... , m, 
such that the sum {2'Ldr) of their lengths is less than ej4£., 
where K has the same meaning as in the first case. The part 
of 8-8 arising from these m sub-intervals cannot exceed 
2K X (2Sd,), that is, ; on the other hand, in the partial 
intervals (a, c^ - dj), (c^ + di, c, - dj), . . . , (c„ + d*,, b) the function 
F{x) is continuous and therefore the part oi 8 -s arising from 
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these partial intervals jointly can by a suitable division of the 
intervals be made less than Hence there is a division of 
(a, b) for which S -sis less than e and therefore F{x) is integrable 
over (a, 6 ). 

Finally, suppose that the set of points for which F{x) is 
discontinuous is infinite but has only a finite number, fx say, 
of limiting points. If there is only one limiting point — say fl- 
ail but a finite number of the points C 2 , ... can be enclosed 
in a sub-interval (f - f +^) where 26 Ke/SK (K as before) ; 
the remaining points Cj, Cg, ... can be enclosed in sub-intervals 
whose total length is less than ej^K and there is left a finite 
number of partial intervals in each of which F{x) is continuous. 
The contribution to 8 -s from the interval (f - (5, f + i) is less 
than 2K x {efSK) or and the contribution from the sub- 
intervals that enclose Cg, ... is also less than le ; further, 
there is a division of the partial intervals in which F{x) is 
continuous for which the contribution to /S ~ ^ is less than 
Hence on the whole there is a division of (a, 6) for which 5 5 is 
less than e so that F(x) is integrable over (a, 6 ). 

In the same way the proof is carried out when there are fx 
limiting points. 

The theorem just proved leads to an interesting result. If 
the bounded functions F{x) and f{x) are equal for the range 
a^x^b, except for the values c^, Cg, ... , of x, and if F{x) 
is integrable over (a, b) so is f{x), and further 

f /(^) da; = f F{x) dx. 

Ja Ja 

Suppose that lJP(a;)|<H and \f{x)\<K when a'^x^b. Let 
the points c, be enclosed in sub-intervals (c, - Cr + ^r) > then 
the values (A 8-8 for F{x) and /(*) respectively differ only in 
the parts that arise from the m sub-intervals (c,. - df, + df). 
But that difference cannot exceed {2H +2K) x {2'Ldr) and will 
therefore be less than e if Sd, is chosen (as is possible) to be less 
than e/(4£r -i- 4jr). Since F{x) is integrable over (a, b) there is 
a division of (a, 6) such that 8 -a for F(x) is less than e ; 
therefore for that division and for the function/(a;) the difference 
/S - « is less than 2e so that/( 2 ;) is integrable over (a, b). That 
the two integrals are equal follows from the facts (i) that the 
mt^pnls are constants and (ii) that their difference depends 
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solely on the contribution from the sub-intervals (c^ - 6^, 4- 6r)» 
which can be made arbitrarily small ; but two constants whose 
difference is arbitrarily small are equal. Hence we find the 
following theorem : 

Theorem II. The values of an iniegrable bounded f unction 
f{x) may be arbitrarily changed at any finite number of points 
in the range of integration (a, b) without changing the value of 
the integral over (a, b) provided the new values of F(x) are 
finite. 

It is easy to sec that this theorem is still true when the 
number of points c^ for which the value of F{x) is changed (the 
new values of F{x) being finite) is infinite provided the set (c^) 
of points has only a finite number of limiting points. 


Ex. 1. F{x) is defined for the interval (0, 1) by the condition that 
if r is a positive integer, r r- 1, 2, 3, ... 

Fix) = 2rx when < a; < ~ ; 

' ' r + i r 

prove that F{x) is integrablo over (0, 1). (Nielsen, Elemente der 
Funktionenlehre, p. 143.) 

If d is positive and sufficiently small, 

2, 3,...; 

^’(i+-5)-2(r-])(i + tf),r = 2, 3,... 

SO that F(r^^ - d)--^2 and F{r-^ + d) -^2(1 when i5->0. Hence, 
however F{x) may be defined for a? = l/r, r=2, 3, ... the points x^ljr 
are points of discontinuity. F{x) will be continuous for x tending to 1 if 
i^(l) =2 and 2 will bo taken as the value of F[l). 

The sot of numbers 1, ^ ... has only one limiting point, namely 

A u T 

the point a? = 0 ; let ^(a:) --2 when a; =0. 

Now enclose the point 1 /r in the sub-interval (r~i - + (%) where 

<5r=e/2'‘+^ r = 2, 3 ,..., (w + 1); further enclose the limiting point 0 
in the sub-interval (0, where m + l<p<in + 2. The total length 
of these sub-intervals is 


1 . 1 11 /, , 1 


and is less than e if w is chosen so that m-H l>2/e and therefore l/p<«/2. 
Hence F(x) is integrable over (0, 1). 

The integrabiUty of F(x) follows at once from the fact that the set 
of points for-which F(x) is discontinuous has only one limiting point; 
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the above determination of the sub-intervals that enclose the points of 
discontinuity is merely made in order to indicate one way of securing 
the required sub-intervals. 

For the evaluation of the integral see § 112. 


Ex» 2. Show that sin {I lx) is integrable over any finite range, 
whether the range includes the point a; = 0 or not. 

Ex» 3. If F(x) is bounded and monotonic for the range a — a; ^6, 
prove that the limits for S tending to zero of F{c - (5) and F{c +\5), 
where a< c< 6, both exist ; also that, if 0, the limits of F{a 4^6) 
and F{h - 5) both exist. 


111. Properties of the Integral. It has been assumed up to 
this stage that the upper limit 6 is greater than the lower limit a ; 
this restriction will now be removed. 

If 6=a the integral is defined to be zero. 

Definition 1 J F{x)dx=^0. 

If 6<a the numbers in the division [a, x ^, ... x^^^, 6] of 

the interval (a, b) satisfy the relations 

a > ajj > ajg > ... > a^n-i > by 

and each difference x^+i-Xf. is negative. The sums S, s and 
their limits L, I simply have their signs changed ; hence the 
definition : 

Definition 2. F{x)dx^ - J* F{x)dx. 


If the three numbers a, 6, c all lie within an interval over 
which F{x) is integrable we have 

I F{x)dx+ I F{x)dx+ I F(x)dx=^0f 
J a J c J h 

as an eqtiivalent form of the equation 

P F{x)dx+ r F{x)dx=^ F{x)dx, 

J a J e J a 


which was previously (§ 109, Th. VII) proved for the relation 
a<c<b. 

In § 124, pp. 298-301 of the Elementary Treatise, some 
inequalities between integrals are proved, but these all depend 
on Theorem III, p. 298 ; when that theorem has been proved 
for the integral of a bounded function Theorems V, VI and VU 
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of that article will then hold for the integrals of bounded 
functions. We now prove that theorem. 

Theobem. If a<b and F(z) ^ 0, j F{x)dx ^0; if F(x) ^ 0, 

£ J 0 

F(x)dx^0, 

If F{x)^ 0 the lower sum s cannot be negative and therefore 
the integral cannot be negative ; similarly, if F{x) ^ 0 the 
integral cannot be positive, since the upper sum 8 cannot be 
positive. 

On account of their frequent use the two Mean Value 
Theorems for bounded integrable functions are stated ; 

First Theorem of Mean Value. If a<h, (p{x) ^ 0, gr^ \p(x) ^ 0 
for a^x^bj then 

(i) g\ q){x)dx^\ q>{x)\p{x)dx^O\ (p{x)dx ; 
a Ja Ja 

(ii) (p{x)\p{x)dx=^K\ q>{x)dxy g^K^O \ 

J a Ja 

ifip{x) is not merdy integrable bvi contimious for a^x^b, 

(iii) I <p{x)if{x)dx = tp{a i 0{b -a)}\ <p(x)dx, 0<d<l. 

,1 a Ja 

Equations (ii) and (iii) are valid if a > 6. 

Second Theorem of Mean Value. If for a^x^b the function 
ip(x) is boundedy positive and decreases (or at least does not 
increase) as x increases , and if y>(x) is bounded and integrablCy then 

(i) ^ q?{x)fp(x)dx = (p{a + 0){ y){x)dx, a^ S^b \ 

Ja Ja 

if <p(x) is simply bounded and monotonic, then 

(ii) r (p(x)\p(x)dx^q>(a-\-0)[ y){x)dx 
Ja Ja 

+ 9(6 -0)1* f{x)dx, a^i^b. 

The proof already given of the Second Theorem (E.T. 
pp. 452-464) is valid for the theorem as now stated. The 
following points should be noted : 

(1) q>{x), being boxmded and monotonic, is integrable and the 
product of the two integrable functions q>(x) and y>(x) is 
integrable ; 

(2) the limits g>{a +0) and 99(6 - 0) exist, and if a, 6 are points 



278 


ADVANCED CALCtTLDS 


[CH. IX. 


of diBContinnity of <p(x) these are to be tahen as the values of 
<p{a) and q>{h ) ; further, if a<Xr<b, and if is a point of 
discontinuity of tp{x), the value of <p{Xf) may be taken to be 
(p{Xr - 0) or f{Xr +0) or any number between these ; 

(3) as will be proved in the next article, the integral 




is a continuous function of x and therefore there ik a 


value f of a: such that, for x~i, that integral is equal to 
mean value M {E.T. p. 452) ; 

(4) by § 109, Theorem VI, j ^ f | y)(x) | dx 


SO that if I y){x) | <K for a^x^b^ and if n is chosen so large that 
each difference is less than ajK, the integral just 

written will be less than e ; 


(6) - 9’(«r)} ^ <p(a +0) - q>{b - 0). 

It will be a good exercise to go carefully through the proof. 

It is sometimes more convenient to express the theorem, 
not in terms of the mean value M but in terms of the two 
numbers between which 31 lies. Let f{x) be the integral from 
which the mean value 31 is derived, namely, 

/(a:) = fv»(0c?<. 

Ja 

As X varies from a to 6, the function f(x) being continuous 
will take once at least every value between its lower bound, 
g say, which is in this case the least value of /(x), and its upper 
bound or greatest value, 0 say. The Mean Value Theorem 
may therefore be expressed in a third form, namely, 


(iii) g(p{a +0) ^ J q?{x) %p{x)dx ^ 0<p{a +0). 

Cor. In form (i) let a: =a + 6 - u, (p{x) = (pi(u), yf(x) = y^i(u) ; 
g^iiu) is bounded, positive and increases (or at least does not 
decrease) as u increases from a to 6. Thus 

f <Pi(u)yfi(u)du = (pi(b ~ 0) f y}i(u)du, 

Ja Jri 

- 0) ^ J ^ - ®)> 

where g^, are the least and greatest values of I \pj{u)du as u 
varies from a to 6. 
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The change of variable is valid by § 114. Here 
<p{a +0) = 9 >i (6 -0) 

and f f{x)dx= f y>i{u)du = f %p-Jiu)du, o +6 - 1 =«. 

J a Ja+b “ ^ Jij 

See the other forms of the Second Theorem of Mean Value 
stated in § 112, Ex. 2. 

112. The Integral as a Function of its Limits. Take x as the 
upper limit of the integral and, to avoid ambiguity, t as the 
variable of integration ; F{x) is supposed to be bounded and 
integrable for a^x^b. 

Let y(a:)=J F{t)dt (1) 

and for x put x + h, a^x+h^b; h may be either positive or 
negative. Now 

(p(x-¥h) — \ j’(<)d<=) F{t)dt+\ F{t)dt, 

J a J a Jx 

so that q>{x + A) - ^^(a:) = I F{t) dt (2) 

Jx 

The function F{t) is bounded, say | F(t) | < iC ; therefore 
I (p(x + A) “ (p{x) \ <K\h\, 

so that (p(x^h)->(p(x) when We thus find the very 

important theorem ; 

Theorem I. The integral of a bounded function F(x) is 
continuous whether F(x) is continuous or not. 

Again, if F{t) is continuous fora;-|A|^^^a? + |A|, the First 
Theorem of Mean Value gives {h>0 or h<0) 


[Fi 


F{t)dt=hF{x+Bh), O<0<1, 

•f i 

and therefore 

?>'(*)= jCF(x+eh) = F{x) (3) 




*- 4-0 


^’jm^Fix) (3') 



From the equation (3) the following fundamental theorem is 
deduced : . 


that is 
Oor. 
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Theobem II. If F{x) is contimums for a^x^b and if 
F{x) =/'(*), then 

^^F{x)dx=f{b)-f{a) (4) 

For, if (p{x) is defined by (1) it has been proved that (p(x) is 
continuous and that q)'{x) = F(x); hence q>'{x)-f{x) is zerp 
and therefore (§ 34) ^(x) -f{x) is a constant, C say. Thus 

£ F(t)dt -f(x) = C, or, F{t)dt =/(*) + C (sj 

When X =a, the integral is zero, so that C = -/(a), and therefore 
jl'j{t)dt=fix) -/(a) (6') 


It x=b the equation (5') has the same meaning as equation (4), 
since the variable of integration may be taken to be x instead 
of t. 

When the integral in (5) is considered simply as a function 
of its upper limit x we may omit the lower limit a and write 


J F{t) dt —f(x) + const. , or, J F{x) dx =^f(x) + const. . . . (5'') 


The two symbols F{t)dt and J F(x)dx mean the same thing. 


namely “ the indefinite integral of F(x) with respect to x'' \ 
since f'{x) — F{x) we thus verify the usual rule that “the 
derivative of the integral is equal to the integrand.” 

When F(x) is continuous the integral ^(x) exists, and when 
the function f{x) has been found it may be said that the integral 
has been “ evaluated ” and the equations (6), (6'), (S'') give 
the “ value ” of the integral. It has to be- noted, however, 
that Theorem II has been proved on the assumption that F{x) 
is continuous for the closed range (a, 6) or (a, x) if a<x<b. 
When F{x) is not continuous the theorem given in (3) requires 
modification and therefore also Theorem II. 

Discontinuity of F(x), Suppose that F(x) is continuous 
in (a, b) except for the one value c of x^ and that the discon- 
tinuity is of the first hind. If a<c<b the limits F(c - 0) and 
F(c +0) exist but are not equal ; if c is a or 6 the limit F(a +0) 
or F(b - 0) exists but is not equal to F(a) or F(b). 
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In equation (2) let x=e and take A>0. Since q>{x) is con- 
tinuous f{c) is a definite number and the Mean Value Theorem 
gives =hF(c +6h), 

so that <p'{c+0)= ^ + 0) ; 

*-►0 * 

in the same way it is seen that q)'{c - 0) = F(c - 0). 

On the other hand, if c is a point of discontinuity of the second 
kind either F(c - 0) or F(c 4-0) or both will not be definite and 
one or both of the derivatives q>'(c - 0), (p'(c -i-O) will not exist. 
Thus when c is a point of discontinuity for F(x) it is also a 
point of discontinuity of the same kind for (p'{x) while, it must 
always be remembered, it is a point of continuity for q>(x). 

When F(x) is integrable over (a, 6) and is discontinuous, say, 
for X equal to q, Cj, . . . , c„ where o ^ and b ^ c„, enclose c, in 
the sub-interval (c, - c, 4- df) ; we may put each equal 
to d where d is positive and so small that when % is in the 
partial interval (c^, c,.+i) wc shall have c,. 4- ^ ^ a: ^ Cr+i ~ d. The 
limit for 3->0 of the sum 


I F{x)dx+^\ F(x)dx+\ F{x)dx 

•’« r-l^er+' 

is, since each integral is continuous, 

fc, “-Ifer+l ffr P 

I F{x)dx+ V I F{x}dx+ I F{x)dx = \ F(x)dx. 

Jo r-lJe, •>€„ Jo 

Now F{x) is continuous for c, 4- 5 ^ a; ^ - d, and therefore, 

by Theorem II, if F(x) =f[ {x) for c, 4- 5 ^ a: ^ - d we have 


r ^F{x)dx- jC [/r(C r+1 "" ~/r(Cr 4- tf)] — /r(Cr+j) “/ r(®r)' 

Jcr i->0 


Hence, for symmetry, denoting a by and b by c^+i, we find 

f F{x)dx = '^ IMOr+l) -/r(Cr)]- 
J a r— 0 

In practice, when it is known that the integral exists, we 
may at once write 


‘Of + l 

F{x)dx=fr{c.+l) -/r(Cr). 
Of 
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Ex, 1. As an illustration, take Ex. 1 of § 110. In this case 
F(x) = 2rx when l/(r + 1 ) < < 1/r. 

Let 2rx —fr(sc) and therefore 

1 1 

j"^F{x)dx = =r (i- . 

f+1 f+l 

The integral of F{x) is obtained by giving to r the values 1, 2, ... nit 
adding the partial integrals and letting m tend to infinity {I Ip tends t<!^ 
zero when m tends to infinity). Hence 

■(w + l)» 


n r 1 lx ^ 1 


m+1 


and f F{x)dx = '^~=^. 

Jq f=.l^ ® 

Ex. 2. Prove that in the form (i) of the Second Theorem of Mean 
Value (§ 111) it is admissible to substitute A in place of q){a + 0) provided 
that A is greater than <p{a + 0), A being finite. 

The value of the integral of (p(x)yf{x) over the range (o, b) is not 
changed by substituting Afp{a) in place of g}(a -h())yf{a), by Theorem II 
of § 110 ; further, the monotonic character of (p(x) is preserved since 
A > <p{a + 0) so that the proof is still valid. 

Similarly, in the form (ii) we may put A in place of (p(a + 0) and 
B in place of (p(b - 0) provided the monotonic character of (p{x) is pre- 
served ; that is, A > <p(a -I- 0) > (p{x) > q?{b -0) > B if q){x) decreases 
or A< <p(a + 0) < (p{x) < <p{b -0)< B if (p{x) increases. Hence the 
two forms 

ffe n 

(ia) ] <p{x)yf{x)dx=A \ fp{x)dx, A >(p{a >q>{x). 


(iia) I q>(x)\p{x)dx—A \ %p(x)dx + B\ y){x)dx, 

•a ‘a 

where in (iia) A and B suit the monotonic character of (p(x) as explained 
above. 


113. Examples. One method of dividing the interval (a, 6) 
into n sub-intervals is to make each sub-interval -of the same 
length h, where h = {b -a)ln. In this case the integral of F{x) 
over (o, b) is the limit for 0 of the sum 

(i) F(Sr)K a + {r-l)h^^r^a + rh; 

r“I 

if we first put ^r—a + rh and then f,=o-f(r-l)h we find the 
following two sums, which are specially useful : 
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When h-*- 0 each of the sums (i), (ii) and (iii) tends to 

F(x)dx. 


£■ 


Ex. 1. If prove that 5„->log 2 when 

n-^Qo . 


Here we may write 


«.=|: 


and comparison with form (ii) above shows that we may take F{x) =- l/x, 
a = 1, 6=2 or F{x) = 1/(1 4 «), a =0, 6 = 1. Therefore the limit of is 


dx dx , ^ 

Cor. It is easy to prove that S^ = l - J4i-i+... 4 

00 

thus to deduce that log 2 = ^ ( - l)"“^/n. 


1 


2n ~ 1 2n 


and 


Ex. 2. If F{x) and F'{x) arc continuous for o = a?*— 6, and if 
F(a-^rh)h, 1= F{x)dx 

f-i 

where h=i{b-a)ln, prove that the limit of n(S„-I) for n-^oo is 
i(6-a){^(6)-i?^(a)}. 

For brevity, let a+rh —Xf, a =Xq, b =a;„ ; then 

« f*f c^r 

F{xr) \ dx, since j dx-x^- = h, 

-^r-l *%-l 

j = y; r F(x)dx, s„-i='^ r [f’(*r) - Fix)] dx. 

r"’arr-i 

But if Xf^i ^X^Xr, F(x) = F(Xr) - (Xr - x)F'(Sr)9 a?r_i = ~ Xf. 

Therefore 

-S* - ■? = i; r (*r (1) 

f=-r*r-l 

Now suppose that ffr = F'(x) ^ for a; ~ ; then, 

(*, -x)dx^ ( '' (*, -x)F'((r)dx^Or \ ' (x, -»)d*, 

that is, g r (Xr - *) S ih'Gr- 

•»r-l 

Hence, multiplying both sides of equation (1) by n and noting that 
s=6 - a, we find 

i(6 “a)^griASn(5„ -i)~ 4(6 -a)^Orh. 
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But by the form (i) above, when both and 1,0^ tend to 
j F\x)dx = F{h) - F(a\ 

and therefore 

JT n{S^- 1) = i(6 - a) {F(b) - F{a)}. 

n-^oo 

Ex, 3. If 1 and h have the same meaning as in Example 2, but if 
now F*'(x) is also continuous in (o, h) and 



show that the limit of n*(Jr -/S„) for n->« is 

^(h^anF\h)-F\a)), 

Proceed exactly as in Example 2 ; note that for the interval (Xf_^, x^), 
if a + h =c, we have F(x) - F(c) =(x - c)F'(c) +l{x - and 
therefore 

where x^^^ ^ f f ~ Xf, and this integral lies between and 

Qf and gr being the upper and lower bounds of F''(x) in the interval 
{Xf^\t ^f)* Hence 

£ n*{I -S„) F'(x)dx = {F'(b) - F'(a)). 

n->ao 

Ex, 4. Show that jT n(log2--^„)= where has the same 

n-*-ao 

meaning as in Example 1. 

Apply Example 2 ; a = 1, 6 = 2, F(x) = 1/a?. 

114. Transformations of the Integral. No change is required 
in the proof of the formula of Integration by Parts (E,T, p. 282) 
when the functions that appear in the formula are continuous ; 
the use of the formula is in practice confined to this case. The 
formula for Change of Variable^ however, requires a new proof. 

Suppose that F{x) is bounded and integrable for a ^ ^ ^ 6 
and that the variable is changed from x to u where x = (p{u) ; 
let n~oL when x—a and u — p when a:=6. Both q>(n) and 
g>*\u) are to be continuous and (p*{u) is not to change sign as u 
varies from a to /? ; hence tp(u) is strictly monotonic, and as x 
increases from a to 6, either u increases from cl to (when 
f\u) is positive) or else u decreases from cl to p (when <p\u) is 
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negative). When these conditions are satisfied u is a single- 
valued, monotonic fvmction of x, say u= y>{x), and the formula 
for change of variable is, as before, 

f F{x)dx={ F[(p{v)]ip'{v)du. 

Ja Ja 

Take the division [a, v^, u„_^, p\ of the interval (a, /?) 

and the corresponding division [a, aj^, 6] of the 

interval (o, 6) where x^ = We have 

Xr+I -Xr = 9>(«r+i) - ?>(«,) = - «,) (1) 

where lies between and ; let f , = 9 ?(v,) so that f , lies 
between x, and x^^^. Hence 

S ■^’(fr)(*r+l-*r)=S 9’'(Wr)(Mr+l " «r) (2) 

f-0 f=0 

The product of the integrable function F[(p{u)] and the 
continuous function <p\u) is integrable and, by (1), when n 
tends to infinity in such a way that the length of each inter- 
val (Xr, Xr+i) tends to zero so does the length of each interval 
(Uf.f If we use the definition (Di), § (107), we now see 

that the formida stated above is correct. 

The proof contains that for the indefinite integral ; for we 
may suppose x and f(x) to be put in place of 6 and /S, where 
X = 9 ?(w) and a^x<b. 

Note. When x is defined implicitly as a function of u by an 
equation /(a:, t 4 ) = 0 special care is required. See E.T. p. 470, 
Ex. 6, for an illustration. 


EXERCISES XIII. 

1. Evaluate the integrals of e®, sin (ca: + c'), cos (ca:+c') over the 
interval (a, b) by taking a division of (a, b) into n equal parts. 

2. If 0 < a < 6 and ag^ =6 so that 1 when n-> oo , show that 

ffc r 

I F(x)dx-= A, 2 

n'->oo r«0 

n n-1 

= L (c-i)S 

r-O 

Deduce that 

(i) (u) 

(iii) j*logrrda?=( 61 og 6 - 6 )-(aloga-a). 
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3. The bcuse BC of a triangle ABC is divided into n equal parts 

»*=0, 1, 2, ... (n - 1), (Bq, B^ denote B, C respectively), and a 
point Pf is taken anywhere in the segment B^B^^.! ; if P is any point in 
BC and BP =a:, prove that, with the usual notation for the triangle ABC, 

4. If a > 0, p a positive integer and N =pn, prove the followii|g 
results : 




(ii) if also 6 > 0, 




Show that the results hold if p is not integral but is greater than I 
and N such that N'^np< N + 1. 

where p, q are positive integers, show that 

(i) - r„ = § 2gn+V-i • ' 

(ii) - r„ = g >P<9; 

f=l ^ f-1 

and prove that, whether p ~ 


/*(S„-r„)=log2+ilog|. 


Deduce a theorem on the change of value of the infinite series 
* 2^8 n 


produced by a certain derangement of its terms. 

6. K = S 2n X Ii - " l » -^»*(log2 --Sn)**- 


2» + 2r-l’ 


7. By use of the identity 

a*«-l=(a*^l)’nY 


1 -2acoB 


?-)• 


|*log(l -2aoo8.«+a*)if3; = ;vlog*(a*), a*>l, 
* =0 ,a»<I. 


show that 
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8. If /(n, f) is a boimded, homogeneous function of n and r, of degree 
- 1, and p a positive integer, prove that 


^ JWI 

At ^f{n,r)={*f{l,x)dx. 

n-^co foBil ^ 


9. If u :=xt and if f{u) and all its derivatives up to and including 
f(^)(u) are continuous for 0 ^ ^ a? (or for 0 w ^ a: when x is negative), 
show that xf'{u) —df{u)ldt and that 

/(») -f{0)=x[ f'{u)dt 
.'0 

=[-*(! -«)/'(m)J +«»[* (1 -t)f'(u)dt. 

Deduce that 

f(*)=/(0) + 2 + 


where ■Rn= (» -«)" 

and, noting that(l -<)”“*=(! ISL-p^n, and applying 

the First Theorem of Mean Value, show that 

(n-l)!p “* 

10. If qf{x), yf(x) and all their derivatives up to and including 
vK”)(fl;) are continuous for a^x^b, prove that 

I 9 ?(a:)y(”)(a;)da; = +(“1)”| yf{x)q>(^)(x)dx 

n- 1 

where F(x) = ^ ( - iyp(^)(x)yf(^~’^~^)(x), ^^>(x) =^(x). 


11. In Example 10, let ^(x) =(b and show that 

V(b) +-B« 

f=«0 

where jV 

_ (6 - - o) V’Hf ) / { =o + 9(6 - a), 0 < 9 < 1, 

(n -l)lp ’ \6-^=(6-o)a-9). 

12. In 10 put n + 1 for n ; then prove that, if y;(x) and ^(x) is a 
polynomial in a? of degree n, 

' IT 


Q.A.O. 
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13. Prove that 

-I)) -«) -/<'->i(«)^'W)( -*) ...(I) 

In (i) give to r in succession the values 1, 2, ...» n and, by adding the 
n values of the two members of equation (i), deduce that 

^^^ =/<")(*)?( -*)-/(*)srW( -*) (ii) 

where - a?). 

14. If f{x) is any polynomial in a; of degree less than n and P^ix) a 
polynomial of degree n given by 

fin 

PfSx) =3^ “ a)^(x ~ 6)*‘}, A =constant, 

deduce from Example 13 that 

j‘/(*)J‘„(*)‘te=0 (i) 

[Let gr{a;) =-A(a: +a)"(a: +b)", so that P„(a:) =( - l)"flr("){ -a?) ; then 
integrate equation (ii).] 

16. If QfSx) is a poljmomial of degree n such that 
Ja 

where, as before, /(a?) is any pol 3 momial of degree less than n, prove that 
Q^{x) ^CPJjx) when C is a constant. 

[We have f /(a:){0„(aj) -CP„(a;)}da? =0. 

Ja 

Now C may bo chosen so that ~ (7P„ is of degree n - 1 (or lower 
degree) ; let it be so chosen. Since /(a;) is any polynomial of degree less 
than n we may take /(a?) - CP„ and then 

£ {Q»(») - CIP„{x)}*dx =0. 

But Qn{x) - CP^(x) is continuous for a ^ a; ^ integral will 

necessarily be positive unless Q„(a?) - CP^{x) = 0 for a ^ a; ~ 6. 

The integral in Example 14 thus expresses a characteristic property 
of P„(a;). An important special case is the following if m n : 

j*P„(*)P„(*)d»=0 (i) 

Let /(a?) =P^(a?) if m < n and /(a;) =P„(a?) if m > n.] 

16. In Example 14, let a = - 1, 6 = 1, A = 1/2" . nl so that 

This value of Pf^P^) is called The Legendre Pclynomial of degree n, or 
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rfte Legendn Coefficient of degree n } by convention, Pt(x) is taken to 
be unity. Prove that 

(i) P„(l) = l. P„(-l) =(-!)"; 

(ii) P»,(*)Pn(*)d»=0, mijitn 

= 2/(2n + 1), m=n. 

\ltmz^n the result is proved in Example 15. If m = n use the above 
form of P„(ic) and note that JD*. (re® - 1)“ =0 for r<n both when 
a; = 1 and when a; = - 1. For the general theory of these functions 
reference may be made to Professor MacRobert’s book on Spherical 
Harmonics, As an exercise the student may show that if f{x) is any 
polynomial of degree n, 

fix) + ... + A„_ia: + 

it can be expressed in the form, constant, 

fix) = BoP^ix) + BiPn_,(ar) + ,„B,.,P,ix) + B^P.ix), 

Show that Pq may be chosen so that fix) - B^P^ix) is a polynomial 
fiix) of degree (n - 1) and therefore fix) — B^Jx) +fiix) ; the process 
may be repeated with/i(a;), and so on. Further, by equation (ii), show 
that 2 

If fix)=xP^ix)f a polynomial of degree (n + l), deduce from the 
equation 

xP ffx) = BqP + PjP fi + P^Pn—l + • • • + Pn^l ^n+l^ Of 

(а) that Pfiix) contains no power that occurs in xP^ix) so that B^ =0; 

(б) by applying equation (ii) that Pn-r+i=0 r<n-\i (iii) by 

comparing coefficients of and that Pq =(n + l)/(2n + 1), 

Pj =n/(2n + 1). Hence the relation between P„+i, P„, P„-i 

in + l)P„+i - (2n + l)xP^ +nP„^i =0.] 

17. If M and v are bounded integrable functions of x for the range 
a ^ a; ^ 5, prove that 

uvdx^ = Q u^dx^ X v^dx^ . 

This inequality is known as Schwarz*8 Inequality. To prove it, let 
A and p be constants ; then 

I (Aw + /jiv)*dx = A A* + 2PA/* + Gp* 

where A is the integral of w*, etc. The quadratic form cannot be 
negative so that B^^AC; the equality can only occur if w/v is constant. 

18. If P(ay) is continuous and positive for a^x^b, prove that the 
product of the integral of Fix) and the integral of 1/P(«), each taken 
over the ixiterval (a, b), is least when Fix) is constant. 
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19. If F(x) =(1 +®)-i for 0^aj£ 1, and if f{x) = F{x) except for the 

values X = 1/r, where r = 1, 2, 3, , prove that 

( /(a;)«te=log 2. 

Jo 

20. If F{x) is defined for the interval (0, 1) by the condition that if r is 
a positive integer, r = 1, 2, 3, ... 

F{x)^{ - when (r + a?< r*^ 

prove that 

f 2i’’(a;)da?=log4 - 1. 

Jo , 

21 . If f(x) = log (sin t)dtt 0< prove that /(a;) tends to a 

limit when x-^0. 

Writo log sin t =:log (sintli) +log t and note that 
I \ogtdt:=t log t-ty 

while t log when t->0 and sin tjt is continuous for 0 S ^ ^ nl2. 
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CHAPTER X 

RECTIFICATION. CURVILINEAR INTEGRALS. AREAS. 

REPEATED AND DOUBLE INTEGRALS. VOLUMES. 

SURFACES. 

115. Rectification of Curres.’’’ Let a curve AR be defined, the 
axes of coordinates being rectangular, by the freedom equations 

( 1 ) 

By “ the point is meant the point ^r(^r» Vr) where and 
are the values of x and y respectively A is the point 

and B the point T, As t increases from to T the point (x, y) 
moves along the curve from A to B. 

Let po, < 1 , ^ 2 , ••• T], T-tn, be a division of the interval 

(<Q, T) and let Ar be the point trl ^ is Aq and B is Denote 
by ArAr^^ the length of the chord ArAr+i ; then, the positive 
value of the square root being taken throughout, 

^r^r+l "" + iVr+i VrY) 

and if is the sum of these chords for r=:0, 1, 2, ... , 

/n = SV{(/(W 

r — 0 r“0 

Definition. If, when n tends to infinity in such a way that 
the length “ ^r) of each interval <r+i) tends to zero, 
tends to a definite limit Z, the curve AB is said to be rectifiable 
and the number I is defined to be the length of the curve AB. 

If .B is a curve in three dimensions defined, with respect to 
rectangular axes, by the freedom equations 

ic==/(Z)j y=y(^)» z=h{t), t^^t^T, 

* For a discussion of curves, areas, volumes and surfaces that involves leas 
drastic restrictions on the defining functions the student may consult de la 
Valine Poussin’s Cours d* Analyse (2nd cd.), Vol. I, pp. 347-373 or Jordans 
Cours d'Ancdyee (2nd Ed.), Vol. I, Chap. VIII. 

201 
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the length of the chord A^A^+i is given by 

AfAf+l = V{(i*Jr+i — + (t/r+l “ Vr)^ + (^r+l ~ ^r)^} 

n-1 

and in=S-^r^r+l- 

f«0 


The definition just given for the length of a plane curve [is 
taken as defining the length of a curve in space. The develop- 
ments that will now be given for a plane curve are applicable 
with little more than verbal changes to a curve in space ; they 
involve less complicated formulae, and the results can be ai 
once adapted to the case of three dimensions. 

It will now be proved that AB is rectifiable itf(t), f(t), g{t)^ 
g\t) are continuous lovt^^t^T \ these conditions are sufficient 
but not necessary. Jordan (see his Gours d' Analyse, 2 nd Ed., 
§§ 105-108) has proved that the sufficient and necessary 
conditions that the curve AB should be rectifiable are that the 
functions f{t) and g(t) should be continuous and of limited 
variation. 

By the Mean Value Theorem we have 

^r)> 9^(^r+l) 9i^r) =9'{'^r){^r+l ^r) 

where and both lie between and so that 


( 2 ) 

This expression for A^A^^^ can be put in the form 

ArAr^^ = Wmtr)] ^ + CLr]{tr^, (3) 

where tends uniformly to zero when each difference (^,. 4.1 - 1^) 
tends to zero ; the change from the form (2) to the form (3) 
is an essential element in the proof and the equivalence of the 
two forms may be. shown as follows. 

Let d=s/(u^ •\‘V% where w, v, are real numbers 

and d, are positive ; then 


■“^5r+a+^’’‘ ■’’^dT+s- 

Now d^|u|, d^|v|, so that 


and therefore 


In tlie same way we have, w and being real, 

I s/(y\ +vj +wf) - +^* +«^*) l=Wi -wl + I Vj ~v| + 1^1 -u^l. 
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Now for «, V put /'(<,), g'{t,) and for u^, put g'^t;) 

respectively ; then 

I V{[/'(t;)]* + [^'(t;)]®} -^/{[/'(<r)]® + [!7'(<r)]®}| 
^\f'{r’r)-r(tr)\+\g’{r:)-g'{tr)\. 

But g'{t) are continuous and both < and rt lie between 
and ; therefore, given e, we may choose ri so that 

!/'«) < he, \g'K)-i{Q\ < \e, 

if only tr^i-tr<rj, r=0, 1, 2 , , n- 1. Hence we have 

>/{ [/'«)]* + [!7'(t;)]*} =V{[/'{<r)]® + [9'{M]®} +oc„ 

where | a, |<c if so that a, tends uniformly to zero 

when - tf tends to zero. 

We now have, using the form (3) 

In = E [s/{[f'(tr)]‘ + [g'(trm +a,] - <,) 

f«0 

and therefore, since the function v/{[/'(0]® + [?'(0]®} is con- 
tinuous, by applying § 107, (Dj) we see that l„-> I where 

!=jv{(;r(0]-+te-«m*=£V{(g)V(|)>. ...(4) 

If P is the point t on the curve and arc AP=s we have, with 
0 as the variable of integration, 

<»' 

and, for a curve in space, 

<*' 

Note, The class of rectifiable curves may obviously be 
extended to include a curve of the following type (a composite 
curve). Let the curves AG^, CiC^, ... , C„B be joined up at 
the points Ci, C7„ . . . , so as to form one curve AB and suppose 

that A, Cl, Ci,... , C„, B are the points ti, t T 

respectively where tf,<ti<ti.,.<t„<T. If the functions 

f(t), g{t), h{t) are continuous for t^^t^T the curve AB is 
continuous ; if also the derivatives f'(t), g'(t), h'{t) are con- 
tinuous for each of the closed intervals {tg, <j), (<i, < 2 ), ... , (<m> 

then each part ACi, OjOj C„B of the composite curve is 

rectifiable, and the sum of the lengths of the parts ACi, 
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Cx(7a, , CnB is defined to be the length of the curve AB. At 

the points C^, one or more of the derivatives 

g'{t), h'{t) will usually be discontinuous and there will be 
tiDO tangents at such a point, there being an angle between the 
backward and the forward tangents at the point (as at the 
point H, p. 161, Fig. 33 of the Elem. Treat.). The simple^ 
example is that of a “broken line” ACjC^... C„B inwhic^ 
each of the parts AC^, CjC ^, ... , C„B is a straight line and nd 
two consecutive parts are collinear. 

Cor. 1. The expression for s as an integral in (6) gives 

<») 

and therefore, in terms of differentials, 

ds^^dx^ + dy^ + dz^ (P) 

(The corresponding expressions deducible from (5) are obtained 
by supposing dz to be identically zero.) The equation (/?) 
holds whatever the independent variable may be. 

Cor. 2. If y = 9?(a;) and if (p{x) and (p'(x) are continuous for 
a^x^b, the curve has the freedom equations 
so that, replacing t by a;, we have 

ds^ = dx^ + dy^ = {1 4- [(p\x)] 2}da:*, 

and «=£v{l+[9>'(f)]V^ 

Similarly, in three dimensions, we may write 
x-t, y=<p(t), z=rp(t), 

and [ V'(f)] W 

Cor. 3. If for to ^ ^ T the fimctions/(0, g{t), h{t),f'{t), g'(t), 
h'[t) are continuous and the derivatives are not all zero for the 
same value of t, the function s defined by the integral (6) is a 
continuous, monotonic, increasing function of t and ds/dt as 
well as s is continuous. Hence ^ is a continuous, monotonio, 
increasing function of s and x, y, z may therefore be taken as 
functions of s which, with their first derivatives, are continuous 
functions of s for the range O^s^l where I is the length of AH; 
that is, the curve AB may be represented by freedom equations 
of the form x=F(a), y=0{s), z=H{8). 
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In this case dxjds, dyjds, dzjds are the direction cosines of the 
tangent to the curve at the “ point 5,’* as is easily seen ; the 
derivatives dxjdty dyjdty dzjdt are proportional to these direction 
cosines (for a plane curve dz may be taken to bo identically zero). 

Ex, 1. If the curve AB is plane and given by an equation r =/(fl) in 
polar coordinates, show that 

^ + (^) + constant. 

In the equation ds* —dx^ put x ~r cos 0, y =r sin 0 ; then 
dx =cos Bdr -r sin 0 d0, dy — sin 0 dr -hr cos 0 dO, 
so that ds^ =:^dr^ 

Ex, 2. If for a curve in space the coordinates x, y, z are changed to 
spherical polar coordinates r, 0, q> by the transformation 
X =r sin 0 cos q), y =r sin 0 sin tp, z =r cos 0, 
show, in the same way as in Example 1, that 

+r* sin^Od^)^^ 

Here dx =sin 0 cos tpdr 4*r cos 0 cos 9Jd0 sin 0 sin <pd(p 
with similar expressions for dy and dz ; substitute in the equation 
ds* =da;* +d 2 /® +ds* 

and the result follows. 

Ex, 3. If Af, and Af,^i are the points and respectively on the 
curve A By prove that the ratio of the chord A^^A^^i to the arc AfA^^i 
tends to imity when A^^i tends along the arc to A^y or, when 

For simplicity suppose AB a plane curve. The integral (6) gives 

arc A^^^,= - <r)N/{[/'(^r)]*+ 

where lies between t^. and Also by § 115, equation (2), 

chord =(V+i 

where and tJ both lie between and ^^+ 1 - 

But, as proved above, if -‘ty.Krj, we have 

1 n/{[/'(t;)]» + [g'«m - V{[/'{Tr)]* + [flf'(Tr)]*} I < e 
and therefore 

chord ^ ^ f 

arc A,Ar^ “ ^ P V{[/'(Tr)]* + b'(rr)]*} 
so that, if /'(f) and g*(t) are not simultaneously zero for the 

ratio of the chord to the arc tends to unity when Af^i tends to Af, 

This property of the ratio of chord to arc was assumed previously 
{E,T, p, 109) as an axiom ; with the definition of what is meant by 
“ the length of a curve,” based on the integral, the axiom now appears 
as a theorem capable of proof. 
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Ex, 4. Prove Example 14, p. 361, of the Elementary Treatise. 

Ex. 5. If a curve is represented by freedom equations x =f(s), , the 
parameter s being the length of the arc from a fixed point on it up to 
if accents denote derivatives with respect to s (x' ^dxfdSt 
x" ^d^xlds^f ...), prove that 

a;'a;^+i/V+«'25'=0, j 

and if = (a?"')* + (2/"")* + ( 2 ^)*, show that the line whose directicp 

cosines are qx^^^ qz" is perpendicular to the tangent to the curve dt 

/n 2/* *)• Find also the direction cosines of the line 

' that is perpendicular to these two lines. 

Note that (a,/)* ^ (yy + (*/)i == 1 , 

116. Curvilinear Integrals. Let y = tp(x), 
where <p{x) is single-valued and continuous 
for the range a^x^b, be the equation, 
referred to rectangular axes, of the curve 
APB (Fig. 1), A being the point (a, a') and B 
the point (6, 6'). 

Suppose that F{x, y) is a single-valued 
function of x and y where y—(p{x) and form a division 
[a, Xi, * 2 , ... , a„_i, 6] of the interval (a, b). Take such that 
let Vr = v{^r)i aJid Consider the sum 8^ where 

^» = S Vr)iXr+i “ *,) = S )• 

f=0 r=0 

Definition. If, when n tends to infinity in such a way that 
the length - Xr) of each sub-interval (x^, tends to 
zero, 8n tends to a limit, that limit is called an integral of 
F{x^ y) along the curve AB (a, curvilinear integral) and is 
denoted by the symbol 

I F{Xy y)dx. 

J AB 

The limit will certainly exist if F{x, y) is a continuous 
function of x and y because F{x, (p{x)} will be a continuous 
function of x for the range a^x^b, since (p{x) is so. The sum 
8^ is in this case merely a partierdar example of the general 
theorem in integration, so that 

f F{x, y)dx= = r F{x, <p{x)) dx. 

Jab 

It is supposed in what follows that F{x, y) is a continuous 
function of x and y. 


no. 1. 
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The dcfinitioii o&n b© ©xtendod to cases in whicb y is not a 
single-valued function of x. Consider the curves [Fig. 2, 
(a), (/?), (y)]. 



(^) (P) (y) 


FlO. 2. 

Along AC let y = <Pi(x)j a^x^c; along CD let y — (p2{x), 
c^x^d; along DB in (ac) and (fi) y = 933(2;), d^x^b] while 
m{y) x=d along DE and y = 933(2;), d^x^b along EB, 

The functions 93^(2;) and F{x, 93^(2;)}, r = l, 2, 3 , are supposed 
to be single-valued and continuous in the respective intervals ; 
along DE in (y) 2; is constant and the integral arising from DE 
is therefore zero. Thus the integral along is defined as 
the sum of the integrals along AC, CD, DB (or DE and EB), 
each of which has a definite value : 

f F{x,y)dx— f F{x, (p^{x)}dx-\- f F{x, (p2{x)}dx-\- f ^{2;, 933(2;)}d2; 

Jab Ja Jc Jd 

= f F(x, y)dx + \ F{x, y)dx + \ F{x, y) dx. 

J AC Jc'D J DB 

In the same way the curvilinear integral 
^ y)dy 

is defined, x being a single-valued continuous function y>{y) say, 
of y when every line parallel to the 2;-axis meets the curve AB 
in only one point at most, or different single-valued continuous 
functions \pi(y), y2(y)> ••• when a line parallel to the 2;-axis may 
meet A Bin two or more points. 

Again, the curve may be closed, like a circle or an ellipse ; 
in this ca^e B coincides with A and the direction of describing 
the curve may be indicated by taking two points C, D on the 
curve and using the form ACDA instead of AB, 

The definition may be extended to a curve in space. If the 
curve is defined as the intersection of the cylinders y = 93(25), 
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z= y>(x) and if F(x, y, z) is a single-valued function of x, y, z 
the curvilinear integral 

f F(x, y, z)dx 

J AB 

means f F{x, <p(x), ip{x)) dx 

Ja ' 

where a, b are the a;-coordmates of J5 respectively. ConSp- 
sponding definitions hold for integrals with respect to y and k 

117. Area. Let y = F{x), where F{x) is single- valued and 
continuous for the range a^x^b,he the equation, referred to 
rectangular axes, of a curve CD and let AC, BD be the ordi- 
nates at C, D so that AC:=^F{a) and BD = F{b). The area of 
a polygon — ^that is, a closed plane figure bounded by straight 
lines — ^has a definite measure, but when the boundary of a 
closed figure consists in whole or in part of curved lines the 
method by which the measure of a polygon is determined is 
no longer applicable and the measure of the area of such a 
figure needs definition. The measure may be defined in the 
following way. 

First, suppose that F(x) is positive for and take a 

division [a, x-^, ajg, ...» 6] of the interval (a, 6). Let My. 

and my. be the maximum and minimum values of F(x) in the 
sub-interval (a;r> ^r+i) of length K(—Xr^^-Xy), and let AyPy. 
and be the ordinates F(Xy) and F(Xy,^^,, The figure 

AyAf^k^f^^Py . — ^where Pr^r+i is the arc of the curve CD between 
Py. and — ^lies between the two rectangles whose areas are 

Myhy. and myhy. respectively. Thus the figure ABDC lies 
between two sets of rectangles whose total areas are 8 and s 
respectively where 

n-l n-1 

8 = and «= 

r-O r-o 

When n-^ao and each the numbers 8 and s have a 

limit which is the same for each, namely, the integral 

I* F(x)dx. 

This integral is defined to be the measure of the area ABDC, 
or more simply, the area ABDC, when it is obvious that its 
me«sure is in question. 
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Th© ©xtoiision to other cApSob then follows exAotly ha is shown 
in §§ 80 and 128 of the Elementary Treatise ; the rule for 
determining the sign of the area, § 80, p, 187, and § 128, p. 318, 
should be noted. 


118. Area of a Closed Curve. Let AC DA be a closed curve 
without a double point, and let its freedom equations be 

( 1 ) 

the point (*, y) describing the curve as t varies from t^ to T. 
If <1 and <2 are unequal values of t and if both lie between tg 
and T the points t^ and tg will be different because the curve 
has no double point ; on the other hand, the pomts tg and T 
are the same. 

If it be assumed further that /'(<) and g'(t) are continuous 
in the interval (tg, T) it may be proved, as in § 128 of the 
Elementary Treatise, that when the point {x, y) moves round the 
curve in the positive direction the area enclosed by the curve 
is given by each of the three integrals 




The functions f(t), f{t) and g{t)y g\i) are by hypothesis 
continuous and therefore the curve AC DA is rectifiable. 

Next suppose that the closed curve is a composite curve, that 
is, as explained in the Note, § 115, a curve formed by joining 
up the curves AC-^, ••• > points 

Cj, Cg, , C^, A, If .4 is the point tQ (or T since the curve 
is closed) and C^, the points ty^, ^ 2 ^ ••• > where 

/©<<!< ^ 2 < ••• <^m< Ty ^nd if the functions /(^ and g{t) give 
the coordinates x and y of any point on the curve, we assume 

(1) that f{t) and g{t) are continuous in the closed interval (t^, T) 

and (ii) that f{t) and g\t) are continuous in each of the closed 
intervals (^o, <i), t^), T). The curve is rectifiable and 

the area enclosed by the curve will still be given by the integral 

( 2 ) . 

One or more of the curves AC^, ... niay be straight 
lines ; in particular they may be segments parallel to one or 
"bther of the coordinate axes. For example, AC^ might be 
part of the a;-axis, CyC^ and AC^ parallel to the y-axis while 
the abscissae of the points C^, might all lie between 
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the abscissae of A and ; in this case the closed area is “ the 
area \inder the curve just as {E.T. p, 186) the area 

ABDC is the area under the curve CD. 

It is sometimes useful to define f{t) and g{t) for values of t 
that lie outside the interval (tg, T ) ; the definition is simply 
to make them periodic, with period {T - <„), so that 

f[n{T - g + 1] g[n(T- 1,) + 1] =g(t), 

where n is any positive or negative integer. 

Again, if the origin of coordinates be changed and the axes 
turned through an an^e a the old and new coordinates, (x, y) 
and (f, ri) are connected by equations of the form 


a: = fco8a-j;sina + o, sina + ?;cos«. + 6. 

Now since the (closed) curve is rectifiable the length a of the 
arc, from a fixed point on the curve up to the variable point 
(x, y), may be taken instead of < in the freedom equations ; a 
will be taken to be positive when measured in the direction 
that is taken as the positive direction of motion of the point 
(x, y). If i is the length of the curve, its area is given by the 

“^gral fif 




and it is easily proved that this is equal to 


BO that the number that measures the area is independent (as it 
should be) of any particular coordinate axes. 

Note. Conditions to be satisfied by a curve. It will be 
assumed in all that follows that a curve may be defined, in the 
manner illustrated, by freedom equations x =f{t), y=g{t) where 
^{t) and g(t) are continuous and the derivatives f{t) and g^{t) 
in general continuous — ^that is, continuous except for a finite 
number of values of t. A curve as thus defined is both recti- 
fiable and quadrable — ^that is, any arc of the curve has a 
definite length and the area enclosed by the curve (if it be 
closed) or the area bounded by the x-axis, an arc AC (for whicl^ 
the ordinate is single-valued) and the ordinates at A and C is 
measured by a definite numl^r. 
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EXERCISES XIV. 

1. A curve is given by the freedom equations 

X -a cos h) cos® <, y =6 sin « + J(a - 6) sin® t ; 

the length of the curve, measured from the point t =0, is 
\{a +h)t- i(a ~ 6 ) cos t sin U 

2. The length of that arc of the curve 

4(a;* +y®) +o® 

which lies in the first quadrant is §a and the length of the whole curve 
is 6a. 


3 . The length of each of the following curves is a? +2, when the point 
on each curve from which the length is measured is properly chosen : 

(i) 2ay =a;®, 6a®2 =a;® ; 

(ii) 

C* ““ •!/ 

. a 

? ’ (Schlomilch) 


(iii) y =a sin”^ ( - ) , z = Ja log 


4 . The whole length of the curve given by the freedom equations 








. 2^/6 
is-^^o. 


®~3P + l‘ 


6. If X =a cos 0 , y =a sin 6 , z =c 0 , show that s =n/(a® +c®) . 0 , 


6. If a; =:a^ cos t, y=at sin t, z=ct, show that 

7 . If X =a cosh t cos t, y^a cosh t sin z=(U then a =^ 2 . a sinh U 


8. Given that 

a0 /I . . . • /I 

a? =a cos -g- cos 0 + b sm -g- sin 6, 

y =a cos -g" sin 0 - o sm -g-' cos 0, 



-cos 


O 0 \ 


show that 8 =&2/a. Prove that a tangent to the curve makes a constant 
angle with the 2-axis. 


9 . On the sphere given by the freedom equations 

X =:a sin 0 cos 9?, y =a sin 0 sin 93, 2 =a cos 0, 
a curve is determined by the equation sin 0 cosh ntp = 1 ; show that, if 
n=cota., the length of an arc, measured from the point (0, 0, a) is 
o0 sec Of and that the curve cute the curves fp = const, at a constant 
angle (a). 
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10. The area enclosed by the curve 

a^{x* +y*)»(6*a;* +aV) =(«* - 
is nh{a - b)^2a +6)/2a*. 

11. The area enclosed by the curve 

o*(6*a;a + a V)* = (a“ - 6*)»6*a;« 

is 3nb(a^ -6*)*/8a*. 

12. Show that the curve given by the equation 

sd^ + 4£c® 2/* - 6a*a:* + = 0 

consists of two ovals and that the area of each oval is na*. 

13. A curve is given by the equations 

x=acoBd, y=a{2 +sin0) sin® 0/(3 +cos*0); 
show that the area enclosed by it is (16 ~ 9s/3)7ta*/s/3. 

14. The area enclosed by the curve (a;® =a^®(a® -»*) can be 
expressed in terms of Gamma Functions. 

15. [ (a:* + 2 /®)da;= --fa(a®+26®) where ABA' is the upper half of 

the ellipse as® /a* = 1, A being the end of the major axis A' A that 

lies on the positive side of the origin. 

10. \ xydx round the cardioid r =a(l - cos 0) is 57uz®/4* 

17. j yzdx along the curve defined by the equations 

x^acosB, y=asin0, z=cB 

from the point (a, 0, 0) to the point (a, 0, 27ic) is - 7r®a®c. 

18. I (ydx-hzdy +xdz) along the curve in which the plane x -hz—R 

intersects the sphere a;* +y® +z*=J5® is equal to -nR*l»J2 ; the path 
begins at (R, 0, 0) and lies at first in the positive octant of the sphere. 

I [(y* +2:®)daj + (2® +a?®)dy +(a:® +y*)dz] = - 2jra6®, when the path 

of integration is that part for which of the intersection of the 
surfaces 

a;® +y® +z® =2aa; and a?® +y* =26a;, a>b>0 ; 
the path begins at the origin and runs at first in the positive octant. 

119. Integral as Function of a Parameter. When the 
integrand contains numbers y, z, besides the variable of 
integration x the integral will usually be a function of these 
numbers or parameters as they are often called when they 
become subsidiary variables ; these parameters are constants 
so far as integration with respect to x is concerned, but they 



§ 119] PARAMBTEBS IN INTBGRAI-S 303 

usually vary within some prescribed range. Some properties 
of the integral as a function of one parameter, y say, will now 
be considered ; the discussion when there are more parameters 
than one may be carried out on similar lines. 

The integrand F{x, y) is assumed to be single-valued and 
bounded and the integral of F{Xy y) over (a, b) will be denoted 

t>y/(y) so that « 

/(y)=J^ F{x,y)dx. 


Further, the function F{x, y) is supposed to be defined for a 
region bounded by a closed curve, the boundary being included 
in the region, and every curve is assumed to be rectifiable 
(§ 116, Note). 

The property of f(y) that will be first considered is its 
continuity and the following simple examples give some 
suggestions regarding the behaviour of /(y) when discontinuities 
occur in F{x, y). 


Ex. 1. Let F(x, y) be defined for the square bounded by the lines 
a; = 0, a; =a and y =0, y =a as follows : F(x^ y) =a:* for all points of 
the square except for the sides a:=0, »=« and the diagonal a5=:y, in 
which cases F(x^ 2 /) =0. 

By integration it is found at once that/(y) so that though 

F(Xf y) is discontinuoiis for all points (except the origin) on the lines 
a; = 0, a; =a and x —y the integral /(y) is a continuous function of y in 
the closed interval (0, a). 

The three lines a;=0, x—a and x=:y are called lines of discontinuity 
for the function F(x, y). 

Ex. 2. The same as Ex. 1 except that F{x, y) =0 when y = a so that 
the line y =a is a fourth lino of discontinuity. 

In this case /(y) = ay* when 0;^y<a but/(y)=0 when y=a 
so that /(y) is discontinuous at the end a of the interval (0, a). 

If F{x, y)=0 when y=b<a, as well as on the other four lines of 
discontinuity /(y ) would be discontinuous at b as well as at a. 

Ex. 3. For the cube boimded by the planes a; =0, a? =o, y =0, y =a, 
2=0, 2 = 0 , let F(x, y, 2 ) =a?» +y* +2* except for points in the pianos 
X =y and x =2 in which cases F(a?, y, 2 ) =0. If /(y, 2 ) is the integral of 
F{Xf y, 2 ) with respect to x over (0, o), show that/(y, 2 ) is a continuous 
function of y and 2 in the square given by y =0, y =a and 2 =0, s * 0 , 

Consider the continuity of /(y, 2 ) when the planes y =0 and 2 =0 are 
also planes of discontinuity for F{x, y, 2 ). 

Discontinuities. The integrand F(x^ y) will be assumed to 
be in general continuous in its region of definition but it may 

o.A.a X 
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be discontinuous at a finite or at an infinite number of points 
in the region. When the number of points of discontinuity 
is infinite they will be restricted by the condition that they 
will be assumed to lie on a finite number of curves (including 
straight lines) none of which is parallel to the rr-axis or can be 
cut by a straight line parallel to the :r-axis in more than a finil^ 
number of jjoints. At a point y^) of discontinuity F{x, ^ 
will be assumed to be defined — that is, F{xi, y^) will have 
definite value ; the precise value does not matter so long as it 
is finite. 

When the discontinuities satisfy the above conditions they 
may be said to be normal) if a line of discontinuity is 
parallel to the rr-axis this case must be explicitly stated and 
discussed. 

Of course if x is the parameter and y the variable of integra- 
tion the normal discontinuities of F(x, y) would exclude lines 
of discontinuity parallel to the y-axis while no line of dis- 
continuity would be met by a parallel to the y-axis in more 
than a finite number of points. 

Notation. When the region of definition is the rectangle R 
bounded by the lines a;=a, a: =6 and y^a\ y — b\ the region 
will, for brevity, be sometimes called “ the rectangle 
i2(a, a' ; 6, 6') ; the points (a, a') and (6, 6') are opposite 
vertices of the rectangle. 

120. Continuity with respect to a Parameter. Suppose first 
that F{x, y) is defined for the rectangle J?(a, a' ; 6, 6'). 

Theorem I. Let F(x^ y) be integrable with respect to x for 
every fixed value of y in R. If F{x, y) is continuous in R or has 
only normal discontinuities in R then f(y) wh&re 

y)dx 

ia a continuous function of y for the range a' ^y^b'. 

Case (i), F(x, y) oontinuoas. Let c and c + i be two values 
of 2 ^ in J2 ; then 

/(c + k) -/(c) =1*’ {F{x, c + h)- F{x, c))da. 

Now F(x, y) is continuous and therefore, by the property of 
uiuf<»nu continuity, there is a positive number ri such that, 
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whatever value x may take in (a, 5), s having the usual meaning, 

I F{x, c-hk)- F{x, c) I < e if \k\<r], 
and therefore \f(c + k) -/(c) \ < e(b-a) it \ k\ <r}. Hence f{y) 
is continuous at c where c is any number in (a', b') so that/(y) is 
continuous in the (closed) interval (a', 6'). 

Case (ii), F(x, y) discontinuous. 

Let there be one curve of discontinuity DD' (Fig. 3) and let 
it be met by a parallel to the a;-axis in only one point at most ; 
say that y=c meets DD' 
where .r~ a. 

If & is an arbitrarily small 
positive number it is possible 
to choose ri so that if {x^ y) 
is in either of the rectangles ^ 

EF(a, c-fj; ol- d,c+rj) and 
0H{(x+dyC-r} \ b,c+rj) the 
function F(a;, 2/) is continuous, o « - 

If I F{x^ y)\<M in the small *• 

rectangle FO whose centre is the point (a, c) the contribution 
from that region to the difference |/(c +i) -/(c) | is less than 
2Mx26 when \k\<rj. Since 6, and therefore 4,Md, is 
arbitrarily small it now follows by Case (i) (because F{x^ y) is 
continuous in the rectangles EF and OH) that f(y) is continuous 
at c. 

If there were more lines of discontinuity than one the line 
y=c would meet these in a finite number of points at most, 
say the points which had a^, ag, ... respectively for 
abscissae. The neighbourhood of each of these points (a,., c) 
could be treated as has been done in the case of the point (a, c) ; 
the contribution to 1/(0 + ^) -/(c) | from these neighbourhoods 
would be less than (mxiMd) when \k\<Yi, and therefore 
would be arbitrarily small. Outside the small rectangles with 
centres (a,., c) the function F{x, y) is continuous so that f{y) is 
continuous. 

Note* It is now clear that there will be no loss of generality 
in aHa iiming that there is only one line of discontinuity and, as a 
rule, the proof will be given for only one line. 

Suppose next that F{x^ y) is defined for all points inside or 
on the boundary of an area 2), bounded by a closed curve C* 
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Thbobem II. Let F{x^ y) be integrable with respect to x 
for every fixed value of y in D, If F{x, y) is continuous in D or 
has only norrml discontinuities in D then f{y) is a corvtinuous 
function of y. 

The curve C will be assumed to be such that it can be cut by 
a line parallel to either axis in not more than two points ; if 
this condition is not satisfied it will bo assumed that the area 
may be divided into a finite number of parts for each of whicji 
the condition is satisfied, so that when the theorem has beeh 
proved for one part it will hold for the region composed of the 
sum of the parts. See, for example. Fig. 11 (a) ; the lines 
PQ. R8 and TU divide the area into three parts each of which 
satisfies the required condition. 

Let C be the curve EFOH (Fig. 4). The curve lies wholly 
between the lines x^a^x=b and y=za\y=^b' and we suppose 

that the equation of EHG is a; = q>i{y) 
and that of EFO is x — tp^iy)^ so that 
(Pi{y) and q> 2 {y) are each single- 
valued, continuous functions of y for 
the range a' ^y^ b\ 

The theorem to be proved can be 
reduced to the Theorem I in the fol- 
lowing way. Let the function Fi(a;, y) 
be defined so that F^(x, y) = F{x, y) for 
all points inside or on the boundary 
of the area EFOH, but F^{x, y)=0 
for all other points in the rectangle ABB'A\ If the curve C, 
that is, EFOH is taken as a line of discontinuity for F^{x, y) the 
discontinuities of F^(x, y) are the same as those of F{x, y) and 
in addition those that lie on <7. The functiCto f{y) where 

S{y)=^^F^(x,y)dx 

is continuous for o' ^ y ^ 6' by Theorem I. But if y =0N =c, 

exir 

f{c) = I Fi{x, c)dx — I F(x, c)dx = I F(x, c)dx 

J SRf J SR J ^i(e) 

because ^i(a;,c)=0 if NB' ^x<NB or if NS <x^N8' aad 
Fi{x,c)=F(x,c) if NB^x^NS. Hence f(y) is continuous 
at c and c is any number in (o', b'). 
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The curve G may of course consist in part of straight lines. 
For example, C might be formed by the arc FOH and the 
straight lines HA, AB, BF. 

Ex. 1. If F(x, y, z) is bounded when (x, y, z) is any point of the 
cube given by a: =0, * =o, y=0,y =a, * =0, a =o, and if 

/(y, s)=[ F(x,y,z)dx, 

.’o 

show that f(y, z) is a continuous function of y and z if F(Xf y, z) is 
continuous or if, when discontinuous, its discontinuities all lie in the 
planes x = 1 / and x —z. 

Ex. 2. If F(Xy y, z) is bounded when (a;, y^ z) is any point in the 
tetrahedron whose vertices are the points (0, 0, 0), (a, a, a), (a, a, 0) 
and (0, a, 0) and if ry 

f{y,z)=^\ F{x,y,z)dx, 

show that /( 2 /, z) is continuous if F{x, y, z) is continuous or if, when 
discontinuous, its discontinuities lie in the plane a; = 


121, Differentiation and Integration. Consider first the 
differentiation of f{y). 

Differentiation. With the notation of the preceding article 
let jP(ar, y) and the partial derivative dF/dy be continuous 
functions of x and y in the rectangle R ; then f{y) has a deriva- 
tive given by the equation 

( 1 ) 

that is, given “ by differentiating vdth respect to y imder the 
sign of integration.” 

If y and y-¥k are both in (o', 6') we have 
fjy + -f{y) _ P F(x, y + k)- F{x, y) p dF(x, y^) 

k Ja k Ja ' 

where, by the Mean Value Theorem (§ 34), lies between y 
and y + k. But by hypothesis dFjdy is a continuous function 
of X and y, and therefore rj can be chosen so that, for a'^x'^b 
and a' ^y^ I'. 

U \k\<v. 

oy oy 

K we now write 

f(y + h)-fiy) ___^ dF(x,y) ^^^ ( BF{x,y,) 

% Ja By J«\ By By ) 

equation (1) follows at once. 
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If (3^ and b are not constants but differentiable, and therefore 
continvxma, functions of y, write f{y) in the form /(y, a, b) and 
then the total derivative is given by 

df^df d[^ ^db 

dy dy^ da dy^ db dy* 

But 


and dfjdy is given by equation (1) so that 

, 2 , 

Cor. A curvilinear integral is reducible to an ordinary 
integral and therefore the above investigation applies to the 
integral of F{Xi y, X) when F and dFjdX are continuous functions 
of Xy y, X. If the points A and B are fixed 

(3) 


Integration. The function f{y) may, as we have seen, be 
continuous for a* ^y^b* even though F{Xy y) is discontinuous 
in By but for the present F{Xy y) will be supposed to be con- 
tinuous in R ; f[y) is therefore integrable over (a', 6') and the 
integral may be written 

£/(y)<^y =£, 


the latter form being the usual one. The two-fold integration 
gives a “ repeated ’’ (or “ iterated integral, with the meaning 
that “ F{Xy y) is to be first integrated as to Xy the parameter or 
variable y being treated as a constant in this first integration, 
and then the result of the ^^-integration is to be integrated 
with respect to y.” ^ 

It will now be proved that if F{Xy y) is continuous in R we 
may interchange the order of integration and write 

£/(y)dy =£ dy£i’(a:, =£<Za:£ 1^(», y)dy (5) 

BO that the integral of f{y) is found “ by integrating under the 
sign of integration.” 

The integrals of F{x, y) over (a, b) with respect to x and 
over (a', b') with respect to y exist and are continuous functions 
of y and x respectively so that both of the repeated integrals 
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in (5) exist. Let t be any chosen nmnber in (o, 6). and put t in 
place of 6 in both of the repeated integrals in (5) ; both of these 
integrals will be zero if < =a, and therefore they will be equal if 
their derivatives with respect to t are equal. 

Let (p{t, y) and ip{x) be defined as follows : 

y)dx=<p(t, y), £/(a:. y)dy = y(a:) , 

then we have 

and therefore = J F{t, y)dy. 

Again 

dt\a till a ~ 

and therefore ~£ F{t, y)dy. 

Thus I f y)dx~{ da: r F{x,y)dy, 

Ja* J a Ja J a* 

and t is any number in (a, 6), so that b may be put for f. 

It must bo noted that this change in the order of integration 
without change in the value of the repeated integral assumes 
that the limits a, h and a', 6' are cmistanis. 

For an extension of the conditions on which this change of 
order of integration is allowable see § 126. 


Ex 


If/- 


dO 


r, a > 0, 6 >0, 


Jq a cos*0 + b sin*0 2sJ(ab) ’ 
show by differentiating I with respect to a and b that 


... __ cos^Q dO rc 1_ 

Jo (tt cos*0 +6 sin^Oj®” 4 asj(ab) * 


.... co8^ 0 sin^Q dO _ n 1 

.>0 cos*0 + 6 sin*0)*~ 16 absj(ab) 


w /• a/ fg -‘Gos ^OdO n 1 

Jo (a cos*0 +6 sin*6)*'~ 4 as/(a6) * 


.... d^I f2 2 cos^^ sin^6 dQ n 1 . 

db 0a “Jo (a cos®0 + 6 sin‘*0)®“ 8 a6^/(a6) ’ 

The usual^forms are obtained by putting o® and 6* for a and h respec- 
tively after differentiation. 
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122, Doul^le Integrals. Let ^ be an area bounded by a closed 
curve C and F{x, y) a function of two independent variables 
X and y that is single-valued and bounded in A ; the integral 
of F{x^ y) over the area A will now be defined and, as the 
preliminary considerations that lead to the definition are in 
substance identical with those on which the definition of the| 
integral of a function of a single variable is based, the statement 
of them may be made in a condensed form. 

Let a division, D say, of the area A be made by dividing it 
into n elementary •areas <Ti, <r 2 > ••• > which may for brevity 
be called meshes ; for example, the meshes may 
be formed by drawing two sets of curves that 
cover the area like a net (Pig. 5). The longest 
chord dr of the mesh Of — that is, the upper 
limit of the distance between two points on the 
boundary of Cr — will be called the diagonal of 
the mesh, and the area Or will tend to zero 
in all its dimensions when dr tends to zero. 
Obviously ar< d? ; there can be no ambiguity 
in using the symbols Cn A to denote both the areas and their 
measures 

Now let M, m and Mry rrir be the upper and lower bounds 
of F{x, y) in u4 and in Or respectively ; the sums 8 and s where 

n n 

f«l 

are called the upper and lower sums respectively for the 
function F{x, y) and the division D of the area A, 

The properties 1 ... 5 stated for the sums 8 and « in § 102 are 
also true in this case, the nomenclature usedjn the discussion 
being suitably interpreted. Thus, the division jD^ of the area A 
is consecutive to the division D if it is formed from D by 
dividing one or more of its meshes into two or more smaller 
meshes. The division is formed by superposition of the 
divisions D and i)i when the net for the division contains 
all the lines that are present in the nets for the divisions D 
and Dj ; of course, when a mesh of coincides completely 
with a mesh of D that mesh appears only once in Ds* 

The change from the work of § 102 to the present case is 
simply made by substituting area A ” and mesh or,. ” for 
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“ interval (a, b) ’’ and “ sub-interval (ar„ Xr+i) ; for < A ” 
such a phrase as “cr,.<d2» or will be used. As an 

example, consider the property 3, § 102. 

Let Cr be a mesh of the net for the division D and S the upper 
sum for that division. If or,, is divided into two or more meshes 
a', 0 *;, ... in which the upper bounds of F(x, %j) are Mr, ••• 
respectively, and if 8\ is the upper sum for the new division 
D[ which is consecutive to D {cr alone being divided), then 

S-^S[ =Mrar ~ +...) 

=:{Mr-M'r)a'+{Mr Jf 

since cr,.=GrJ + (yJ^ + — But if', if'', .--are each less than or, 
at most, equal to Mr and Mr^M while if^, M ^, ... are each 
not less than m ; therefore 

0 ^ /S - - m)ar<(M - m)d^ if ar<d^ (a.) 

If fjL of the meshes ^ n) are each divided into two or more 
meshes, thus forming a division consecutive to 2), and if 8^ 
is the new value of /S, then 

0^8^8^<fi{M^m)d^ (/3) 

when the diagonal of each mesh in the division D is less than d. 

It is therefore merely a repetition of § 103 to show that 8 
and s tend respectively to the lower limit L and the upper limit! 
when n tends to infinity in such a way that the diagonal of each 
mesh tends to zero. On account of its importance Darboux’s 
Theorem will be stated explicitly. 

Darboux’s Theorem. If D is a division of the area A for 
which the upper and lower sums are 8 and s respectively thm^ to 
any given e, where e is an arbitrarily small positive number , there 
corresponds a positive number d smh that 

when the diagonal of each mesh is less than d. 

Or^ iS-> L and s-^l when n tends to infinity in such a way that 
the diagonal of each mesh tends to zero. 

Note, For the special but important case in which Zr = ! the 
theorem may be put in the form : If one division of the area A 
can be found for which 8 --s<.e then 8 and s tend to limits 
which are the same for both. 

For, (i) S and s are bounded and 8'^s\ (ii) 8 is monotonio 
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and decreasing and therefore tends to a limit L while a is 
monotonio and increasing and therefore tends to a limit 1. 
The condition that 2/=Z is then simply 8 ~8<e. 

Doable Integral. Definitions. The limits L and I are called 
respectively the upper and the lower double integrals of F(x, y) 
over the area (or field, or region) A and are denoted by the ' 
symbols 

ii=J F(x,y)da, l=j* F(x, y)da. 

li L=l, the common limit of 8 and a is called the double 
integral of F{x, y) over the area (or field, or region) A, and is 
denoted by the symbol 

£j'(a:, y)da. 

The symbol da corresponds to the elementary area a^ and 
is often called ** the element of area ” ; the letter A annexed to 
the symbol of integration indicates the area over which the 
integration is taken. Other notations will be given later. 

123. Division of the Area. In the division D of the area A 
the meshes Of may be of any shape ; the limits of S and s exist 
provided the diagonal of each mesh tends to zero. The 
division of the area into elementary rectangles by lines parallel 
to the coordinate axes is, however, of special importance, and 
the form taken by the sums 8 and s for this case will therefore 
be explicitly stated. 

Let the area be the rectangle B given by 

x—a^x — h and y=a', 2/=6', 
and let [a, 6] and [»', ••• » 

be divisions of the intervals (a, b) and (a\ 6') into m and n 
sub-intervals respectively ; parallels to the coordinate axes 
through the points of division of these intervals will divide 
the rectangle R into mn rectangular meshes. If " ^r) 

and = the area of the mesh, or,.,, say, bounded by 

the lines a? a; and y =y., y =y,+i is ; the diagonal 

. of this mesh is aj(h^ + kl) and the mesh or,., . tends to zero 
in all its dimensions if and only if A,, and A. each tend to zero. 
At the boundary of the area, when it is not a rectangle, the 
meshes will usually be only part of a rectangle. 
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\i M,m and are the upper and lower bounds of 

F(x, y)m. R and in ct,,, respectively, then 

8='£, Jf,,, s-'£^ TO,., h^, (1) 

*^1 • f , « 


where r and s take independently the values 0, 1, 2 (m - 1) 

and 0, 1 , 2, . . . , (re - 1 ) respectively. 8 will tend to L and s to I 
when m and re tend to infinity provided that + tends 
to zero ; the order in which m and re tend to infinity is irrelevant. 

A slight variation in the proof of the property, § 122, (P), namely, 

0 ^ /S “ < fjL(M - m)d* 

is needed. Take f so that Xm< and draw through f a narallel 

to the 2 /-axis. 

Each of the n rectangles or^, o, i* will bo divided into two 
rectangles, and if S{ is the new value of S wo shall have 

n- J 

O-^S -S\<(M -fn)h'^k,=^(M - m)h{b' - a'), A, < h. 

If ri is now taken so that ys<V< Vs+i and a parallel drawn through ri 
to the a;<-axis will become whore 

’-m)k(b-a), h,<k, 

and therefore 

0 '=^ .S' ~ SI <{M- m){h{b' - a') + k(b - a )} . 

More generally, if is derived from D by inserting f* numbers 
between a and b and /n' numbers between a' and b\ the sum S becoming 
Si, we shall have 

0~S-Si< (M - -- o') + yfk(b - a)] 

where hf<h, kg<k for r = 0, 1, ... , (m - 1) and s=0, 1, ... , (n - 1). 

It is obviously possible to choose h and k so that 

{M - m){fih(b' - o') + fi'k(b - a)} < Je 
as required (see § 103, equation (4) ) for the proof of Darboux’s Theorem. 

Ex, Establish the result for an area A bounded by any curve C by 
enclosing .A in a rectangle 72, as in § 120, Theorem II. 

The meshes of § 122 may of course be rectangles with sides 
parallel to the coordinate axes, but the division of the area 
just discussed supposes that the meshes are arranged in a 
particular way, namely, in such a way that if Xr<S<i^r+i, the 
line 05 = f runs through a whole set of meshes of the same width 
- ^r)» if the line runs through a whole 

set of meshes of ^e same height - y,). 
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In the more general case of § 122 the corresponding sets of 
meshes would usually have different widths and heights. 

The rectangular mesh suggests another notation for the 
element of area in the double integral, namely 

y){dxdy) 

where {dxdy) takes the place of do ; for the present the brackets 
are retained in the symbol for the element. 

For polar coordinates the element of area would be {rdrdd) 
and the integral of F(r, 0) would appear as (see E.T. p. 338) 

J jP(r, 0){rdrd0), 

124. Integrable Functions. The condition for the integra- 
bility of a bounded fimction follows at once from Darboux’s 
Theorem. 

Condition of Integrability. The condition that the bounded 
function F{x, y) should be integrable over an area A is that, e 
being given {as usual) there should be a positive number rj such 
that 8 -s mil be less than e when the diagonal of each mesh in 
the division of A for which 8 and s have been calculated is less 
than rj. Or, 8 -s must tend to zero when the diagonal of each 
mesh tends to zero. 

It will be useful to state here another form of the definition 
of the double integral. If (f^, is any point in the mesh 


then tj^) ^ and therefore 

so that = (1) 

If the meshes are rectangular and (I,., rj,) any point in (hfk,) 

y){dxdy)= jTYiFiir, ( 2 ) 


In each case the limit is taken for the number of meshes 
tending to infinity in such a way that the diagonal of each mesh 
tends to zero. 

The position of the point (fr> >?•) in the rectangle (Ar^.) is 
arbitrary ; it is permissible therefore to choose f , so that the 
point ehosen in each of the meshes contained, between the lines 
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and x ^x^^i shall have as its abscissa. The limit given 
by (2) cannot be affected by this choice. 

Of the functions that are integrable the first and most 
important class is that of continuous functions. 

I. If F(x, y) is a continuous function of x and y in A, then 
F(x, y) is integrable over A. 

The bounds Mr and m,. are values of F{x^ y) since F(x^ y) is 
continuous in A. Further, by the property of uniform 
continuity, the number rj can be chosen so that - w,.) will 
be less than e/A for every value of r, and therefore 

S 4( that is, < e 

A 

when the diagonal of each mesh is less than rj, and this is the 
condition for the integrability of F{Xy y) over the field A. 

Cor. If F(x, j/) = l, J (dxdy)=A. 

II. If F{Xy y) is discontinuous in Ay but if its discontinuities 
are either finite in number or else, if infinite in number, all lie 
on a finite number of curves then F(Xy y) is integrable over A. 

It must be remembered that F{Xy y) is bounded and that 
every curve is supposed to be rectifiable. It will be sufficient 
to prove the theorem for the case (Fig. 6) in 
which F{Xy y) is discontinuous at all points 
on the curve EF and on the part OFH of 
the bounding curve C, 

Draw curves abc and def which will cut out 
the lines of discontinuity from the area A ; 
in the remaining parts, A^ and A^y of the area 
A the function F{Xy y) is continuous. 

Now the curves abc and def may be drawn so close to EF 
and OFH that the area they cut out of A will be as small as 
we please, say less than ej^M where M is the upper limit of 
F{Xy in . (Since the curves are all rectifiable, this assmpp- 
tion is easy to prove, if it be not considered to be obvious. ) 
The contribution to S — 8 from this area is therefore less than 
2M X {el4M)y that is, less than Je. 

The curves abc and def, when chosen as stated, are to be kept 
fixed, m ke areas i, aad i’C*. y) « continuous and 
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therefore, as in Theorem I, there is a division of and 
such that the contribution to 8 -s from these areas is less 
than ^e. Therefore a division of the area A has been found 
for which 8 - 8<e and thus F(x, y) is integrable over A. (See 
Note, § 122.) 

If there were other lines of discontinuity the method of proof '• 
would be the same. 

Cor. If F{x, y) is integrable over A the values of F{x, y) 
may be arbitrarily changed at isolated points in or at all 
points on a finite number of curves without changing the value 
of the integral, provided the new values of F{x, y) are finite. 
It would be sufficient to reckon these isolated points, or the 
curves, among the discontinuities of F{x, y ) ; the fimction 
would still be integrable over A, and it is evident from the 
nature of the proof of integrability that the value of the integral 
would not be changed. 

125. General Theorems. The following theorems are so 
simple that their formal proof may be left to the student. The 
functions F{x, y), y) and F^ix, y) are supposed to be 
integrable over an area A. 

I. J CF{x, y)d<T=C'J F{x, y)da, C=constant. 

II. f {Fj{x,y)±Fi{x,y)}da= \ Fi{x,y)do± \ Fi(x,y)da. 

J A J A J A 

III. The product Fi{x, y) F^{x, y) is integrable over A. 

IV. The quotient F^ipc, y)(F^(x, y) is integrable over A if 
I ^’ 2 ( 2 :, y) I ^ c > 0 in A. 

V. When F{x, y) is integrable over A so is \F{x, y)| and 
|£j’(a:, y)dofj^£|J’(a:, y)|d(X. 

VI. If the area A is divided into a finite number of partial 
areas Al^, A.^, **. , 

f F{x, y)da=\ F{x, y)dd+ f F(x, y)da +... . 

Ja Ja, Ja, 

VII. Mean Value Theorem. If F(x, y) is positive or zero in 
A then the integral of F(x, y) is positive or zero. Hence if 
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F{x, y)-(p{x, y)f{z, y) it may be deduced, as in %\U, thai ij 
q>(x, y) ^ 0, and 

g ^ \p{x, y) g G, when (x, y) is in A, 

(i) <p(x, y)da g <p{x, y) ip{x, y)da^ (p(x, y)da ; 

(ii) £ 9’(*. y) fix, y)da=Kj^ <p{x, y)da, g^K^O\ 

(iii) if y)(x, y) is continuous in 

£ 9>(*. y)^=fi^> y)^o, (f, ri) in A. 

Note. In the next article it is proved that when the dis- 
continuities of F{x, y) are of a certain type the double integral 
of F{x^ y) can be expressed as a repeated integral. It will 
subsequently be assumed that this restriction on F(x, y) is 
made, unless it is explicitly stated to be removed. 




o' G 


b' 


126. Reduction to Repeated Integrals. It will be assumed 
that, if the function F{Xy y) is not continuous, all its discon- 
tinuities lie on a finite number of 
curves none of which can bo cut by 
a line parallel to either axis in more 
than a finite number of points ; with 
this restriction on the discontinuities 
the double integral of F(x, y) exists. 

This restriction is not necessary, but 
these admissible discontinuities in- 
clude a very wide range of functions. 

(See also § 127.) 

Consider first the case in which the 
field of integration is the rectangle ABB'A\ or R, given by 
a?=a, x-by y-a\ y=V (Fig. 7) ; then by § 124, (2), 



/ 

J 
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r 

/ 

S 

H 




A 

E 

P' 

B 




M 

no. 7. 


I F{Xy 2/)(da5dj/)= limit of ^ (1) 

^ It ni, w r, t 

where r takes the values 0, 1, 2 ... ,(»»-!) and s the values 
0, 1, 2, ... ,(»-!) while to and n tend independently to infinity. 

First, let the numbers hf, to being kept constant, 

and consider the sum where 


.( 2 ) 
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(r is supposed to have the same value in every mesh that lies 
between x=Xr and x=Xr+i. 

The function V) is a bounded function of y in (a', 6') 
and therefore when W“>oo (and it has upper and lower 

integrals, (p{ir) say, where 

v’Cfr) y)dy, y>(ir) y)dy (3)^ 

But, by hypothesis, y) has at most a finite number of 
(finite) discontinuities and therefore (p(ir) = fiSr) so that 

jC = q>{ir) = y(f,) = r>{f„ y)dy (4) 

n->ao 

, In (1) let m now tend to infinity ; the limit exists since it is 
equal to the double integral. Hence 

\ F{x,y){dxdy)= £ S = f (®) 

fn*->-oo f— 0 •'a 

80 that f F{x, y){dxdy) — P dx fF(x, y)dy (6) 


Next, let m tend first to infinity, lc„ rj, and n being kept 
constant. As before, vre find 

^ XF{Sr,V,)K=\ F{x,t),)dx 

nt-f-oo r»o •'a 

and J F{x, y){dxdy)=^dyjl* F(x, y)dx (7) 


The double integral is thus expressed in two different ways 
by repeated integrals and the repeated integrals are equal 
because each is equal to the double integral. 

As a corollary we have an extension of the conditions for 
the validity of changing the order of integration in a repeated 
integral with constant limits ; namely, if the discontinuities 
of F{x, y) in the rectangle B satisfy the restriction stated at the 
beginning of this article, change of order of integration is per- 
missible, that is, 

j: 

Consider next the case in which the field of integration is 
the area A bounded by the curve C or EFOH (Fig. 7) ; it is 



F{x, y)dx=^ dx^ F{x, y)dy. 
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supposed for the present that C cannot be cut by a parallel 
to either axis in more than two points. This case can be 
reduced to that of the rectangle B given by a;=a, a: =6, 
y=b\ 

Let F i{x, y) = F{x^ y) when the point (x, y) is on or inside C 
but Fy{x, y) = 0 when the point (x, y) is in R but not on or 
inside C, The lines AB^ A* B* and AA\ BB' touch the curve C 
at -B, O and F respectively. 

The equations of HEF and HOF may be taken to be 


y=MP=i(p^{x) and y=^MQ~(p^{x) 


respectively where x—OM ; a'=MP\ b' — MQ\ 


r rb rvQ' 

Fi{x, y)(dxdy) = \ dxl F^{x, y)dy 

JR Ja J Rp' 


since the investigation for the rectangle R remains valid 
provided the curve C is considered to be a curve of discontinuity 
for F^{x^ y) ; the curve C satisfies the condition for a curve of 
discontinuity. But Fy{x^ y) = 0 for all points of R that are 
outside the curve C so that 


f F^{x, y)(dx dy) = f F{x, y) (dxdy), [ F^ix, y)dy^\ F(x,y)dy 

Jk . Ja J mp' Jup 

and 

f F{x, y){dxdy) = f dx h'(x, y)dy (8) 

J A Ja J ^xix) 

In the same way it may be seen that if the equations of EHO 
and EFO are 

x=NB= y>i{y) and x=NS=fp^{y) 
respectively where y^ON, we find 

f F(x, y){dxdy) -\dy\ F(x, y)dx (9) 

When the area A is bounded by a curve that may be cut by a 
line parallel to an axis in more points than two, it may be 
divided into a finite number of partial areas Ai, A 2 , ••• bounded 
by curves 0 ^, O 29 • . • each of which cannot be cut by a parallel 
to either in more than two points. The integral over A is 
the sum of the integrals over Aj, A 2 , ••• , oud the reduction to 
repeated integrals is made for each partial area. (See Fig. 11.) 
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Notation. It is usual, in view of the expression in terms of 
repeated integrals, to denote the double integral by the double 

symbol JJ and to omit the brackets round dxdy ; thus 

\^F(x,y)dxdy, y)dxdy, ^^F{x,y)da. | 

(See also E.T. § 136.) \ 

Ex, Integrate F(Xf y) over the area A bounded by the circle 

The tangents to the circle parallel to the i/-axis are 
a;=oL--c=a and ir=(x.+c=6. 

The values of y for a given x are 

MP = - s/{c* - (a; - a)*} and MQ = + s/{c* -(x - a)*} 
where the root is positive. Hence 

J = f( F(x,y)dxd/y:J\''^dx\*^F(x,y)dy (i) 

JJa Jx^e Jj/F 

and there is a similar form if integration is first made with respect to x. 

Frequently, however, it is preferable to use the polar element of area, 
rdrdS. In this case transfer the origin to (a., P) and then change to 
polar coordinates (r, 6) so that 

X = 0 L +r cos 6, y=zp-^r sin 0. 

The limits of 0 are 0 and 27i and of r are 0 and c ; therefore if Fi{r, 0) 
is the value of F(x, y) in terms of r and 0. 

J=j| Fi(r,6)rdrdd=^rdr^F^(r, B)d6. 

Since the limits are constants the order of integration is easily 
changed. 

It will be a good exercise to work out the value of the integral by 
both methods when 

F{x, y) =a;*yV{c* “ ~ «■)* - (y - )?)*}• 

and to verify that the value is the same for both. It should be noted 
that 

I (A sm*’"0 cos 0 -f B cos*”0 sin 0)d0 
.'0 

is zero when m and n are positive integers or zero ; much needless 
labour is saved by attending to a simple matter like this. 

126a. Another Proof. Let 3 and s be the upper and lower 
eums given by equation (1) of § 124 for the function F{x^ y), 
the field of integration beii^ the rectangle B ; the upper 
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integral L and the lower integral I of F{Xy y) over R exist and 
satisfy the inequalities 

L'^S, 1^8 (1) 

The only restriction on F(x, y) is that it is single-valued and 
bounded in the rectangle R. 

It will be first proved that 

r da; f F{x,y)dy<L, f da; T F{x,y)dy^l (2) 

J a J a' •' A * 0,' 

A little consideration will show that the various stops in the 
proof that involve upper and lower integrals are legitimate. 

Darboux’s Theorem, § 122, shows that, given e as usual, it 
is possible to choose d so that when the diagonal of each mesh 
is less than d we shall have 


( 3 ) , 




If X is fixed, say a: = f , where a:, g f g a;,+i, the function 
F{^r, y) of y has an upper integral, q>(ir) say, and 


^ a' s 

Again, 9?(a;) is a function of x which has an upper integral 
over (o, 6) and, if is the upper bound of <p{x) in (a;„ a:,+i) 

r (p(x)dx^"^MX^'L 

J a r **1 • 

But e is arbitrarily small and therefore 

r q){x)dx=^ dx I F(x,y)dy^L. 

j a v A *' a' 

Let it be noted that the inequalities for the lower integral 
corresponding to those in (3) for the upper integral are 




and it may be proved in the same way that 

i^'dx^Fix, y)dy. 


Thus the relations (2) are established. 

Suppose. now that F(x, y) has a double integral over R\ 
in this case i = 1 and the repeated integrals in (2) will therefore 
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also be equal to each other and to the double integral of F{x, y). 
Hence if _ ^ 

^F(x, y)dy=^F(x, y)dy, (4) 

y)dy. 

e Tb fb' rb fb' 

F(x, y){dxdy) = I da: F(x, y)dy=‘ \ dx F{x, y)dy, 

Jn Ja Ja* Ja Ja* 


and therefore 
we have 


that is, 


f F{x, y)(dxdy) = f da: f F(x, y)dy (5) 

Ja Ja Ja* 


If, however, the two integrals in (4) are not equal the 
repeated integral 

f da: f ^(a:, y)dy (6) 

J a J a* 

is equal to the integral of F{Xy y) over B whether the upper or 
the lower integral with respect to y be taken ; equation (5) 
will therefore hold even in this case provided (5) is interpreted 

i»y (6)- 

A similar investigation shows that equation (5) holds when 
the order of integration is changed. The general theorem 
when the field of integration is not a rectangle is dealt with 
as before. 

Note. The student should, before reading the following 
articles, work through the Examples 1-6 of § 130. 


127. Conditions for Repeated Int^als. There is one exten- 
sion of the conditions prescribed in Article 126 that may 
be noticed. If one of the curves of discontinuity were a 
straight line parallel to a coordinate axis the double integral 
would still exist but there is a peculiarity as shown by the 
following simple example. 

Ex. For the rectangle R given by x=^0,x = \, y=0, y = l, let 
F(x, y) = 1 except when x — i, and let I’d, y)= +1 for irrational vidoes 
of y but F(|, y)= -1 for rational values of y. 

From the rectangle R cut out tho rectangle given by 
x=i-e, x=i+e'. y=^0, y = l. 
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where e and s' are positive and arbitrarily small, and let E' be the area 
that is left. The double integral of F(x, y) over is ( 1 - e - «') so 
the integral over R is, by definition, equal to unity. 

Again 

( F(x,y)(dxdy)=J\ da:fl.dy + P <i»rid« = l -e -e' 

Jo Jo Jj+e' *0 

JP’(», y)(da: dy) = |*dy j* 1 da; + 1 da: = 1 - e - s' 

and therefore when e and e' tend to zero we find in this case 

da;j F(x, 2/)dy=j dyj F(x, y)dx. 

The point to be noted is that I F(x, y)dy doeB not exist for the value 

Jo 

j^ofa;; if /(a?) denote this integral /(a?) is discontinuous for a; =J. When 
a? = i the upper integral of i^(ar, y) is + 1, the lower integral is - 1 and 
their difference measures the discontinuity ot f(x) when a?=J. 

In general, if the lines ar^Cg, ... ,a;=c,„ are lines of 

discontinuity, and if f{x) is given by 

/(a:) = fV(ar, y)dy, 

J a* 

f{x) will be diewsontinuouB at Cj, c (see § 119, Ex. 2, 

interchanging x and y), but f{x) will still be integrable since 
the number of discontinuities is finite. A similar remark holds 
when there is a finite number of lines of discontinuity parallel 
to the a;-axis. 

It may be stated that one of the repeated integrals may exist 
or even that both may exist and be equal and yet the double 
integral not exist. (See Hobson’s Functions of a Real Variable, 
1st Ed. p. 428.) The existence of one or of both of the repeated 
integrals is no warrant for assuming the existence of the double 
integral. 

128. Vffiume. Area of a Curved Surface. The equation of 
a surface, the axes of coordinates being rectangular, is in general 
of the form ip{x, y, 2 ) =0, amd a line parallel to the 2 -axis may 
meet the surface in more points than one ; a part of the surface 
which is met by a line parallel to the 2 -axi 8 in not more than 
(me point will be represented by an equation of the form 
z^F{x, y) where F{x, y) is single-valued and continuous. 
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Suppose now that F{x, y) is single-valued, continuous and 
positive (or at least not negative) when the point {x, y) is in 
an area A bounded by a closed curve C and lying in the plane 
2 = 0. A cylinder which has the curve C as its section by the 
plane 2=0 and its generators parallel to the 2-axis will intersect 
the surface z = F{x, y) in a curve C' of which C is the projection 
on the xy plane ; let V be the volume that is intercepted by thd 
cylinder between its base A and the portion of the surface’ 
bounded by the curve C\ The mmmre of the volume F will 
now be defined. 

Let the volume F be divided by two sets of planes parallel 
to the yz and zx planes respectively into elementary volumes 
that may be called columns ; the area A will at the same time 
be divided into meshes that are, except possibly near the 
boundary, rectangular. If cr is a typical mesh and if F{x>^, y^ 
and F{x 2, y^ are the least and greatest values of F(x^ y) when 
(a;, y) is a point in <r, the column which has a for base will lie 
between two cuboids (that is, rectangular parallelepipeds) 
which have as their measure the products ^^(Xi y^a and 
F{x^, y^)a. Hence the volume F will lie between two sets of 
cuboids whose measures are 8 and s where 

S = S F(x^, 2/a) a, 5 = S F{x^, y^) a, 
and the summation extends over all the meshes of A. 

Now F{x^ y) is continuous in A and therefore 8 and s have 
a common limit when the number of meshes tends to infinity 
and at the same time the diagonal of each mesh tends to zero ; 
this limit is the double integral of F(x, y) over A and is taken 
as the definition of the measure of the volume F or, when the 
measure of the volume is obviously meant, simply the definition 
of F. Hence 

F y)da=^^F{x, y)dxdy ..(1) 

Further, since the integral is independent of the shape of the 
meshes so long as the diagonal of each mesh tends to zero, the 
element of area da is itself arbitrary in shape. 

jAgain, if there are two surfaces or two parts of the same 
surface that are each met by a line parallel to the z-axis in only 
one point, their equations will be of the form z = F{x, y) and 
z = F^ipe, y), BO that if F^(x, y) is greater than or equal to F{x, y) 
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the volume intercepted by the cylinder between the surfaces 
will be 

£ Pi(x, y)da - £ F{x, y)da =£ [F^{x, y) - F(x. y)}da. 

The form of the result shows that the formula holds even 
when F{x, y) is negative as would be the case, for example, 
if the surface were the sphere a;* + y* + z® =a* and 

y) — («* y®)* and F(x, y) = -r (a® - x® - y®)*- 

If the curve G is EFOH, Fig. 7, p. 317, then 

fb r»Q n* fv,s' 

F= dx\ F{x, y)dy= dy F(x, y)dx. 

Ja J MP Ja' J Ml 

When C may be cut by a line parallel to an axis in more points 
than two, it may be divided into a finite number of curves each 
of which will be cut by a line parallel to an axis in not more than 
two points and the volume would be given by the sum of the 
integrals over the partial areas. 

Ex, 1. The volume intercepted between the plane x+y-k-z^a and 
the paraboloid 2az =:a3* is given by the integral 

|j |(a -a? -y) J ==471®’ 

where A is the area bounded by the circle s ~0, a:® + 2o(aj +t/) =2a*. 

Here F^(x, y)~a-x-y and F(x, y) =(a;* -{■y^)l2a and these surfaces 
intersect in a curve whose projection on the xy plane is the circle. For 
the evaluation of the integral see § 130, Ex. 6. 

Area of a Curved Surface, If S is the part of the surface 
z=^F{x, y) that lies within the curve C it is natural to assume 
that it has an area,” but as the surface is not in general a 
plane surface some definition is needed of the measure of such 
an area. This definition will now be given. 

If jp = dzjdx = dFjdx and q = dz/dy = dFjdy^ and if y is the acute 
angle between the z-axis and the normal to the surface at 

cos y = + 1)“^ I ; 

hence, if p and q arc continuous, and therefore finite, when the 
point (x, y, 0) is in the area A, the normal will not be parallel 
to the xy plane and therefore no tangent plane at any point of 
8 will be perpendicular to that plane. It is assumed that p 
and q are continuous. 
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The column (in the previous construction) which has the 
mesh a for its base will cut the tangent plane at any point 

of the surface 
that is inside the column 
in a quadrilateral 
(Pig. 8). The area, a' 
say, of this quadrilateral a 
is crsecy because a is the 
projection of a' on the xy 
plane. The sum of all 
the quadrilaterals for the 
meshes of A is 

Ssecy . or=S,/(p2 + 5 *+ l)<r. 

Now v^(p^ + g^+l) is a 
continuous function of x 
and y and therefore when the number of meshes tends to infinity, 
the diagonal of each mesh tending at the same time to zero, 
this sum has a limit, namely the integral 

J J{p^ + q^+l)da. 



This integral is defined to be the measure of the surface 8 or, 
as before, the definition of 8 when it is the measure that is 
clearly meant. Hence 


8 = 


I 


dx) ^\dy) 




da. 


.( 2 ) 


In the next article it is shown that this measure of the area 
is independent of any particular choice of the coordinate axes. 
See also Exercises XVI, 33. 

From equation (2) it follows that dS =da sec so that, if 
68 is the measure of a small area of the surface at P, 


rds r 68 fa da 


Hence, in finding d8 we may substitute a' for 68 — ^that is, we 
may suppose the area d/9 to be the quadrilateral that lies 
in the tangent plane at P and the arcs that bound the area 68 
to be the sides of the quadrilateral. When u is a rectangle if 
may be taken to be a parallelc^am of which a is the projectian ; 
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the area a may, however, be of any shape, as was noted in 
dealing with the int^aJ (1). 

If the surface is a cylinder, y =/(»), it is obvious that d8=did$ 
where is an element of the curve, z = 0, y =/(*). 


Ex. 2 . Apply the integral ( 2 ) to prove that if A, B, C are the r«int f 
in which the plane xja+yjb +z/c = 1 

cuts the coordinate axes the area of the triangle ABC is 
W(6*c* -i-c*o2 

Here p = - c/a, g = *- c/6, and therefore 

^ taken over the triangle OAB 
= H-c^a* +0*6®). 

The integral thus gives the usual value, so that the two methods of 
measuring the area agree in this case. 


Ex* 3 . The area of the surface of the paraboloid that lies 

between the pianos 2=0 and z =o is - l)a*. 

The projection on the xy plane of the curve in which the plane 2 =a 
cuts the paraboloid is the circle {A ) given by 2 = 0, »• + j/* =0* 5 therefore 

Now transform to polar coordinates. (See also § 129 , Ex. 5 .) 


129. Curves on a Surface. Element of Surface. Let the 
coordinates x, y, z of a point P in space, the axes being rect- 
angular, be defined by the equations 

x=f(u,i)), y=g{u,v), z=A(«,») (1) 

where fj g, h and their first derivatives with respect to u and v 
are single-valued, continuous functions when u and v vary 
independently within some given range. If the Jacobian 

?) ig liot gero u and v can be expressed as continuous 
d(u,v) ^ 

functions of x and y and, when these functions are substituted 

for u and t; in h{u, v), an equation, z = F{Xy y) say, is obtained 

so that the equations (1) define a surface. It will be assumed 

for the present that the above Jacobian is not zero. 

When V is constant, say v = varies, the equations (1) 
define a curve, C{v^ say, which lies on the surface and, similarly, 
when is constant, u=^Uq, and v varies, they define another 
curve C'(tio) on the surface ; the values Uq and Vq determine a 
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point Pq on the surface whicli may be called “ the point ** 

— that is, the point on the surface in which the curves C{u^ 
and C(v^, that is, and intersect.* 

The direction cosines of the tangent at the point (w, v) to the 
curve C{v), that is, constant, are, by § 115, Cor. 3, pr<> 
portional to the derivatives g^, h^, and those of the tangent 
to the curve C(u) are proportional to the derivatives 
so that, by the usual formulae of three dimensional coordinate 
geometry, if Z, m, n are the direction cosines of the normal to 
the surface at (w, v), 

I _m _ ±1 

Ji - jg 

where 


^1 — 9uhv ^ 


*^2 — ^u/i; 


•^8 — /u?t> 9ufv 1 


■®=/2+S'S+A5, <?=/« +sr5 +AS/ 

If 6 is the angle between the tangents at v) to C(u) and 

^(«)> J{EG).cob 6 = F, J{EQ).Bme=J{EG-F^) (3) 

and it is easy to prove that at the point (w, v) 

_i2 (A\ 

dx J^’ dy ' 

Again, an equation between u and v will define a curve 
C which lies on the surface. If P is a point (x, y, z) or (u, v) 
which lies on C and if s is the length of the arc AP, measured 
from any fixed point A on C, then (§ 116, Cor. 1) 

da^—dx^ -^dy^ +da*. 

Now dx=fjiu+f^v, dy=gndu+g^v, dz=h„du+h^v, 
and therefore ds^—E du^ +2Fdudv + G dvL (6) 


If Si and «2 the lengths of the arcs of C(v) and C(u) then 
dv=0 for C(v) and du = 0 for C(u) so that 

dsi=JE du, ds^—JGdv (6) 

where ^E and ,JG are to be taken as positive. The direction 
cosines of the tangent to C{v) are dxjdsi, dyjdsi, dzjds^ ; but 


dx dx du 


dy 


dz 




* See Bell’s Coordinate Geometry of Three IHmeneions (2nd Ed.), pp. 348-352« 

with the references in the Footnote on p. 352. 
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with similar expressions for the direction cosines of the tangent 
to C{u), so that as before J{EO) cos B ~ F. 

Suppose now that the curvilinear quadrilateral in Fig. 8 is 
that which is determined by the curves C(u), C{v), (?(« +du), 
C{v +dv ) ; the quadrilateral in the tangent plane may, 

as has been seen in § 1 28, bo substituted for dS and considered 
as a parallelogram with sides and ds^,, so that the element of 
area dS is given by 


dS ^dsids ^ sin 6 du dv sin 6 =J(EO - F^)du dv ...(7) 


where J{EO-F^) is positive. The area S is given by the 
integral 


- F^)dudv. 


( 8 ) 


Suppose next that the Jacobian J 3 or (f^Qv ~ Qufv) is identically 
zero. The functions /(w, v) . and g{u^ v) are therefore not 
independent so that / and g, or x and y, are connected by a 
relation, (p(x, y) = 0 say. In this case the surface is a cylinder 
with generators parallel to the «-axis ; it may be given in 
general by the equations 

v), 

where and g^ are functions of u alone. 

Here 0=^h\, If we take simply z—v then 

and (? = 1 . 

If a second Jacobian, say, were also zero so that an 
equation v>(y, 2)=0 would hold in addition to (p(Xy y)= 0 , the 
equations ( 1 ) would represent a curve and not a surface. 

Change of axes. If the coordinate axes are changed to 
another set of rectangular axes with a new origin (a, 6 , c), the 
usual equations of transformation give, f , rj, C being the new 
coordinates, 

a:=a +Wi?/ -fWif, +•••» +.... 

The known relations between the direction-cosines . . * , ^ give 

ds^^dx^ +dy* 

so that the values oi E, F, 0 are not changed and therefore the 
value of given by the integral ( 8 ), is not chaQged* Thus 
the measure of the area is independent of the coordinate axes^ 
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as it should be. The functions E, F, O are independent of any 
particular choice of coordinate axes, so that the value given by 
(8) depends solely on the surface. 

Change of parameters. If the parameters u, v are changed 
to Ui, Vi by the transformation | 

U = <p(Ui, «j), V = f{Ui, Vj), J 96 0 , ^ 

and if Ei, F^, Oi are the new values of E, F, 0, it is not hard to . 
show that ^ - -Pf) = J(EO - i’*) . | J | , 

and therefore (by § 134, Problem I), 

- F^)du dv =jj^(EiGi - Fl)du^ dv,. 

Hence S is independent of the particular parameters u, v, as 
well as of any particular set of coordinate axes. 

Ex. 1. The curves C(u) and G{v) are orthogonal if 2^ =0. 

For cos 6—0 and therefore 6 = w/2 when F = 0, In this case dS takes 
the simple form •J(EO) dudv. 

Ex. 2. For a sphere of radius R we may put 

a; = F sin 0 cos y =R sin 0 sin 2 =22 cos 0 

and dS = 22‘ sin 0 dO dtp 

Here 0, <p take the place of u, v and 

jE7=22>, F = 0, G=22*sin*0; =22* sin 0. 

Ex, 3. For a surface of revolution about the z-axis we may put 
a; =ti cos V, y =u sin v, z = F{u) 
and dS=s/{l •\‘[F'{u)y)ududv. 

Ex, 4. If the curve given by the polar equation r =/(0) makes a 
complete revolution about the initial line ^ 

dS==.J{[f{e)]^+[f'(e)]*}r Bias d6 dip. 

Here we may take 

X =/(0) cos 0, y =/(0) sin 0 cos g>, z =/(0) sin 0 sin tp. 

Ex, 6. For the paraboloid of § 128, Example 3, we may put 
X =ti cos V, y =u sin v, z =u^la 
JgJ=(4u*+o*)/o*, F=0, G=u*, 


aad 

Then 


■0 th«t 
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Ex. 6. If zbO so that the surface is a plane surface, show that the 
area enclosed by a plane curve C is given by 


I S(x. y) 
d{u, v) 


dude. 


Inlhiscase EG-F*= 

0(U, V) 


See i 134, Problem I, Cor. 


130. Worked Examples. Some examples will now be worked 
out to illustrate certain elements in the evaluation of double 
integrals. 

When a double integral is given the first consideration is to 
determine the field of integration, and the student is strongly 
recommended to sketch, roughly it may be, the area over 
which the integration extends. There is no necessity for a 
detailed drawing, but the essential elements of the figure 
should be noted. 


Ex, 1. Evaluate ^xydxdy^ the field being the positive quadrant 

(that is, the quadrant in which both x and y are positive) of the circle 
z* +y*=a*. 

A figure shows at once that the integral is 


•a rV(a^-a:*) ea fV(a^-aJ) fa 
I cfej xydy^^ xdx]^ ydy—^^ 


2 


a* 

8 


Ex, 2, Evaluate \^ydxdy over the part of the plane bounded by the 

line y = 0 ? and the parabola y = 4x-x*. 

line and the parabola intersect at the points (0, 0) and (3, 3) ; 
the field of integration is that segment of the parabola that lies above 
the line, and if the ordinate MP at the point P(x, y) on the parabola 
meets the line at Q the limits for the integration with respect to y are 
and JlfP = 4a?-a?* while the limits for the jr-integration are 
0 and 3. Thus 

jjydscdy yd5y = • 8. 


Eaj. 3. Integrate (aj*+y*) over the circle a?»+y»=a*. 

In this case rectangular coordinates are laborious and it is simpler to 
suppose that the area is divided by the use of polar coordinates r, B, 
The elem^t of area is then {E.T. p. 338) rdrdB and the integrand is r* ; 
the angle 6 will vary from 0 to 2w and r from 0 to a. The integral is 


therefore 



Ex, 4. Integrate F(x, y) over the positive quadrant of the elUpse 
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This example is taken to illustrate the method of changing 
the variables of integration in a double integral ; at each stage 
the diagram should be drawn. The integral is 

(“cte y)dy, yi=^ V(a* - **)• 

Jo Jo ® 

Now let y=hri,dy=^b dt], Tho limits for ly are 0 and = ~ N/(a* - a;*), 

ct 

so that y)dy—h^dx brj)drj. 

Jo Jo Jo Jo 

Let the order of integration be changed. The limit rji is an ordinate’ 
(in the first quadrant) of the ellipse When the order of 

integration is changed the limits for x will bo a? =0 and x—x^ =aV(l - »?*) 
while the limits for will be = 0 and — 1 . Thus the integral becomes 


6 I diy Ij ^F(Xy hrj)dri» 


If now x=aS, dx=adS and the limits for f are 0 and fi=>/(l - if) 
so that the integral becomes 

abi^df, bt,)di, fi=V(l -fj*). 

Jo Jo 

The field of integration is now the positive quadrant of the circle 
f » + ly* = 1. This transformation is often useful, as in the next example. 

Ex, 5. Evaluatejl integration 

being the positive quadrant of the ellipse x^ja^ +2/*/6® = 1. 

Integral =a6j j ^2") ^ver pos. quad, of circle f* 1 

’ V 

To evaluate the integral in ri, use polar coordinates the integral 
becomes, if the factor ah be omitted, 


Ex, 6. Evaluate Jj{2a® - 2a(x +y) - (a;® +y®)} dudy, the field of inte- 
gration being the circle a?® +2a{a? +2/) =2o*. 

Transfer to ( -a, -o) as origin by putting a5+a=f, y+a^ri; the 
integral becomes 

j j(4a* - - rf)didiq over the circle f® 4 - rf =4a®. 

Now change to poW coordinates ; the result is Stvo®. 
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Ex, 7 . The volume common to the sphere a;*+y*+2*=a* and the 
cylinder +3/* —ay is J (Sjtt - 4 )a®. 

The volume required is double the volume that lies above the plane 
2=0 and is therefore if z =<s/(a* - a;® -y®), 

2||2da;di/» taken over the circle a;® +1/* —ay. 

Transform to polar coordinates and integrate over half the circle, 
that is from 0 = 0 to 0 = -^/2 ; the volume is therefore 

! ir/2 rasing 

d0 s/(a® -r®)rdr =|(3 .'t -4)a®. 

0 Jo 


Ex, The volume common to the surfaces 2/*+2®=4aa; and 
a5* +y* =2oa: is S( 3 :r + 8)a®. 

The volume is given by the integral 


i 2a fVi 

da? I V(4aa? “ 2 /®)dy, =s/(2aa? - a?®). 

0 Jo 

Now, X is constant when integration is made with respect to y ; we 
may change from 3/ to 0 where 3/ =js/(4aa?) .sin0 and then the integral 
becomes 

4 1 da?| 4 aa?cos® 0 d 0 , 


If for X is put 2 a cos tp the result comes at once. 

The fact that one of the variables is constant when integration is 
made with respect to the other should not be forgotten when change of 
one of the variables is being made. 


Ex, 9 . When the integrand is the product of a function (p(x) of a? 
alone and a function yf{y) of y alone and the limits a, b for the a/-integra- 
tion and a', 6' for the 3/-integration are constant, show that 

da? ^ ^(p{x) yf{y)dy (p(x)dx^ x ^{y)dy^- 

The following examples refer to the change in the order of 
integration ; a diagram of the field of integration is useful, and 
the student should make one, however rough. 


(* dx (* F(x, y)dy =f dy f* F(x, y)dx (i) 

Ja Ja .’a ’V 

die F(x, y)dy =ji‘ dy F(x, y)dx (»») 


Ex, 10 * 
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The field in case (i) is the triangle ABC (Fig. 9), and in case (ii) the 
triangle ACD ; A D, BG are the lines x=^a^x^b and AB, DC the lines 
y ssa, y =6 while AC is x = 2 ^. 



Taking the triangle ABC as the area of integration we have 

i t tx rt rt 

F(x, y)dy = \Jbs y)dy = \dy y)dx 

=1* dy j* F(x, y)dx. 

The other equation is proved in the same way. The special cases in 
which 0 = 0 are frequently required and are sometimes called DinchUt'a 
Formulae. 

Ex, 11. Prove that if n ^ 0 


|« ja “ »)"/(*)<*» " *)"+»/(*)<*». 

Apply (ii) of Example 10 ; thus the double integral is equal to 
j* «fa j‘ (y -xr!(x)dy = j^(*) . dx 

S a ra-x ra 

dx\ F(x, y)dy dy\ F(xyy)dx. 

0 .'0 ^0 •'0 

The field is the triangle bounded by a; =^0, y :=0 and x + 1 / =a. 


Ex, 13. Prove that 

rSs, f8o-« fa _ r2V(aif) f3a, f3o-y 

)o *** ) *• “ Jo J« )o 

4a 

(Todhunter, IrU, Cal. p. J212.) 

, The field is the area bounded by the straight lines a;=:0y y^sZa-x 
and the parabola y—x*l4a. The parabola and the line y^Za-x 
iateirseot at A (2a, a) and the field is the area GAB where 0B^Za\ 
the lines MNy CAy IHj are parallel to the a-axis and OC (Fig. 10)« 
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In this case the area OAB must be divided into the partial areas 
OAC and OAB ; the arc OA and the line AB give Af AT = 2V(oy ) when 



OM and PQ=3a -y when OP —y. The double integral becomes, 
when the ar-integration is taken first 

! 00 tMh (OB (pq 

dy \ F(x, y)dx + 1 dy\ F(x^ y)dx 
0 Jo J®^ Jo 

Ex. 14. Show that if 0 < a < 5 

I* dx I y)dy= y)d» + j* I* P{», y)d». 

b H 

The field is the sector bounded by the hyperbola ocy^a^ and the 
straight lines y =x and x=b ; it must be divided into two partial areas 
as in Example 13. 

131. Green’s Theorem. Let F(z, y) and 0(x, y) be two 
single-valued functions of x and y which, with the partial 
derivatives dFjdy and dOjdx, ai*e continuous when the point 
(sc, y) is inside or on the boundary C of an area A. Green’s 
Theorem gives the following relation between a double integral 
over A and a curvilinear integral along C 

- 

where the integral along C is taken in the positive direction.* 

♦The relation (1) is a particular case of Green’s general Theorem for 
egpieesing an integral taken through a volume by an integral over the surlaoe 
that bounds the volume. See § 138. 
a.A.o. 2 
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Suppose first that no straight line parallel to either axis can 
cut C in more than two points and take the notation of Fig. 7, 
p. 317 ; then ■ 

\\% ^ "IMIS ^ ~ 

where N8 = ^^iy) and NB = y>i{y). Hence ^ 

f f ^ d* dy = f Q{x, y)dy- \ 0{x, y)dy=:\Qdy (2' 

JJ A J sra J xm J c 

Again, 

|£^*%=£<b£s^ii,=£j(x. itp)dx 

where MQ = <p 2 (x) and MP = y>i(x) ; therefore 

{{^~dxdy = \ F{x, y)dx-\ F{x, y)dx=r F dx (3) 

3 JA^y J nUF 3 MEF 3 c 

From (2) and (3) equation (1) follows. The particular cases 
(2) and (3) should be noted. It is obvious that the curve C 
may consist in whole or in part of rectilinear segments ; for 
example, C might consist of the arc FOH and the segments 
HA^ ABy BF, Along AB, y is constant and the contribution 
to the integral (2) from A J5 is zero ; similarly the contributions 
to the integral (3) from HA and BF are zero. 

Next, if C can be cut by a 
line parallel to an axis in more 
than two points, as in Fig. 11, 
(a), the area may be divided 
by the lines PQ, BS, TU into 
partial areas whose boundaries 
satisfy the condition first im- 
posed on C. The double integral 
over the whole area is the sum 
of the double integrals over the 
partial areas, while the curvilin- 
ear integrals along the auxiliary 
lines cancel since along each line 
the integral is taken twice in 
opposite directions. The area 
might be the ring-shaped region between two closed curves 

(Kg. 11, m 


u 
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Ex. 1. If dOldx = dFidy for every point (jc, y) in -4 and if a and are 
any two points in A, prove that the integral 

( (Fdx ■{‘Gdy) 

has the same value for every path from a. to provided the path lies 
in A. 

Let cLyp and olSP be any two curves joining a and p that lie in A and 
have no points in common except a. and p. Green’s Theorem holds 
for the area A' bounded by the curve oLyPdau (or O') ; but the double 
integral over A' is zero since dOldx = dFldy at every point in A' and 
therefore the integral along C' is zero. Now 

\{Fdx-^Ody)-\ (Fdx-\Ody)-[ (Fdx-\-Qdy) 

BO that the two curvilinear integrals are equal. 

Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path cLp when a and P are any two points in A and the path lies in A, 
show that dOjdx = dFldy for every point (a?, y} in A. 

If jil' is the area bounded by any closed curve G' that lies in A then 

\(Fdx+Gdy)=0, so that (( (^-^)dxdy=0. 

V dyj 

Now if the continuous function {0^, - Fy) is not zero at P, any point 
in Af there is a region A' surrounding P in which (0^-Fy) has the same 
sign as at P and the integral over A' could not be zero. 

Ex. 3. If dOjdx = dFldy for every point {x, y)mA then Fdx+Ody 
is a complete differential {E.T. § 94). 

Let P({, Tj) be any point in A. It is always possible to choose 
another point M (a, 6) in .4 so that the path MNP, where N is the point 
(f, 6), lies in A. Let /(f, ri) be defined by the equation 


/({» ^)=1 (Pda? + C?dy)+const., 

J MSP 


so that 


= 1^ F(x, h)dx + ^^ y)dy + const. 

^ = fd, h) + F{i, n) - b) = f ({. t,). 


Also 

0 f df 

Hence F(S, n)dS +0{S, =-/^d( +-^dtj =df{S, ij), 

or, X and y being put for { and ij respectively, 

F{x, y)dx+0{x, y)dy=df(x, y). 
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EXERCISES XV. 


1. The volume common to the cylinders 

a?* =o* ; «• +«* =o* 

and the surface of one cylinder that lies inside the other is 8a*. 

2. A sphere 6f radius a is pierced by a circular cylinder of radius 

6 (6 < a), the axis of the cylinder passing through the centre of the 
sphere. Prove that the volume of the sphere that lies inside the 
cylinder is - (o* -6*)-} and that the surface of the sphere inside 
the cylinder is 4;ca{a ~ (a* - 6*)^}. » 

3. The sphere x* +z* =a* is pierced by the cylinder x* +y* =ay ; 
the area of the spherical surface inside the cylinder is 2{n - 2)a*. 

4. An arc AB of a circle of radius r subtends the angle B at the centre 
0 of the circle ; show that the volume of the sector of the sphere 
formed by the revolution about OA of the sector OAB of the circle is 

^r*(l - cos 6). 

Deduce the expression (E,T. p. 346) for the polar element of volume 
of a surface of revolution about the initial line. 

6. One loop of the curve r*cos*0 =o*cos26 makes a complete 
revolution about the mitial line ; the volume of the solid generated is 
J?i(10 - 37r)a*. 

6. The area of the surface of the sphere’X* +y* +2* = 1 that lies inside 
the cylinder 2x*(x* +y*) =3(x* -y*) is 

271 - 4V2 . (VS log (-v/3 + ^2) - 2 log ( 1 + ^2)} . 

7. The volume and the surface of that part of the cylinder 

x*/o* + z*/c* = 1, a* - c* =e*o*, 

which lies between the planes y =0 and y=mx(m >0) are |ma*c and 
+ - log^y-^^l respectively. 

8. ABC is a spherical triangle and the angle ABC is ;i/2 ; if the radius 
of the sphere is unity, show that the area of the triangle ABC is 
A^C -\7t where A and C are the numbers of radians in the angles 
BAC and BCA. 


9. The sphere x* +y* =a* is pierced by the cylinder 

(a?* +y*)* =«•(»• ; 

prove that the volume of the sphere inside the cylinder is 

and that the area of the spherical surface inside the cylinder is 

8(5 + 1 -V2)a*. 
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10. The part of the volume of a sphere of radius a that lies a 
right circular cone of semi-vertical angle a. whose vertex is on the sphere 
and whose axis is a diameter of the sphere is J?r(l -cos^a)a*. 

11. O is the centre of the ellipse a;*/a* +y*/6* = 1 and P,Q are two 
points on the ellipse whose eccentric angles are a, fi (a. < P) respectively. 
A cylinder with OPQ as base and with generators parallel to the 2-axis 
intersects the paraboloid a;*/a +y*/fe =2z ; prove that the area of the 
surface of the paraboloid inside the cylinder is 

J(2V2~l)(i?-a)o5. 

12. The area of the paraboloid a:*/o-f j/*/6=22 inside the cylinder 

ar*/a* =A; is §^{(1 ~ l}a6. 

13. * The area of the surface of the sphere a;* +1/* +«• = 2c«, oO, 
inside the cone z* =»• tan*0L +1/* tan®/? is 47ic®oosacosj?. 

Take the coordinates x —c sin Q cos (p, y =c sin 6 sin tp, z =c + c cos 6 ; 
the element of spherical surface is c® sin 0 dd dq> and the values of 6 and ^ 
at the intersection of sphere and cone are connected by the equation 
(1 +cos6)=(l - cos O)(cos®qptan®a. +sin®9>tan®/?), 

I. = c* ( ( 1 -• cos 0) d® =r c® ( , - . ■ .“-“T — ro » 

Jq' ^ Iq 1 +cos*9>tan®a. +sm®^tan®/3 

14. If in Example 13 the cone is replaced by the paraboloid 

az =a:®tan®a. +2/®tan®/3 
the area is 27iac cot oc. cot /?. 

16. The area of the surface az—xy that lies inside the cylinder 
(a?® =^2a^xy is J(20 ~ 3;r)o*. 

16. If p is the perpendicular from the centre of the ellipsoid 
a;*/a® +3/®/6® +z*/c* = 1, a* > 6* > c®, 

on the tangent plane at the point P{x, y, z) and dS the element of area 
at the point, prove that, p being positive, 

(i) I pdS =47tabc ; 


! ldS=:^(bh^*+c*a*+a*h% 

the integration being in both cases over the whole surface. 

Deduce from (i) the volume of the ellipsoid. 

17. The surface of the ellipsoid of Example 16 is given by the integral 





the integration being over the ellipse a;®/o® +y®/6® — !• 

Evaluate the integral for the spheroids given by (i) b =a, (ii) c =6 
(E.T. p. 310). See also Examples 21, 22. 


• Examples 13 and 14 are modified forms of examples given by SohlOmiloh, 
Vbung^meh, ii. pp. 281, 282. 
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18. The coordinates of the point (x, y, z) on the ellipsoid of Example 
16 are given as 

a; = a sin 6 cos 9), y =5sin6sm97, z^^coosB; 
show that dS may be expressed in the form 

dS = {6®c* sin*0 cos*9? + c*a* sin®fl sin®9> + a*6® cos*0}^ sin 0 dO dtp, 

and that the whole area of the surface is obtained by integrating with 
respect to 0 and tp from 0 to and from 0 to 2n respectively. ( 

Evaluate for the cases 6 =a and c =6. 

19. If r, 0, tp are the spherical polar coordinates of a point P on a 
surface and y the acute angle between the radius vector OP and the 
normal to the surface at P, prove that the element of surface may be 
expressed by the equation 

dS = r* sec y sin 0d0dq>, 

[Let dS' be the element of surface of a sphere with centre at the 
origin 0 and unit radius, and lot a cone with 0 as vertex and dS' as 
base cut the given surface in the element dS ; then dSco8y=r^dS' 
60 that 

dS =7**secy =:r®secy sin OdO dtp.] 

20. Find, by applying the foim of dS given in Example 19, the total 
area of the surface given by the equation 

(x^ +2;8ja +c*2*, 

and show that it is equ^.! to the total siuiace of an ellipsoid whose 
semi-axes are beja, cajb and able respectively. 

21. In the notation of Example 16, if ^ is the angle between the normal 
at P and the z-axis, cos 0 =pz[c* ; show that if S is constant P lies on 
the curve C in which the surface 

cos*0(a;*/a^ +z*/c*) —z^jc^ 

intersects the ellipsoid. Suppose z > 0 and 0 0 < 7e/ 2 ; let S be the 

area of the surface bounded by C (and containing the point (0, 0, c) ) 
and a the area bounded by the projection C' of C on the plane z =0. 
Show that the surface dS lying between the curves C and Cj that 
correspond to the values 0 and 6 +d$ is equal to dor sec 9 where da is 
the area between the projections C' and C[ of C and and that 

a = nab( 1 ~ oos*0)/v'{( 1 - ej cos*0) ( 1 - e* cos*0)} 
where e\ = (a* - c*)/a* and e\ = (6* - c*)/6*. 

[Obviously the equation of C' is 

( 1 - e} COB*0)^ + ( 1 - e * coB*0)|| = 1 - cos*®, 
and the expression for a is the area of this ellipse.] 
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22. The area S within the curve C (Ex. 21) is given by the integral 

— f ^ f «y sin 0 dO 

J cos 6 cos B ] cos® 0 


the initial value of 6 being zero. 
[To evaluate the integral, lot 


cos 6 =sin c|/cj = 1 ;® < 1 , 9 ? =sin“^ei when 0=0 

then it may be shown that Sjnah is equal to 
jv _ [(1 -e\) -e |cos® 9 ?] sin 99 


V(l-ef)v/(l-ei) 
1 




ejcos 7)«/( 1 - 
dtp 

^ 'v(l -fc*8inV)^®* V 


sin“^ci 

v/(l - /5®sin®99) «i 9 >. 


The transformation is somewhat labomous, but it forms a good 
exercise. The whole area of the surface is found by putting 99 =0 and 
doubling the result.] 


23. Apply the method of Example 22 to Example 12. 
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132. Multiple Integral^. Suppose that a single-Talued, 
bounded function F{x, y, z) of three independent variables is 
defined for all points (x, z) in a volume 7, the surface of the 
volume being included in the region of definition ; the volume 
may be, for example, a tetrahedron or a cuboid (that is, a 
rectpngular parallelepiped), or an ellipsoid. 

If the volume be divided in any way into n elementary 
volumes v^, Vj, ... , Vn ^ ^ the upper 

and lower bounds respectively of F{x, y,z) isx V and v, we 
may form the sums 

S-'^MrVr, 8 = ^mfVr ( 1 ) 

f«*l f-1 

as was done for functions of one and two variables ; as before, 
S and s will be called the upper and lower sums for the function 
F(x, y, z) and the particular division [v^, v„] of 7. After 

the discussion of the corresponding sums for the cases of 
functions of one and two variables there can be no difiSculty 
in establishing similar conclusions for this case, and we will 
therefore simply state, without further proof, the fundamental 
results and then give the definitions of the integrals. 

It is assumed as before that all curves are rectifiable and 
that all plane areas bounded by curves are quadrable ; the 
measure of a volume is defined in § 128. 

By the diagonal d, of an element of volume v, is meant 
tile upper limit of the distance between two points on the 
surface that bounds the element ; clearly v,<df. When 
tiie element v, will tend to zero in all its dimensions. 

The sum 8 has a lower limit L and the sum « an upper limit I 

342 
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to which they tend when n tends to infinity in such a way that 
the diagonal of each element of volume tends to zero. 

The limits L and 2 are called the upper and lower triple 
integrals respectively of F{x, y, z) over the volume (or region, 
or field) V, and are denoted by the symbols 

L=j F{x, y, z)dv, 2=J jP(a;, y, z)dv. .(2) 


When L=l the common limit of 8 and a is called the triple 
integral of F(x, y, z) over the volume V and is denoted by the 
symbol V’ (3) 


The symbol dv represents the elementary volume and is 
called, with reference to the integral, “ the element of volume. ’’ 

The mode of dividing V into elementary volumes is arbitrary, 
so long as the elementary volume tends to zero in all its 
dimensions when its diagonal tends to zero. If V were a 
cuboid given by the equations x =ai, a; ==6i, y y^b^yZ =a,, 
2=63, the intervals (a^, (^22^2) (^8» ^s) ixdght be 

divided into m, n and p sub-intervals respectively and planes 
drawn through the points of division parallel to the coordinate 
planes. The typical elementary volume would then be 
\hrk}i) where the 

numbers a:^, being representative numbers in the intervals 
(Oj, 61), (Oj, by), (<»3. by). If (f„ v„ Ct) is any in the 

elementary volume {hjcjit) the triple integral over V would be 
defined as the limit of the sum 

r=0, 1, 2 (to-1) 

S nSr, n., ii)Wt 2, ... ,(»-!) (4) 

^= 0 , 1 , 2 , 

when wi, n and p tend to infinity in such a way that the diagonal 
+ + of each elementary volume tends to zero. The 

corresponding notation for the triple integral would be 


J F{XyyyZ){dxdydz) or jjj^F{XyyyZ)(dxdydz) (5) 


the element of volume being now {dx dy dz). The three symbols 


J of integration become appropriate when the evaluation of 

tile triple integral is made by three repeated integrations ; it 
is usual then to omit the brackets round dx dy dz. 



ADVANCED CALCULTTS 


344 


[CH. XI. 


IntegrahU Functions. The condition that F(x^ y, z) should 
be integrable over V is found as before ; L will be equal to I if 
there is a division of V tor which S -sis less than e (see § 122, 
Note), or if 8 -s tends to zero when the diagonal of each 
elementary volume tends to zero. 

If F{x, y, z) is continuous in V it may be shown as before, 
by using the property of uniform continuity, that F{x, y, |) 
is integrable over V. If F{x, y, z) is discontinuous in V it will 
be integrable over V if its discontinuities are finite in numbeV 
or if, when infinite in number, they all lie on a finite numbe:^ 
of surfaces, which can therefore be enclosed in a finite number 
of volumes whose total volume can be made arbitrarily small. 

The reduction to repeated integrals is effected by the same 
method as in § 126. Take the case given by (4) for the cuboid. 
In the sum keep all the numbers except those that refer to the 
division of (ag, 63 ) constant and let Sj, be the sum 


t«0 


when p->ao this sum tends to a limit, ri^) say, where 

Jaz 

because Vs* is either continuous or has only a finite 
number of discontinuities. The sum can now be 

treated in the same way and we find 

I F{x,y,z)dxdydz=^ \ ^dx 'dy ^ F(x,y,z)dz. ...(6) 

JJJr Ja-i Ja% 

The order in which m, n, p are made to tend to infinity- 
makes no difference to the value of the triple integral and 
therefore the six repeated integrals, of which that in equation 
( 6 ) is one, are all equal ; in other words the order of integration, 
when the limits are all constants, is indifferent, just as for the 
case of two variables. The repeated integrals will exist even 
though there be a finite number of planes of discontiniuty 
parallel to the coordinate axes though the separate integrals 
may not exist (see § 127). 

If F is not a cuboid the reduction to repeated integrals may 
be effected in the same way as for a double integral by enclosing 
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F in a cuboid and taking F^{x, y, z) = F(x, y, s) for points in 
F , but F'yix, y, z) =0 for points in the cuboid that are not in F. 
(See § 126.) See also F.T. pp. 338, 339. 

If F{x, y, z, w) is defined for a four-dimensional region R, 
say for the points (x, y, z, to) where 

a^^y^b^, a^^z^b^ and a^^w^b^, 
the quadruple integral 

F{x, y, z, w)(dx dy dz dw) 

would be defined as the common limit of sums 8 and a where 

S='^mrWr 

r-1 t--l 

and Mr, are the upper and lower limits of the function 
y> 2. w) in the elementary region IF,, and the integral 
would be reducible to four repeated integrals 

j F(x,y,z,w)dxdydzdw=\dx \'dy f’dz F{x,y,z,w)dw. 
w if J it% Jo* J tt^ 

In the same way quintuple, sextuple, , ri-ple integrals may 

be defined. 


Ex. 1. 




dx dy dz 


(x +z + 1)* 
planes x=0, y =0, z =0, x +y 4-s = 1. 
See Fig. 78 (E.T. p. 339) and let OA 


throughout the volume bounded by the 


f da; f dy 
Jo 'o 

If a?* +y^ 


1 - a! rl - *-y 


i; 


dz 


-OB = OG = 1 . The integral is 

l==Jlog2~^V 


(x+y+z-\-lf 

Ex. 2. If a?* +2/* =r*, calculate the integral of r* when the field of 

integration is the volume inside the sphere a;* +y* + 2 * = 0 *. 

In this case it is most convenient to take the polar element of volume 
r* sin 0 drdddtp {E.T. p. 346). The integral is 

I* r^r ^ sin d dd j^ d(p ~ a®. 

Examples 6-14 {E.T. pp. 348, 349) furnish easy cases of double and 
triple integrals. 


133, Change of Variables. The method will first be con- 
sidered for special cases that will illustrate the general process 
and emphasize important details. 

The first point that must be grasped is that in the case of a 
double integral, for example, when the variables x and y are 
changed to u and v by the substitutions x=f{u, v), v) 
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and u is to take the place of x and v the place of f/, the change 
from y to V is made on the supposition that’ x is constant ; the 
variable u may be supposed to be eliminated between the 
equations x=f{u, v), y=g{u, v) so as to give an equation 
y — g>{x, v). If u is not eliminated the relation between dy 
and dv would be obtained by differentiating the equations 
x=:f, y=g, treating x as constant and eliminating du froifs 

the equations \ 

3/ , 3/ , a/» an ^ 

Q=%du-\-%dv, 


du 


dv 


dy=^du+^dv. 


Next when v has taken the place of y the order of integration 
must be changed ; the value of dx is then obtained from the 
equation between x, u and v, the variable v being now treated 
as a constant. 

Care must be taken to assign the limits of the new integrals 
properly, and in any given example the use of a diagram is 
strongly recommended. 

i a ra^x 

dx\ F{x, y) dy by the substitutions 

X+y=iU, X:=iUV* ® 

We can at once express y in terms of x and u and since the first 
integration is with respect to y we replace y by w ; thus we find 

/ = ( F(x^ u -x)du = f da? ( F^ix^ u)du (i) 

Jo Jx Jo Ja? 

where Fi{Xf u) is the value of F{x, y) in terms of x and u. 

The next step is to change the order of integration ; we get 

i = ( ( Fi(x^ u)dx (ii) 

Jo Jo 

Finally from the equation a? =:uv we have dx =:udv and the limits for v 
are 0 and 1 so that 

J = [ Fiiuv, u)udv = ( dw{ v)tuiv 

Jo Jo Jo Jo ~ 

where F^iu^ v) is the value of F{x, y) in terms of u and v. 

The integral has therefore been expressed as an integral with constant 
limits. 

Ex, 2. By means of the substitution in Example 1» show that 

[da -X --uy^^du 

4 ^ ^0 Jq •^0 

where m, n, p are each not less than unity (so that the integrand may 
be bounded). Prove that the value of the integral is 
T(fn)T(n)r{p)IT{fn +n +p). 
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Ex.Z. Transform the integral I = ^dx dy^ ^^(x^y,z)dz by 

•*o -’o •'o 

the substitution x-\-y -{-z =m, x -f y =mv, x =iuvw. 

First, let z --x-y and change from s to u ; then 

! a fa - a* fa 

dx\ dy\ Fi(x, y, u)du (i) 

0 -0 ^v+x 


where F^(x^ y, u) is the value of F{x, y, z) in terms of x, y, u. 

The next step is to change the order of integration. The integral 

i a-x fa 

dy \ Fi{x, y, u)du 

0 

is taken over the triangle bounded by y =0, u =a, u=y-{-x{x constant) ; 
a diagram will show at once that the limits for y are 0 and u-x and for 
u are x and a. Hence 

I=( dx\ dw I Fi(x, y, t4)d2/ = ( dx I <p{x, u)du^ say 

<p(x, u) =( Fi(x, y, u)dy. 

■’o 

The change of order in this value of 1 is given by Ex. 10, § 130, so that 


fa f¥ (■«-* 

/ = l du\ dx\ Fi(x, y, u)dy (ii) 

•'o *^0 *^0 

Now take the equation y =uv -x ; keep u and x in (ii) constant and 
then dy^udv so that we find 

J = (* dti (** dte r F,(a:, v, u)udv (iii) 

Jo Jo Jii 

tt 

where v, u) is the value of F(x, y, z) in terms of x, u, v. 

Again, the order of integration with respect to x and v has to be 
changed ; by Ex. 10, § 130, slightly modified, the integral becomes 


I = ldt4 ( dv[ F^ix, V, u)udx ('v) 

Jo Jo Jo 

Finally, let x =^uvw and then dx =uvdw, so that 

Iz:z[^du^dv^Fz(w,v,u)u*vdw (v) 

Jo Jo Jo 


where v, u) is the value of F(a;, y, z) in terms of u, v, w. 
The new integral haa constant limits. 


Ex. 4. In Example 3 let 

a = l and F(a!, y, -* "V -*)'”* 

where m, n, p, r are each not less than unity so that F(x, y, z) may be 
bounded ; then prove that the value of the integ^l is 
r(m)r(n)r(p)r(r)/r{w +n +p +r). 
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Ex. 6. Prove that the integral 

! 1 fl-»i rl -ari 

c 23/^1 ^^2! ^^31 ^{.^19 ^4) ^^4 

0 -’0 -’o *'0 

can be expressed as a quadruple integral with the limits 0 and 1 for 
each of the new variables. Extend the result to an n-ple integral. 

ra ex 

Ex, 6. If / = I dx\ F(x, y)dy and a;(l +m) =v, y =xu, prove that 
• 0 *0 

fl ffl(H-ii) ^ f 

where v) is the value of F(Xy y) in terms of w, v. 

Here the equation y =xu at once suggests that u should take the place 
of y and then wo find 

1 = ( dx[ F(x, xu)xdu — [ du[ F(x^ xu)xdx, 

• 0 ’0 -0 *'o 

The change of order is easy since the limits are constants. We 
then take the equation a;(l +w) = v ; since u is constant for the a:-inte- 
gration dx — (\ +uy~^dv and the result comes at once. 

Another method may be adopted for integrals of the type of 
Examples 3 and 4 ; we take a = 1 and transform the integral 
in Example 3. 

Ex, 7. First, let 2 =(1 -a; -y)( ; therefore 

r F\xy 2 /, z)dz=:{l -a? -y)( V[a:, y, (1 -a? - 2 /)C]df 
•'0 -’o 

= (1 -x-y)(p(x, y), say, 
because the integral is a function of x and y alone. 

Next, let y =(1 '-x)ri so that 1 -x =(1 ~a?)(l -?y) ; then 


i l”.T 1*1 

(1 -x-y)(p(x, y)dy=(l -»)»l (1 -ri)<fix, (1 -*))?].<£?/ 

0 ^ ^0 

where ip[x, (1 -a;)»?] = f F[x, (1 -x)fj, (1 -x)(l 
•'0 

Lastly, let a!=f, for symmetry, and we find that the given integral 
becomes 

j\i Vf. (1 -i)v. (1 -m -'v){VC 

=f (1 -i)v. (1 -m -vm -mi-v)dsdr,dc. 

JoJo-'o 

The transformation is given by 

. The method obviously applies to Example (4) and the general integral 
of the same type. Note that 


8( ». y, g) 
Sis. n. 0 
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134, Qeneral Method. In the method of the preceding 
article the new variables are introduced in succession, and when 
the first new variable has been introduced a change in the 
order of integration is necessary before the second new variable 
can be brought in. In the general method that will now be 
explained the same procedure will be adopted, but no attempt 
will be made to specify the limits of the individual integrals 
either before or after the transformation has been made. The 
equations that connect the old variables a;, y, 2 , ... with the 
new Uy V, Wy ... will transform the old field of integration into 
a new field, and when the integral over the given field has been 
transformed into one over the new field the actual specification 
of the limits of the integral in both forms of it is left for deter- 
mination in each particular case. The following observations 
may be useful. 

Let 1 be the integral of F{Xy y, z) over a region A and suppose 
that it is expressed as a repeated integral, say 

I—\dx\ dy\ F(Xy y, z) dz. 

J a J 4i(*) ^ v) 

The integral will be said to be in standard form if the upper 
limit of each of the repeated integrals is algebraically greater 
than the lower limit. The student might write down the 
values of the functions Wv V 2 ^ region bounded by 

a simple surface (such as an ellipsoid) which is cut in not more 
than two points by a line parallel to any coordinate axis ; 
there is no real limitation in supposing that the region can 
always be divided into partial regions that satisfy this condition 
and the integral over the whole region is the sum of the 
integrals over the partial regions. In any particular case this 
division is usually made (see, for example, § 130, Examples 13, 
14). 

It will be assumed that every integral is expressed in standard 
form and that the change of order of integration can be effected 
though the actual limits of the integrals will not be specified. 
The importance of the assumption of the standard form will 
be seen in the discussion of Problem I. 

Again it will be assumed that the old variables are expressed 
in terms of the new by functions which are not only continuous 
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but have continuous partial derivatives of the first and second 
orders and that the correspondence is “ one-to-one ” — ^that is, 
that to each point, {x, y, z) say, within and not pn the boundary 
of the old region there corresponds one and only one point, 
(«, V, v>) say, within and not on the boundary of the new region 
into which the old region is transformed by the equations of 
transformation. { 

Problem I. Two variables. The field is a region A and tl^ 
integral is / where \ 

/ = JJ F(x, y) da: dy = J d® J F{x, y) dy = Jdy J F{x, y) dx. 

Let the transformation be given by the equations 


x=f(u, v), y=g(u, v) 


( 1 ) 


and let J be the Jacobian 







If J is not zero and does not change sign the correspondence 
is one-to-one (§ 56, Theorem III, Ex.). 

(i) Substitute for y in terms of v. In this operation x is 
constant and u may be considered to be a parameter ; theoreti- 
cally u might be eliminated between equations (1) and y 
expressed as a function of x and v but, though this elimination 
is sometimes useful, it is in general impracticable. Of course, 
if ® is constant and v varies, u must also vary, but this variation 
is taken into accoimt in finding dy. Take the differentials of the 
functions in equations (1) ; then 


0=/„dtt-)-/,d«, dy=g^u+g^v 
and therefore, solving for dy, 

dyJj^JLzLhdv^'^dv~ 

Ju Ju 


Now the integral / is in standard form and therefore the 
upper limit, y^ say, of the y-integral is algebraically greater 
tiian the lower limit y^ and dy is positive ; let the v^ues of v 
given by the transformation be when those of y are 
yj, y, respectively. 

If Jjf^ is positive v will increase when y increases and there- 
fore On the other hand, if ///« is negative v will decrease 
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as y increases and therefore V 2 <v^ ; the upper limit of the 
v-integral when in standard form will now be and this 
interchange of the limits is made by changing the sign of the 
v-integral, or the sign of the integrand, so that {J lfu)dv becomes 
( •^Jlfu)dv. In both cases therefore 





dv 


where v) = F{x, y ) — ^that is, F^(x,v) is the value of 

F{x, y) in terms of x and v. 

In general, therefore, however many variables of each set 
there may be, when the transformation gives dy^(p , dvy where 
97 is a function of v and other variables, the form to be sub- 
stituted for dy is not (p dv but | (p | dv. This form will now be 
used, without further remark, in all cases. 

(ii) The next step is to change the order of integration, and 
this change is assumed to be made so that 

(iii) Finally, substitute for x in terms of u, keeping v constant; 
then dx=\f^\du so that 

I=^dv^F^{u, v) \J\du^^^F^{u, V) \J\dudv 
where ») = F{x, y). 

If /„ were identically zero the above process would fail because 
of the value it gives for dy. But in this case /, cannot be 
identicaUy zero because, if it were, J would be zero and * 
would be constant. Consequently we can begin by substituting 
for y in terms of u. We may, however, begin by substituting 
for X in terms of v and then dx — \fv\ dv, and the integra 
becomes 

7=J dy J Fi(y, v)\!M^=\ dvj Fi(y. v^dy. 

Next, dy = \g»\du so that 

/=|d» J F*(«, v)\J\dudv, 

the same value as before, because 1*71 = \fv9u\^ 

2k 


O.A.O. 
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Ccr. The element of area dA in terms of the coordinates 
dA-\J\dudv, 

as may be seen by supposing F(x, y) = 1. 

Ex, 1. If » =r cos 6, y =r sin 6 then | J| =r so that 

II F(x, =11 Fi(r, e)rdrdO, F^{,r, 6 ) =F{x, y). 

This example shows that J may be zero at isolated points, providei 
it does not change sign. 

Ex. 2 . If X =a{, y =6)7, a > 0, 6 >0, then J^^ab > 0 so that 

||^f’(a;, y)dxdy~ab ||^,-Pi({. ri)dSdri. 

If the field A is the ellipse +3/^/6* = 1 the field A' is the circle 
+17* = 1 ; if the field ^ is a sector of the ellipse the field A' is the 
corresponding sector of the circle. 

Problem II. Three variables. Let the transformation be 
x=f{u, V, w), y=g{u, v, w), z=h{u, v, w) (2) 

The Jacobian J = \ must be different from zero and 

d{u, V, w) 

always of the same sign ; the correspondence will ^en be 
one-to-one. 

The work may be carried out in this case with less fulness 
of detail. 


(i) Substitute for z in terms of w. The differential dz is found 
by taking the differentials in equations (2), x and y being 
constant ; then 


0=fudu+... , 0=g„du + ... , dz=h„du + hfdv + h„dw, 

so that, if Jj ^ 0, dz=i dw, . 

' Jg ’ * d{u, v) 

Hence 


^=jdxjdyjFi(x, y,w) 


dw, Fi(x, y, w)=F(x, y, z). 


(ii) Change the order of integration and substitute for y in 
terms of v ; dy is found from the equations x =/ and y=g, Mrhen 
X and w are kept constant. Hence 

0=f„du+f,dv, dy=gudu+g„dv, 
dy = {JJf.)dv, 


BO that 
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(iii) Change the order of integration and substitute for x 
in terms of u ; then dx =/„ du and 

/==! dwj dvjp 3 (tt, Vy w)\J\du=^^j F^{Uy v, w)\J\dudvdw 

where F^{Uy v, w) is the value of F{x, y, z) in terms of u, v, «?. 

If J 3 is identically zero there must be at least one of the first 
minors of J, say 9 (| 7 , h)ld(Vy w)y that is not identically zero, 
otherwise J would be zero. The differential dx, when y and z 
are constant, is given by (J IJi)du where is the above minor; 
begin therefore by substituting for x in terms of u. In all 
cases the form of the resultant integral is the same. 

Cor, The element of volume dF in terms of the coordinates 
u, V, w is 

dF~ I J 1 dudvdw, 

as may be seen by supposing F[x, y,z) =1. See also Exercises 
XVI, 34. 

Ex, 3. IfXis^r sin 0 cos 9?, y—rBinO sin (p, z • ~r cos B then J =r* sin B 
and 

F(x, y, z)dxdydz^\^ Fy(ry 0, (p) r® sin 0 drdOdtp, 

See remark on Ex. 1. 

Ex, 4, If X =a$, y —h 7 \, z a > 0, 6 > 0, 0 0, J— abc 
and I j I F{x, y,z)dxdydz~ ahc 1 1 j F(a^, by, cf ) d^ dy df . 

(Compare Ex. 2.) 

Problem III, Implicit Functions. If the old and the new 
variables are connected by equations of the form 

9 {ic,y,z,u,v,w)— 0 , y){x,..*,w)-0, ... 

express the Jacobian J by means of the relation, § 65, (3), 

3(y. %x ) . J. 

d(u,V,W) '■ ' 9(0!, y. 2) 

The transformed value of the integral may therefore be 
expressed by using the solution in Problem II, when *, y,z 
have been determined as functions of w, », w ; this is ® 

since obviously the Jacobians are supposed to be di erent 
from zero. 

Problem IV. n variables. If there are n variables 
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Xj, Xj, ••• > connected with the new variables y^, ^ 2 ) ■•■ > Vn ^7 
the equations 

Xr^fAVv 72. — . 7n). r = l, 2 

the solution will obviously be 


asj. — . x„)dx^dx2 ... da:„= Fi\J\dyjdyt, ...dy^ 
where is the value of F{xi, ar^, . . . , in terms of yj, j/j. • • • » J 


and 


j- ^(^ 1 . ^ 2 ) * •» . ^n) 

”%1. 72. ”• . 7n) ■ 


If the variables are given as in Problem III by equations of 
the form 

<Pr{Xi 7i y«)=p, r = l,2,... ,n, 

proceed as in Problem III. 


Ex. 5. If the variables x, y, z are changed to rj, ( hy & properly 
chosen orthogonal transformation, show that 


|J|2^(oa; ‘\’Cz)dxdydz —\^^^F(kS)dSdrjd( (1) 

where = |(a* +6* +c*)^| and the region of integration in each case is a 
sphere of radius unity with centre at the origin of coordinates. 

The new and the old variables are connected (Bell, Coordinate 
Geometry of Three DimensionSf Chap. IV) by equations of the form 
S=liX+ m^y + ni2, rj - I2X + m^y + n^z, f = + n^z 
where I* + 77 ^ + =a?® + y* + 


and the coefficients Zi, , n, satisfy certain conditions — the conditions 
of orthogonality. (See Bell, Z.c., Equations (A), (B), (C^, (D) of § 63, 
pkd Ed.) 

Now let a—kli,h=lcmi, c=kni; this choice is possible provided 
=a* +6* +c* and k will bo taken to be positive. 

Again, 


a(f, 7 ?, 0 

Hx, y, z) 


I 

= ^2f 

k* W 3 , 


ni 

na 

ris 


. , _a(a?,y. z) 


Since |«7| =1 and ax -^by ^cz=kS the equation (1) follows at once 
and the region of integration in the new integral is the sphere given 
byf>+i7*+(* = l. 

The tlieorem may obviously be extended to the case of n variables 

Xi, ... when the transformation to the new variables f 

is orthogonal — ^that is, when the coefficients of the transformation satisfy 
equations corresponding to the equations (A) ... (D) mentioned above 
aotbat a:*+xJ + ...+**=i*+^| + ... +e*. 
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The function F{aiXi^a^.j^ + would become F(k(y) where 
k is 1 (Oj +a| 4- ... +a® ) | ; the Jacobian [ J | = 1 and the i^w variables 
are such that +f| + ... ^ 1, it being understood that the 

old variables are such that 0 — ajf +a;5 + . . . + arj ^ 1 . 

The student should work some of the earlier examples in 
Exercises XVI before reading further in the text. 


135. Surface Integrals. On a surface given by the equation 
Vip'i y 9 2 !) = 0 let there be a portion /S, bounded by a closed 
curve (7, which is such that it cannot be cut by any line parallel 
to the coordinate axes in more than one point ; the relation 
between the coordinates of any point on 8 may therefore be 
expressed in any one of the forms 


y=^g{z,x), z=:^h{x,y) (i) 

where /, h are single-valued, continuous functions of their 
variables. 

Let Cj, Ci, Cg be the projections of C on the coordinate 
planes of yz, zx, xy respectively and 8^, 8^, 8^ the areas enclosed 
by these curves. 

If F{x^ t/, z) is single-valued and continuous when (x, y, z) is 
any point in 8 the function depends only on two variables 
because one of them may be eliminated by using the equations 
(1). Suppose that z is eliminated so that F{x, y, z) becomes 
F{x, y, h{x, y)} or F^{x, y). The area in the xy plane is the 
projection of 8 and the definition is now made : 

Definition. The double integral of F^(x, y) over 8^, that is, 


II F3{x,y)dxdy (2) 


is a surface integral of F{Xy y, z) over the surface 8. 

Similar definitions hold when the variables a: or y are elimi- 
nated and the double integral is taken over 8^ in the plane of yz 
or over 82 in the plane of zx so that there are three t 3 ^e 8 of 
surface integrals when a:, y, z are the variables. 

If Z, m, n are the direction cosines of the normal to the 
surface 8 at (ar, y, 2 ), and if the element d8 projects into the 
element dxdy then, if n is positive, dxdy^nd8 and the integral 


(2) may be written 


II F{x, y, z)nd8; 


( 3 ) 


but questions of sign arise when n is negative and the relations 
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between the forms ( 2 ) and (3) must be investigated. In some 
of the most important applications the double integral ( 2 ) has. 
to be transformed into a curvilinear integral round Cg, and the 
relation between the positive directions of integration along G 
and along needs elucidation. The following example illus- 
trates the nature of the difficulties (or ambiguities) that occur. 

Suppose that the partial derivatives Fy and are continuous 
when (x, y, z) is any point on /S ; by Green’s Theorem (§ 131\ 

F,{x, y)dx= - ^-l^dxdy (4)^ 

provided the curvilinear integral is taken in the positive 
direction round Cg. 


Now 


dF^ jx, y) _ d F{x , y, z) dF(x , y, z) ^ 
dy " dy dz dy 


since x is constant. The value of dz/dy may be obtained 
from the equation of the surface S, namely, z—h{x, y) or its 
equivalent (p{x, y, 2)=0 ; thus, 

+ QT~=z -- 

dy dz dy dy n* 


because the direction cosines of the normal are proportional 
to <py, (fg respectively. Hence 

But, by the definition of a curvilinear integral, 

I F^{x,y)dx^\ F{x,y,z)dx, 

J C3 Jc 

and da? dy= projection of dS — ndS, if n is positive ; therefore 

£ y, z)dx = J£ (m~-n^')d8 (6) 

The proof of the equation ( 6 ) is, however, unsatisfactory; 
equation (4) assumes that the direction of integration ^ong 
C 3 is positive, and we have no guarantee whatever that when 
(», y, z) moves along C the projection of the point on the xy 
plane moves along C, in the positive direction. Further, if 
n were negative, the sign of the double integral in ( 6 ) would 
apparently need to be changed. The whole matter therefore 
must be considered more carefully. 
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136. Surface ; positive and negative Sides. A smaU area a, 
bounded by a curve y, is taken on a surface given by the 
equation y, z) = 0 and ex', y are the projections of <t, y 
on a coordinate plane, say the plane of ary. 

Take any point Pina and let NPN' (Pig. 12) be the normal 
to the surface at P. The “ half-lines ’’ PN and PN' are drawn 
in opposite directions from the surface a ; one of these direc- 
tions, say that of is chosen as the positive direction of the 
normal at P, and PN may be 
called the positive normal, PN' 
the negative normal. That side 
of the surface a which faces the 
positive direction of the normal 
at P will be called the positive 
side (or face) of the surface a, 
the other side of a which faces 
the direction PN' being the negative side of the surface. If 
a surface is closed — the surface of a sphere, for example — 
the area a on the side chosen as positive may be supposed to 
spread out till it covers the whole surface and the whole of that 
side will be positive ; it is not possible to pass from the positive 
to the negative side without penetrating the surface. If the 
surface is not closed, such as a spherical cap, it has a bounding 
edge and it is not possible to pass from one side to the other 
without crossing the edge. 

The coordinate planes have also, two sides. The direction 
of the positive normal to a coordinate plane is the positive 
direction of the coordinate axis that is perpendicular to the 
plane, and the positive side of the plane is that which faces in 
this direction. 

Conventiofb as to sign. The positive direction along the 
curve y, that bounds the area a, is that which is determined by 
the right-handed screw relation ; when the screw advances in 
the direction PN it twists in the positive direction of rotation 
round PN (the arrows in the diagram show the relation). This 
convention agrees with that already adopted for plane curves. 
Further, the area a is always assumed to lie on the positive 
side of the surface and to be positive — that is, measured by a 
positive number. 
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Now suppose that a cannot be cut by a line parallel to the 
2 -axis in more than one point and that n, where n is the cosine 
of the angle between the positive directio 4 of the 2 -axis and the 
positive direction of the normal at any point P in u, does not 
change sign as P varies in a so that it is in general either always 
positive or always negative. 

The area u' which is the projection of a on the xy plane will 
always be assumed to lie on the positive side of the plane. If 
Q' is the point on y' which is the projection of the point Q on y\ 
it will now be shown that when Q describes y in the positive , 
direction Q' will describe y' in the positive or in the negative 
direction according as n is positive or negative. 

A small area at any point P on a projects into an area 
on the xy plane whose measure is (approximately) na^ and is 
therefore positive or negative according as n is positive or 
negative ; this relation holds for the complete area u' since 
n does not change sign. Now \a'\ is given by the double 
integral 


jj 


dx dy, taken over the area bounded by 


When the double integral is transformed into a curvilinear 
integral round y' the number that measures the area a' will 
be positive or negative according as the direction of integration 
is positive or negative ; in other words, Q' describes y' in the 
positive or in the negative direction according as n is positive 
or negative. 

The same considerations apply when the projection is made 
on the other coordinate planes, the projections of the area a 
being always supposed to lie on the positive side of a coordinate 
plane. The change from one coordinate pjane to another is 
made by the symmetrical change oi x,y,z', to pass from the 
xy to the yz plane, put y for x and z for y, etc. 


137. Stokes’s Theorem. Consider equations (4), (5) anid (6) 
of § 136. If n is positive no change is needed ; when the 
direction of integration round C is positive, as it is always 
assumed to be, so is that round Cj. If, however, n is negative, 
Q' passes roimd in the negative direction. But in Green’s 
Theorem the direction round must be positive, and therefore 
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in equation (4) the sign of the curvilinear integral must be 
changed so that the equation becomes 

where now the integration round is in the positive direction. 
We thus find in this case 


(*■) 

The equation (5) thus becomes 

Now, however, dxdy=^ -ndS so that wo get 


I y' =.[f, fz - ” If) 


.( 6 ) 


which is the same equation as before. 

Suppose now that 0(x, y, z) and H{x^ y, z) are single-valued 
and continuous and have continuous partial derivatives 
6?* and J?*, Hy when {Xy y, z) is any point on /S ; it may be 
proved in the same way, or it ma}^ be deduced by symmetry 
from equation (6), that 


I a{x,y,z)dy = \\ (n~-l^)dS (7) 

,s, 

and therefore, by addition of (6), (7), (8), 


L 


(Fdz + Odtj + Hdz) 


ff (,fdH dO \ , (dF dH \ , (dO ai-w 


Equation (9) is Stokes’s Theorem for transforming a curvi- 
linear integral round a curve G into a surface integral over a 
surface on which G lies. 

In equation (9) the surface q>{Xy y, ir) =0 appears only through 
the numbers i, m, n which are the direction cosines of a normal 
to 9 > = 0 ; any other surface therefore which satisfied the 
conditions to which 97=0 has been subjected might be taken 
as that on which the curve G lies. 
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It has been assumed that the surface is not met by any line 
parallel to the coordinate axes in more than one point ; but 
this condition is obviously unnecessary if the surface can be 
divided into a finite number of partial surfaces each of which 
satisfies the condition just stated. The curvilinear integrals 
along any curve that is introduced would, as in the case of 
Green’s Theorem, § 131, cancel and the sum of the surface 
integrals over the partial surfaces would be the integral oveif 
the given surface. \ 

Again, it is not necessary that the derivatives 99 ,, 99 ^, 99 ^ 
should be everywhere continuous, provided they are in general 
continuous. For example, the surface might be a tetrahedron ; 
along the edges the derivatives 993 ., 99 ^, 99 ^ are double-valued, but 
they are continuous in each plane of the tetrahedron. 

138. Green’s General Theorem. Let u, v, w be single-valued 
functions of x, y, z which, with the derivatives dujdx, dvjdy, 
dwjdZy are continuous throughout the volume W bounded by 
a surface S, and let Z, m, n be the direction cosines of the normal 
PP' at a point P(a:, y, z) on S, where PP' is the inward normal, 
that is, the half line from P to a point P' near P and inside W, 
The following relation holds : 

+ i + - f£a« + mr + nM.)(iS ...(1) 

where dS is the element of the surface 8 at {x, y, z). 

Let Fig. 13 represent a section of the surface by a plane 



FlO. 13. 


parallel to the tx plane. The parallel to the x-azis through 
point (0, y, z) ^1 meet the surface in 2 or 4 or 6 or, in general, 
in an even number of points, say P^, Pj, P,, P^. 
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Now let MPi=Xi, MPs^-Xi, MP^=x^, MP^=x^ ; then 

III £ = Jj{ - “(»i. y. 2) + «(®*, y, 2) 

- "K. y. 2) + M(a:4, y, z)} dy dz. 

A cuboid with boAC dy dz and with lateral surfaces parallel to 
the a:-axis will cut out of the surface 8 the elements dS^, dS^, 
dS^, dS^ at Pj, Pg, P3, P4 respectively. If the direction 
cosines of the inward normals at P^, Pg, P3, P4 are distinguished 
by the suffixes 1, 2, 3, 4 respectively, then 

dy dz ~ ~ X^/8^ — ^^dS^ ~ “• l^dS^ 

because dydz is positive and the angle between MP^ and the 
normal is acute at P^ and P3, obtuse at P2, P4. Hence, when 
expressed in terms of dS, the element of the double integral is 
of the form - lu{x, y, z)dS, so that 


The other two triple integrals in (1) may obviously be 
treated in the same way as the first triple integral, and the 
equation (1) follows. 


Now let 


u^U 


dx ’ 


v — U 

dy 


dV 
dz ’ 


and let 
then 


dx^ ^ dy'^ ^ dz^ ’ 


JJJVaaraa: ' 

-If 


dUdj^ dUdjv 
dy By ^ dz dz 


) (fa: dy dz + JJjcr V* Fda; dy dz 


, aF aF 

dx dy dz 


)dS. 


V^ldS 

dv 


.( 2 ) 

.(3) 


where (E.T. p. 219, (3)) dV/dv is the derivative of F in the 
direction of the inward normal. 

Equations (2) and (3) give Green’s Theorem. The form (1) 
was given independently by Ostrogradsky in a memoir read 
before the St. Petersburg Academy in the same year (1823)' 
as that in which Green’s Essay was published. For a short 
note on the history of Green’s and similar themems see Pro- 
ceedings of the Ediriyargh Math&naiical Society, vol. 8, pp. 2-5. 
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In (3) let F = i7 ; then 

w 

In (3) interchange U and V and subtract the members of the , 
equation thus obtained from the corresponding members 
of (3) ; thus 

jjjluV‘V - VV‘U} dzdi/dz= ~ -(5) 

In equations (1) ... (5) the sign ( - ) before the surface integral 
will be changed to ( + ) if the outward normal is chosen instead of 
the inward. 

139. Transformation of V^V. Suppose that in equation (2) 
of § 138 the function U is zero on the surface S that bounds the 
space W ; the equation will then become 

, ( 1 ) 

Now let X, y, z be changed to w, v, w where 

x==f{u,v,w), y^g{u,v,w), z=:h{u,v,w), 
and the surfaces u = const., v= const., t(;=conBt. are orthogonal. 
If ds is the segment joining the points 

(x, y, z) and {x 4-da:, y ^dy^ z +dz) 
ds^ = Sda:2 {fjiu -^f^v 

or =S (/J 4- 4- hl)du^ = qldu^ 4- qldv^ 4- Q\dvfl 

UtV,W 

where Ql=fi + g^ + hi, Ql=fl + gl + hl, ei=/J + g£ + AS| 
because /J^, + g„g, + A„A*=0, /,/„ + . .. = 0, /„/„■ + . ..=o/ 
since the surfaces are orthogonal. 

If dsi, dsg, da^ are the elementary segments of the normals 
to u, V, w respectively, 

dsj — Qjduj d^2 “ ds, “ 

where Qi, g, are positive, and the new element of volume is 
dsjds^^ = du dv dw. 

(Note that = where J is the Jacobian of x, y, t 
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with respect to u,v,w’, this may be seen by forming the 
square of J.) 

From the equations 

dx=f^u+fJko+fJiw, dy=g^du->r... , dz=hudu+... 
we find 


=fudx + g^dy + h^z, q^v =f^x +... , q^w =f^ + . . . 

so that 


^_fu ??_/» ?*£_£» 

dx ef’ ay“e?’ 3 z~e!’ 'dx-Qf“’ dx~Qr"' 

Hence 

dx du qI dv qI dwQ^’ dy dz 

so that 


1 dUdv i^dudv }_duiv 
^ dx dx gldu du^ gl dv dv ^ e§ dw dw 
by using equations (2). 

Thus the integral on the left of (1) becomes 



M? + iaQi M? 

gi du du^ 02 dv dv^ g^ dw dw) 




dudvdw 


where W represents the new field of integration. 
Now 


( 3 ) 


01 du du 0«\ \ 01 du/f ei du}‘ 

If the transformation of § 138 is now applied, u, v, w simply 
taking the place of x, y, z, the surface integral into which the 
first term on the right of the equation is transformed will be 
zero since U is zero on the bounding surface. Hence the 
integral (3) is equal to 



which is thus the form taken by the integral on the left of (1), 
U, V being now expressed in terms of u, v, w. 

The integral on the right of (1) is transformed into 


-JJJ j^l7V*Fj0i020sd«dt;d«>. 


( 6 ) 
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The only restriction to which U is subjected is that it be 
continuous and vanish on the bounding surface and therefore, 
since the integrands of the integrals (4) and (6) are ponknuous, 
it is necessary that the coeificient of 17 in each integral be the 
same. Hence V®F becomes 


Piggestuttv auJ dv\ gj dv/ dw\ dw/j ' 

The above transformation is due to Jacobi. If x=f{u, v), 
y=g(Uy v) and z=w (so that z is only formally changed ; com- 
pare E.T. p. 237, equation (8)) ; we have 


and 


/„=o=y„, h„=o=K, K=i=q 3, dWidw^=dWidz^ 

VaF =— I?) 4- 3- (& -/-)] + , 


where d^Vjdz^ is zero if V is independent of z, 

140, Worked Examples. The following examples giye some 
illustrations of the theorems of Green and Stokes. 


Ex* 1. If Hy—Ogf 0^ — Fy for every point {x,y,z) in a 

volume F, bounded by a closed surface S, and if a and p are any two 
points in F, prove that the integral 

( (Fdx^Gdy+Hdz) 

Jo/s 

has the same value for every path provided the path lies in F. 

As in § 131, Ex. 1, take two paths and lying in F and having 
no common points except a and p. If C denote the curve cLypda., the 
curvilinear integral round G is zero by § 137, (9), and therefore the 
integrals along cLyP and ouSp are equal. 

Ex* 2* If the curvilinear integral in Ex. 1 is independent of the 
path clP where a and P are any two points in F and the path lies in F» 
show that Hy —Og, Fg -Hg., Og, = Fy. 

Proceed as in § 131, Ex. 2. 

Ex. 3. If Hy^Og, Fz=Hg, Og,-Fy for every point (x, y, z) in F, 
prove that Fdx -\-Ody -^Hdz is a complete differential. 

Let P(f, 1 ?, 0 be any point in F. We can choose the points L(a, 6, c), 
6, c), N{S, rj, c) so that the path LMNP (or p) lies in F. Now let 
(if C) 1^® defined by the integral 

(Pdte +(7dt/ +Hcfe) +coii8t. 

=1^ F{x, b, c)dic + [’ G(f, y, c)dy -f H(f, t;, z)dz + const. 
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DifEerentiate with reapect to f and note that 

' 0g(g.y.c) _ 8f(|.y,c) dF{S,fi,t ) 

Of Oy ’ Of 0* 

ence 


^ = h, c) +[J’(f, ij, c) - F(S, b, c)] +[^'(f, t], f) -PCf, t), c)] 

Similarly SflSri=0{^,ti,(). 0//8f=fl(f, tj, f) so 

F{S, r,,0dS + 0(f. V. Odn + i?. f). 

and for f, »), f we may put x, y, z respectively. 


SJx, 4. If V, w satisfy the conditions of § 138 and if is a surface 
inside W bounded by a closed curve (7, under what conditions will the 
surface integral 

Jj ■>rmjo)d8 (i) 


depend solely on the curve G and not on the particular surface K on 
which C lies T 

The numbers Z, m, n are the direction cosines of the negative noThnal 
at a point P on the surface K (§ 136) and the integration is taken over 
the positive face of K, Now let S be a closed surface formed by two 
surfaces Ki and that lie in W and pass through C but contain no other 
common points than those on C ; denote by Fj the volume enclosed 
hyS. 

If the integral (i) depends only on C then 

j| (lu+mv’\- nw)dS — 1| {lu + wv + nw)dS 
and therefore, if Ki is on the positive face of S, 


II (lu+mv-¥nw)d8^0 I 


because in the integral over the part of 8 the normal at a point P 
on is an inward normal to 8, that is, is a positive normal to JRCg so that 

|j (J/u ^mv ■\-nw)d8 — {lu +mv +nw)d8 {lu +mv +nw)d8. 

Hence by § 138, equation (1), 




Now the surface 8 is arbitrary since Ki and are any surfaces, and 
therefore the triple integral cannot be zero unless its integrand, which 
is a continuous fimction, is zero. Hence the condition 


dx'^dy^dz'^^ 


(ii) 


must be satisfied at every point in W if the integral (i) is to depend 
IK)le]y on O' and not on K ; that is, conditicm (ii) is neceeaarg. 
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That oottdition (ii) is also sufficient may be shown by finding, if it is 
satisfied, the line integral round C that is equal to the smface integral (i). 
By Stokes’s Theorem we have to find * O, H bo that 
dH dO dF dH dG dF 

^ ^ ^ 

Now if Fi, Oif 6 1 are values of F^ O, H respectively that satisfy (iii) 
so will the functions 

F.F,.>^. 0.0.+^, 


where ytiss, single-valued function of a?, y, z which has continuous first 
and second derivatives ; because 

^ a*y\ f^Qx a*v»\ 

dy dz \ ^ ^ dydzj \ 82 ^ 8^82/ ® 

The functions F^, Gj, may be taken to be 

Fi = j* vdz+f>i(x, y), 6?!= - j* udz +(pi(x, y). Hi =0 (v) 

where c is a csnstant and q>^ are functions of x and y. These 
eqilations give 


8Ht 


dFi dH. , 


dO. dF. fdu dv\j dwm dw. f* Sw . . a®, 

by equation (ii). Hence 

® =“’(*> y- *) -«’<*■ y* ^ =’^** S'* 


^-^=w(x,y,c) .1 


Let one of the functions yij, q>i be chosen arbitrarily ; the other is then 
determined by the equation (vi) and the functions Fi, Oi, Hi twtisfy 
equations (iii). Hence the functions F, O, H given by (iv) are fuch that 


JJ {lu+mv+n‘w)d 8 =^^^(Fdx+ 0 dy-\-Hdt). 

Solid Angle, Dt^nUion. The solid angle^subtended at a 
point A in space by a surface 8, bounded by a closed curve 0, 
is measured by the area intercepted on the sphere with centre 
A and unit radius by the cone with vertex A and the surface 8 
as base ; the measure is positive or negative according as the 
positive or negative face of the surface is seen from A. 

If the surface 8 is closed (like an ellipsoid), the solid angle 
will be measured by the complete surface of the unit sphere 
when A is inside 8 but will be zero when A is outside 8. These 
two results may be obtained from the expression (i) of Ex. 6 
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as limiting cases ; the definition assumes that 8 is not a closed 
surface but is bounded by a closed curve. 


Ex, 5. Expression for a solid angle. 

Let A be (a, b, c), P any point {x, y, z) in the small area dS and 0 the 
angle between the positive normal PN to dS and the direction PA 
from P to A, Let doi be the axea intercepted oil^ the sphere with 
centre A and unit radius by the cone with vertex A and base 6S ; the 
area of the section of the cone by the plane through P perpendicular 
to PA is (approximately) dS |cos0| in numerical value where dS is 
positive. But, if |P-.41=r, we have, by geometry, r® = <5>5? jcos Oj 
and therefore, in sign and magnitude, r^So) = dS cos 6 so that 



cos 0 


dS. 


(i) 


If Z, m, n are the direction cosines of PiV, we have 


cos d = {Z(a ~ 0 ?) + m{b - y ) 4* n(c - z)} jr 
since the direction cosines of PA are (a ~a;)/r, (6 -y)lr, (c -z)lr, so that 

eo = + + -?)} ds. (ii) 

If w =(a v =(6 -y)lr^, t£? =(c -z)Jr^f it is easy to verify that 

^ ^ ft * ' 

dx"^ dy dz * 

so that (Ex. 4) (0 is independent of the surface S and depends only on 
the bounding curve. 

EXERCISES XVI. 


1. Change the order of integration in the integral 

f? 

I dy r F[x, y)dx. 

!o Jo 

2. When the field of integration is the triangle given by y=0, y=x 
and a; = show that 

- y*)d» dy = i . 

3. r „ =- tan~i { - -yr • 

Jo o(a;a+ya+c*)^ ® +c*)/ 

4. When the field of integration is the circle x* +y® = 2ay, show that 

|jv'(4ay -a;*)da?dy =J(37t + 8)a*. 

6. The integral of (x sin a. - y cos a.)*, taken over the ellipse 
+y^lb* = 1, is equal to 

Jjia6(a*sin*a, +6* coB*a.). 

If the integral is taken over the rectangle given by «= -a 

and y'«=6, y = - 6, its value is 

. |a6(a*sin*oc.-f 6* coa*a.). 

2 b 


o.A.a 
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6. If ■f = (( , g{ . taken over the circle a!*+y*=aS find I 

jj V +2/ ) 

and show that 




^(a^+c®) 


>»)}* 


7 . Ill (oaj* + 63/* <fr C2*) cte d?/ d2, taken through the sphere a?* + y* + z* = 


is y*gw(a+6 +c)J?*. 


8. jjj zdxdydz cot CL cot p \ 

where V is the volume bounded by the cone 2® =a;* tan®a. 4-3/* tan*j5 
and the planes z=^0, z—c, 

9. If V' is that part of the volume V of Example 8 for which x, y, and z 
are posiitive, show that 

scyz dxdydz- ^ c® cot®«. cot®/5. 

10. If p is the perpendicular from (j5, 3/, 2) on the diameter of the 

ellipsoid x^ja^ +z^lc^ ~l which is inclined to the axes at the 

angles a, /?, y, prove that 

j|j p^dxdydz^^ abc(a^ sin®(x. + fe® sin® jS -f c® sin® y ) 

where the integration is taken through the ellipsoid. 


11. The value of ^z^dxdydz, taken through the volume common 
to the sphere a;® +y® +z® =a* and the cylinder a?* +y* =aa:, is 

4/71 8 ^ 6 

]^2 15/“* 

12. The mean value of {ax +by +C2)®”, where n is a positive integer, 
over the surface of the sphere a;® +3/* +z® = 1 is 

(aa+6®+c®)«/(2n + l) 

and the mean value over the volume of the sphere is 
3(0* +6® +c*H(^ + l)(2n + 3). 

13. ®* 3/’"""^ dy *^aJ®*~^( 1 +aj)”‘+””^( 1 - a; - 2/)””® da? 

Jo Jo _ 

= jr(Z)r(w)r(n)/r(/+m-fn), l^l, m^l, nSl. 

14. If m, n, p are each not less than unity, 

I* (o - a?)^-^ da? (a; - y)^-^ dy (y - z)^-^f(z) dz 

*hm,n are taken to be each not less than 1, so that the integrand may be 
a bounded function of x and y. When the improper integral has been defined 
it will be seen that the result holds if Z, m, n are each positive. A similar 
remark is applicable in the case of other examples. 
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16. If m ^ 0, prove that the integral 

taken over the ellipse a:’/a® +y*jh* = 1, is equal to 

jB(i, m + l)a6 j (1 - **)•»+*/{&»)<&, fc V + B*b*)*. 


16. d(p^ JF’(1 - sin 0008 9?) sin F(x)dx» 

Jo JO -ajo 

f’"/sin*0 008*9? , sin*0sin*9? . cos*0\~« . a x 

.'o^^U sm0(f0:..4«a6c. 


18. (i) If c> a, show that the integral 

K (c-x)d x dy 
(c ~a;)* + 2/* ’ 

taken over the ellipse x^ja^ -f = 1, is equal to 

S{«-v'(c*-a*+6*)}. 

(ii) If a > ^ > 0, show, that the integral 
(g - z)dxdydz 
+2/* + (g -2)*}^ 

taken throughout the volume bounded by the cylinder a:*+2/*=:c® and 
the planes z^h,z^ is equal to 

rt{[c* + (o - - [c» + (o +h)*]i + 2h}. 


19. Prove that when the double integral iiyc and y is taken over the 
positive quadrant of the circle = 1, 



dxdy 

y'(i -2/®) 


n 

2' 


and deduce that, if a; = sin 0V( 1 - wi® sin*9p), y = sin q>y/( 1 - n* sin^O), where 
wi*+n*=^'l and O$.0^jr/2, 0 = 9?^7r/2, 

IT IT 

.... [2 [2 (m^ cosy + n* oos*0)d0 dip _n 

Jo Jo ^(l -wi* sin*9?)V'(l -n*sin*0)”’ 2 ’ 

Give a geometrical interpretation of the integral (i). 

[The integral (i) is not a proper integral. See, however, p. 380.] 


and m* +n* = 1, deduce, by the help of Example 19, that 

F(m)E(n)+F(n)E(m)-F(m)F(n)=Z. 
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21. If a?=r8in 6^(1 -w»*smV)*y=^sin 99^(1 2 =rco 8 0cos9 

where, as in Example 19, m* +n‘ = 1, proVe that (;r, ss) is a point on a 

sphere of radius r and change the variables in the integral [[[dirdt/ds, 

taken over that octant of the sphere a;* +?/* +z* = 1 for which a;, y, z are 
all positive, to the variables r, 0, <p. 

Deduce the value of the integral in Example 19, (ii). 


22. Prove that 


( d(p [ F(a sin 0 cos 97 +6 sin 9 sin 9) +c cos 0) sin dd$ • 

JO Jo 

= 2ji|^ ^F{kx)dx, A: = {a* +6* +c*)i. 

By differentiating with respect to a, b, c other integrals may be 
derived ; thus, differentiating as to c and putting f{x) for F'{x) we find 



sin 6 cos 9) 4- 6 sin 0 sin 97 +c cos 0)cos 0 sin 0 d9 

__ 2jrcfi 


J{tc)xdx. 


23. From the sphere a:* +t/* +2* =0* a segment is cut off by the plane 
z=:h>0; P is any point on the curved surface S, Q any point in the 
volume V of the smaller segment and C the point (0, 0, c), where 
c>a. Prove 

+«*•)* -c+a}; 

(ii) 

^ If {(c* - 2cA + o«)» + o»} - ^(2c* - 6cfc + 3A* + 3a*). 

If the segment is made by the plane z = - ife, where > 0, show that 
the values of and are obtained by writing - k for h. 


24. If F{x, y, z) ^(0 ) ' ® ^ 

positive and the indices are such that F[x, y, z) is continuous, show 
that the integral of F{x, y, z), taken through the part of the volume 
bounded by the surface 

(xlaf-h{ylb)^ + {zlcr^l 


in which x, y, z are all positive, is equal to 




pqr Jo 


fi-* — “1 

x^ dx y^ dy| 


l-(P-V y 

z^ 
Jo 


1 

/(a:+y +z)dz. 


The example may easily be extended to the case of n variables. The 
integral may be transformed to one with constant limits (f 133, 
Examples 3, 7). If/(u) =(1 - u)% the integral can be expressed in terms 
of Gamma Functions. 
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25. Enif^ie Coordinates.* ^he equation /(<)=0, where 

is satisfied by three real values A®, /i*, v*, where 
A® > c* > /ti* > 6® > V® 
and the three surfaces A = const., —const., 1 ^= const, are confocal 
conicoids which pass through the point (a:, y, z) and intersect ortho- 
gonally. The values of a?, y, z are given by 

... (A®-6®)(Ai®-6®)(i>®-6®) ^2 (A®-c®) (/^ ®-c®)(i>®->c« ) 

6®(6®-c®) ’ c*(c*-6*) 

When A, /ji, v are fixed, the point (a:, y, z) will be imiquely determined 
if, for example, v, \/(A<® -c®) are allowed to take either 

positive or negative values while A, {i and the other square roots are 
kept positive. The numbers A, fi, v are called the elliptic coordinates 
of the point (a:, y, 2 ). 

(i) If J “-l» prove that 

^ ' 0(A, p, v) ^ 

, r, 

‘ ‘ ”” ~6®)(c2 ~ - v*)(c* -V®)} ' 

(ii) If ds is the distance between the points 

(A, /i, v) and (A-f dA, p +dp, v +dv), 

show that 


da* = da:® + dy® + dz^ 

“'(A®~6®)(A®-c*)®'^ ^(6®-v*)(c»-v*) 

(iii) If daj, dag and daj are the respective values of da when A, p and v 
alone vary, prove that 

dsi^^AdX, ds^ — Bdfi, ds^^Cdv, 

. I /■(^*~iM*)(A®-v*)UI V. I f (A®-iM®)(i u®->y») Ul 

where (A« -6»)(A» -c») / 1' •®“| \ (/** -6*)(e‘ -/**) / 1’ 

1\ (6»-v*)(c»-v‘) / I* 

Deduce from (iii) the value of | J|. 


26. If p is the length of the perpendicular from the centra of the 
ellipsoid A = const, on the tangent plane at (A, p, v), prove that 
p® = A*(A® -6*)(A* -c®)/{A® 

and deduce, by expressing the volume of the positive octant of the 
ellipsoid as the integral J ( ( pds^ ds^ over the surface, that 



* See Cell’s CoordvnaU Geometry of Three DimensioMf Chapter X, for the 
properties of Confocal Conicoids. 
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27 . Prove the following results : 

(1) j‘'« j/ij^ I j I*. -C)) I 

28 . Express V®F in terms of the elliptic coordinates A, v. If 

t=:a*r n-atf'* ^ 

' )e V{a'- 6 *)(A*-c*)}* ’'-“I 


ahow that 


3 »V{(m*-W -/**)}’ 

.'0 


V*F =lir{(,t« - v*)^ +(A* - +(A* - } 

where K =aV(A* - -v^). 

29 . E is the ellipse a;* /a* +2/*/6* = 1 and the equations 

a;*/cosh*t4 +2/*/sinh*t^ =c*, fl;*/cos®v - y^lsin^v =c* 
give respectively ellipses and hyperbolas confocal with E, 

If p is the perpendicular from (0, 0) to the tangent at {x, y) on the 
ellipse u, show that x and y may be expressed in the forms 
x^CQQ^ucosVf y —csinhusint; 

and then prove 

(i) J =“| 5 ~|=c* (cosh*M8in*v +8inh®MCOs®v), p*J =c* cosh*w sinh*M; 

(ii) jj^p*d*dy=|{a6(a*+6«) -(a‘ -6*)« cosh-J^?^^} . 

30 . If a? = g cos <p, y-QBmq>, z=z and if U = prove that 

V 


and if 


0*g; ,dW , 

g* dtp 

h sinh A 


eiV*F - g^, + as* + 4g* ' 


6 sin CO 


® "cosh A + cos ci> ’ ^ cosh A + cos co 

31. If a?i=rcos^i, a;2=rsin6iCos02» a78=rsin6i8in0jCOsO3 and 
=r r sin sin 6^ sin 0^, show that 


6(a;i, a;^, x^, x^) _ • . aa o 

3(r, 61, 0„ 0,) «i8m0„ 


and extend to the case of two sets of n variables Xi, a;,. 


x^ and 


r, e 




‘ * ^n-i* Prove that 

(i) a:J+aj| + ,.. +a?3=r*; 
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32. Jf 

and 

and 


iCi =rsin0cos9?, sin 0 sin 97, x^=rcoaBcoayf 
a?4 =r cos 0 sin v’ then =r* 


8(a?^, rca* 

d(r, e, tp, y}) 


=r*cos 0sin0. 


33. If the rectangular axes of x, y, z are changed to another set of 
rectangular axes S, rj, ( with a new origin (Uj, a^, a^), show that 

The formulcie of transformation are 


X, y, z +fn^i]+^rC» ^ = 1» 2, 3. 


If p = dzjdx, q = dz/dy and P = 8^/8^, Q = 8f/8?;, it is not hard to prove 
that 

(i) V(p2 +^2 4- 1) = 1 njj +n2g -n, | . ^(P* +§■ + 1) ; 

1 ^ ' "li* +»«? -'‘s I = 

The measure /S' of a surface is therefore independent of any particular 
set of coordinate axes. 


34. If x—f{u, V, to), y=g{u, v, to), z=:h(u, v, to) and if P, A, B,C 
are the points determined by the parameters 

(u, V, to), {u +du, V, w), (u, V +dv, w), (u, v, to +dto) 
respectively, prove that the volume of the tetrahedron PABC is 
\\J\dudvdw where J is the Jacobian of f, g, h with respect to u, v, 
to and du, dv, dto are positive. 

The volume of the parallelepiped of which PA, PB, PC are con- 
terminous edges is \J\dudv dw. Deduce the transformation of 
Problem II, § 134. (Compare Exercises VI, 14.) 

36. The value of || (Ix^ +my* +nz^)dS, taken over the surface of the 
sphere (a; _ 0)2 (y „ 5)2 c)* = P* 

is §jr(a +6 +c)P®, the direction cosines I, m, n being those of the 
outward normal to the sphere. 

Verify the result by transforming the integral into a triple integral, 
taken through the sphere. 


36. C is the curve given by the equations 


+y* +»• -2aa; -2ay =0, x-\-y—2a\ 

prove that 

I (y(2a? +»dy ’\’Xdz) = - . na\ 

the path beginning at the point (2a, 0, 0) and lying at first below the 
plane of xy. Transform the curvilinear integral into a surface integral 
over the planaarea enclosed by C. 
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37, Verify Example 19, Exercises XIV, by applying Stokes’s Tlieorem 
to transform the curvilinear integral into a surface integral over the 
relative portion of the surface of the sphere. 

38. On the perpendicular from the centre 0 of the circle x* + 2 /* =a* to 
the plane of the circle a point P is taken ; if OP =z > 0, show that the 
solid angle (o subtended at P by the circle is 

If s < 0 , what is the value of o ? 

39. Prove that, if the symbols have the same meaning as in Example 5, 
§ 140, the integral (i) that measures m is, when is a closed surface, 
4;i or 0 according as A is inside or outside the surface, the irnvard 
normal being considered the positive normal. 

If A is outside 5, a line through A will meet S at an even number of 
points. Pi, Pj, Pa, P 4 say (compare Fig. 13) ; a cone with vertex A 
and small vertical angle, having APi ... P 4 as axis, will intercept areas 
dSi, . . . , 684^ at Pi, , P4. If these areas be projected on the unit sphere 
with centre A, the area intercepted on the sphere by the cone being 
d(i)t then 

60 = 6Si cos Oj/APf = - 682 cos OaMPI 

= 682 cos Oa/iiPJss - 684 cos B4IAPI, 

so that the sum of the four elements 68 cos djAP^ is zero. For the 
whole surface it follows that the sum is zero so that co is zero. 

If A is inside it is plain that the sum is simply the area of the imit 
sphere, that is, 4in. 

40, If as in § 140, Example 5, 

, _ jj -y )+w (c ■^) 

show that 

n jF'=0, Q=^, H= show that 

where C is the curve that boimds 
Prove in the same way that 

0 (u_f (x - a)dz - (z - c)dx 
'W~]c 

®®_r (y-h)dix-(x-a)dy 
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CHAPTER XII 

IMPROPER INTEGRALS 

141. Improper Integrals. The definition of an integral in 
Chapter IX expressly assumes that the integrand is bounded 
and the range of integration finite. It is possible, however, 
to extend the definition so that the integral will still have a 
value when the integrand is not bounded or the range is not 
finite ; the integral, as thus extended, is called an Improper 
(or Generalised or Infinite) Integral while, for the sake of 
distinction, the integral of Chapter IX is called a Proper (or 
Finite) Integral.* 

The following preliminary definition is given as it simplifies 
the expression of conditions in many cases. 

Singular Point, A point c in an interval (a, 6) is called a 
singular point of the interval for a function F{x) if F{x) is 
not bounded in the interval (c ~ d, c + d') where d and 3' are 
arbitrarily small positive numbers ; 3=0 when c=a and 3' = 0 
when c=6. It is often convenient to say that |J(a;)| = Qo 
tor x=c, but this expression means simply that c is a singular 
point. 

It will be assumed throughout that the number of singular 
points in any interval ia finite and therefore, when the range of 
integration is infinite, that all the singular points can be 
included in a finite interval. This restriction on the number is 

* The term “ infinite integral ’* is in some respects more suggestive than 
** improper integral,” especially because of analogies with ** infinite series ** ; 
but it seems to be too great a strain on language to describe an integral ai 
infinite when the infinity attaches not to the range but to the integrand. 
None of terms is really satisfactory, but that of “improper integral” is 
in such general use that it seems best to retain it, 
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not necessary for the existence of the improper integral, but 
the consideration of an infinite number of singular points is 
beyond our limits. 

Note, The sketch of the improper integral in the Elementary 
Treatise (Chapter XXI) is based on the supposition that the 
integrand is in general continuous, but the method is equally 
applicable when the integrand satisfies the conditions for a 
proper integral. The improper integral of a fimction over any 
range will be defined as the limit of a proper integral over a 
part of that range ; a necessary condition for the existence of an 
improper integral is therefore that both the corresponding proper 
integral and its limit should exist. It will save much tedious 
repetition to assume once for all that the proper integral and 
the limit both exist, and this assumption — which should be 
steadily kept in mind — will be adopted ; explicit reference 
will be made to the proper integral and to the limit only when 
there seems to be special reason for it. 

142. Definitions. A set of definitions will now be given. 
Take first the case of a finite range (a, 6), where 6 > a, and let 

5* be two arbitrarily small positive numbers. 

Range Finite. If a is the only singular point in (a, b) the 
improper integral of F(x) over (a, b) is defined by the equation 


f F{x)dx=:^ f F{x)dx (1) 

•'a 6->'0*^a + « 

while if 6 is the only singular point in (a, 6) 

f F{x)dx= F(x)dx (2) 

J a 4 — 


The integral is often said “ to converge at a ” (or at b ) ; 
again, such an expression as “ the integral over (a, b) is con- 
vergent ” is often used as' equivalent to the statement that 
the improper integral over (a, b) exists. Similar language, 
l^rrowed from the theory of infinite series, is used throughout 
and will require no further explanation. 

If c, where a<c<b, is the only singular point in (a, 6) the 
improper integral over (a, b) is defined by the equation 

f F{x) dx= F{x) dx+ F{x) dx, 

•’o S'-*-0'^e+*' 


( 3 ) 
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provided ecich of the limits exists ; in other words, the limit 
must not depend on any relation between <5 and d\ 

This proviso is important, as the following simple case shows : 


dx 

a X-C 



dx 


=log 


b -c 


Neither of the limits for or exists, so that the im- 
proper integral of ll{x-c) over (a, 6) does not exist. If, 
however, we suppose <5' = 5 the limit for is the definite 
number log [(6 -c)/(c - a)], and this limit was called by Cauchy 
the Principal Value of the integral, in accordance with the 
definition : 

Principal Value, If the integral of F{x) as defined by 
equation (3) has a definite value when 5' ~ <5, but not when 
6 and d' tend independently to zero, that value is called the 
Principal Value of the integral. 

This so-called Principal Value is clearly of a very special 
kind, and we shall make little or no use of it. (For notation, 
see below.) 

The definitions (1), (2), (3) may be supplemented by the 
following. 

If a and 6 (but no other point in (a, b) ) are singular points, 
take any point c such that a<c<b ; the integral of F{x) over 
(a, b) is defined by the equation 


[ F{x)dx- F(x)dX‘\- F{x)dx, (4) 

Jo e->oJo+« 

provided (as in (3)) that each limit exists. 

If there are m singular points c^, Cj, in (a,b) where 

a ^ Cl, Cj < C 2 , ^ b, and if each of the integrals 

^ F{x)dx, r F(x)dx,...^ F{x)dx, I* F{x)dx 
J a •' Cm,.i ^ Cm 

exists in the sense of equation (4), then 


f F{x) da: = r F{x) da; +*2 da: + j F{x) dx . . .(^ 

where the first integral on the right disappears if Cj =o and the 
last if c„=b. 

The case of an infinite range of integration will now be 
considered. ' 
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Bange Infinite. Suppose f > a. The definition is now 

f F{x)dx=^ f F(x)dx (6) 

while if f ' is positive and - f ' < a 

f F(x)dx— F{x)dx (7) 

J -rc >00*' - 

If each of the limits in equations (6) and (7) exists when ^ 
and f ' tend independently to infinity, then, by definition, 

f F{x) dx f F{x) cZa: 4- f F(x) dx (8) 

J— CO J a 

Let = | F{x)dx, If when the integral q>{^) 

Ja 

becomes and remains greater than any positive number N 
(or less than any negative number -N) the integral (6) is 
divergent. It may happen, however, that when f->oo the 
integral neither converges nor diverges ; ^(i) may tend to no 
limit and yet be bounded. 

For example, if Ff x) = sin x, ??( f ) = cos a - cos f and 
| 9 ?(f)| ^ 2 for every 

In this case the integral is said to oscillate (finitely). If 
9 p(f) neither converges nor diverges to +oo or to - oo and is 
not bounded when the integral is sometimes said to 

oscillate infinitely.’’ 

It may happen that the limits in equations (6) and (7) do not 
exist when f and tend independently to infinity, and yet 
that the limit 

jC r F(x)dx 

is a definite number ; in this case the integral 4s called, as for 
a finite interval, the Principal Value of the integral. The 
notations 

, ' P r F(x)dx and P f F(x)dx 

# Ja ' ' J-oo 


are sometimes used to denote the Principal Values. 

If the integral of F(x) over a given interval is convergent, 
F{x) is said to be integrable over the interval. 

Absolute Oonvei^nce. If the integrals of F{x) and |P(a;)| 
over a given interval are both convergent, the integral of F{x) 
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is said to converge absolutely over the interval ; or F(x) is said 
to be absolutely integrable over the interval. 

For an important contrast between Proper and Improper Inte- 
grals in respect of absolute convergence, see § 145, Theorem B. 


143. General Conditions for Convergence. In stating the 
conditions for convergence it is clearly sufficient to consider 
the convergence at one singular point of an interval (a, 6) and 
at ao ; if c is the singular point, a<c<6, the condition for 
integrability at c must hold whether x tend to c from below 
or from above, and it will therefore secure brevity without 
loss of generality to take the singular point to be at an end of 
the interval. It has to be remembered that we always assume 
that the proper integral of which the improper is the limit has 
a definite value — ^that is, that it exists. 

Let a be the only singular point of F{x) in the interval 
(a, 6), and let 

(p{^)-^^F{x)dx, a<f<6. 

The condition that (p{S) should tend to a limit when is 
that, given the arbitrarily small positive number e, there shall 
be a positive number d such that 

1 9^(^i) "■ ^ a<a^<a^ g a -f d. 

— [ F{x)dx, 

Jui 

and therefore the condition that the integral of F(x) should 
converge at a, or that F(x) should be integrable at a, is that 


'F{x) dx 

Joi 


<e if a<ay<a^ S a + d 


or, what is equivalent, that 


( 1 ), 


^F{x)dx=^0 if a<ai<a2* 

Oj aj 

If b were the only singular point in an interval (a, b) thipr 
condition would be 


j J ^F{x) da; I <e if 6 - (5 ^ bi<bz<b, 
f *F{x)dx^0 if bi<b^<ib» 


.( 2 ) 


or 
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In the same way for convergence at oo there must be, 
given e as usual, a positive number N such that 


<e if c>b ^ N, 


or 


jC f F{x)dx=0 if c>b. 

b — ► 00*^ b 


.(3) 


The integrand always of the same sign. Suppose, for example, 
that F{x) is not negative for any value of x in the range. In 
this case the proper integral must be positive (or, at least, can- 
not be negative) and therefore must tend either to a (finite) 
limit or to + oo , so that the corresponding improper integral 
must either converge or diverge and cannot oscillate. 

A change of variable, the change being made in the proper 
integral of which the improper is the limit, will sometimes 
transform an improper into a proper integral. For example, 
if f(x) is continuous for 0 ^ a: ^ :7r/2, and if 0 ^ a<l the change 
from X toy where x—emy gives 


and therefore 


f(x)dx 

JoV(l-a:2)~Jo 


'sin"^a 

/(siny)dy. 


I v(? ' Vi) ^ I 

Again, an integral over a finite range may be changed into 
one over an infinite range and vice versa. Thus, if x^e-'^ and 
0<c5<l 

£log(i)<&=|^ ye-’dy, 

and if one of the integrals converges so does the other. 

Change of values of the integrand. As in the case of the 
proper integral, § 110, Theorem II, it is obvious that for the 
values of F{x), when these values are finite, there may be 
substituted at any finite number of points in the range any other 
&ute values without changing the value of the integral. 

Singular Integral. For brevity, the int^als in (1), (2), (3) 
will sometimes be called the singular integrals at the singular 
points a,b,oa\ if a<c<b there will be two singular integrals 
for the point c, and these may be called the left and the right 
singular integrals. 
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144. Special Test. The following test for convergence covers 
a large class of integrals. 

I. Convergence at a Singvlar Point. Let a be the only 
singular point of an interval (a, 6), and suppose there is a 
neighbourhood {a, o +^) of a for which {x -aYF{x) = <p{x). 

(i) If 0<w<l and if (p(x) is bounded, say \q>{x)\<K, P{x) 
is absolutely integrable at a ; 

(ii) if w ^ 1 and if (p{x) is always of the same sign (never zero) 
in (a, (1 + 5), say q>(x)>K{>0 or <p{x)< ~K^<0, where is a 
constant, F{x) is not integrable at a. 

(i) 0<»<1, a<ai<a 2 ^a + d and \q>{x)\ <K ; 





K 


l~7i ~ - («i - 


Both {a 2 -ay-^ and tend to zero when a 2 ->a\ 

therefore both F{x) and |jP’(a;)| are integrable at a. 

(ii) Suppose 1 and that F(x) is positive and q>{x) positive, 
not zero, (p{x)>K{>0 ; then 


f®*rT/ X 1 f"* K^dx ( 1 


1 


5F‘} ' 

1 , 

a, and 


(aj 

=Jtilog{(a 2 -a)/(ai-a)}, n 
Clearly the integral does not tend to a limit when 
therefore F{x) is not integrable at a. A similar proof holds 
if g>{x)< - Ki<0. 

If b were the singular point we should put (b -x)”F{x) — <p(x) 
for the range 6 - 5 ^ bi<b^<b. 


Ex, 1. Of the integrals 


(i) 


ft sin (x - a) dx 
(x-a) 


(ii) 




aj 

xl/* 


dx 


(iii) f 


ft cos(:r 


-a)dx 

^sTi" » 


(x ~ a) • ® (x - a) 

the first and the second are convergent while the third is not. For (i), 
note that (x -a)^F(x)->l when ; if n were taken to be 3/2 the 
integral might seem to be divergent but then ^(a) would be aero and 
the conditions for I (ii) would be violated. 


II. Convergence at «. Suppose that x!^F{x) — (p(x) when 
a? ^ 6, an arbitrarily large positive number. 

(i) If n>l and \(p{z)\<K, a constant, F{x) converges 
absolutely at oo ; 
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(ii) if n ^ 1 and if p(x) is always of the same sign (not zero), 
say <p(x)>Ki>0 or <p(x)< -K^<0, where is a constant, the 
integral of F(x) does not converge at cc . 

(i) If »>1, c>b and \q){x)\<K, 

Hence, since w>l, (6^-" when 5-->qo, and therefore 
both -^( 0 ;) and |-P(a;)| are integrable at oo. 

(ii) Suppose n^l and (p{x) positive, 99(a:)>iLi>0 ; then 
F{x) is positive and 

»<1 

-Ky\og{clb), » = 1. 

The integral therefore cannot converge at «. A similar 
proof holds if <p{x)< - A'i<0. 


Ex. 2. The integrals snd [ ®re both convergent. 

For the first integral n = 3/2 and (p{x) =sin x» For the second integral 
there is convergence at 0 by I (i) above, but the convergence at oo 
cannot be tested by the above rule. However, 


c sin a; 


It 


c sin X , 


but in this case the convergence is not absolute, as may be proved by the 
method given in the E.T, p. 445, Ex. 1. 


145. General Theorems. The improper integral has been 
defined as the limit of a proper integral, and it is therefore 
necessary to inquire whether certain General Theorems, proved 
for the proper integral in §§ 109, 111, 112, are valid for the 
improper integral. The definitions 1 and 2 of § H 1 may simply 
be assumed for the improper integral, and Theorems I, II 
and VII of § 109 are valid for the improper integral as being 
either definitions or simple consequences of the definitions. 
Theorem III, however (and as dependent upon it Theorems IV 
and V), and also Theorem VI, require modification. 

Theobbm a. If <p{x) and rp{x) are cthaclvidy integrable over 
an interval so is ^ir product unless the functions have the same 
singular point, in which case the product may or may not be 
integrable. 
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(i) Interval (a, b). Let 6 be a singular point for ip{x) but 
not for <p(x) and suppose | 99 (a:)|<ir if b-d^x^b; then, e 
and d having the usual meaning, if 6 - 6 ^ 6 i< 62 < 6 , 

Cbt Cbt 

I 1 I dx<K I I y)(x) I dx<€ 

J bi J bi 

because \yf(x)\ is integrable at b and therefore d can be chosen 
so that the inequality is satisfied. From Theorem B below it 
follows that (p{x)fp{x) is absolutely integrable over any finite 
interval. 

It may again be noted that the integrals used in the proof 
are proper integrals so that the various inequality theorems 
may be used. 

Cor, If (p{x) is bounded and integrable and •\p(x) absolutely 
integrable so is <p{x)y}{x), because in this case | 9 p(ir)| is bounded 
and integrable. 

(ii) Interval (a, oo). The convergence at qo alone needs 
investigation since the convergence over any finite interval is 
settled by case (i). 

Obviously neither the integral of nor that of |y(ir)l can 

converge at oo unless | 9 >(ir)| and |v^(ir)| are bounded when x'^b, 
an arbitrarily large positive number. Suppose \q){x)\<K* 
when x'^b \ then if c >6 

|*| 99 (a:)v(a:)| da:<^'Jjy(a:)| dx-*Q when 6 ->oo , 

because | y»(a;) | is integrable at so . Hence \<p(x)tp{x) | is integrable, 
and, from Theorem B, q>{x)ip{x) is absolutely integrable over 
(a, oe). 

Ex. I. Let the interval be (0. 1). H <p(x) =(1 -*)’*, ¥>(»)=(! - *)"•'*. 
both and tp{x) are positive and integrable but their product is not ; 
if %p(x) =(1 the product of q)(x) and yf(x) is integrable. 

An extension of this theorem is given below, Theorems E 
and F. 

Theorem B. If the integral of | F{x) | converges at a singvlor 
point or at so does that of F(x), but the integral of F{x) may 
converge while that of ( F(x)| does not converge, 

2 o 


o 4.a 
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Let the integral of converge at b ; with the notation 

of Theorem A we have 


I J F{x) da; j ^ j* I F{x)\ dx->0 if 
since |J’(a;)| is integrablo at 6. Similarly, if c>6, 


j* F(x) da: ^ J |^(^)| da;“->0 if b 


-->00 . 


The first part of the theorem is therefore proved. 

It follows that if both F{x) and |i^(a:)| are integrable 

I f F{x) da: I f | F{x) | da:, I f F{x) da; I ^ f | F(x) | da:. 
IJa 'Jn iJa \ J a 


An example of the truth of the second part has been given 
in the Elementary Trexitise^ p. 445, when the range of integration 
is infinite ; the following ilhistrates the case of a finite range. 


Ex, 2. Let F{x) be defined for the range (0, 1) as follows, r being 
any positive integer : 

F{x) =( - ir-V if (r 4- l)-i < a: < r^i. 

The point 0 is a singular point. Now 


jC{± 

♦0 ^—>00 vr»=l 




f ^ J 

but I ^ |i?'(a:)lda: = ]^ when n-^cc, 

»+j 

In the case of a proper integral, |i^(a:)| is always integrable when 
F{x) is, but for an improper integral this statement is not correct, 
F{x) may be integrable when | F(x) | is not. 


Theorem C. An improper integral is a continuous function 
of its limits. 

If X and x-\-h are both within the range of integration, we 
have in the notation of § 112 

fp{x)—^ F(t)dty 9?(a:+A)-9?(a;)=j* F{t)dt. 

When X is not a singular point, 6 can be chosen so that the 
interval {x - d, x d) contains no singular point, and therefore 
when |A|<d the function F{t) is bounded and (p{x ’^h)-^q){x) 
when A->0, because the proof of § 112 is applicable. On the 
other hand, if x is a singular point ^{x) has a definite value 
because, by hypothesis, the improper integral exists ; next, 
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<p(^x +h)->^{x) 'when A — >-0 by the definition of tho con'vergenco 
of the integral at x. 

We can now pro've a theorem that is of constant application. 

Theorem D., If F{x) is integrable over (a, b) and if there is a 
function f{x) such that (i) f(x) is exmtinuous for a^x^b and 
(ii) F{x) =/'(») except at a singular point, then 

f F(x)dx=f{b) -f{a). 

Ja 

Let c, where a<c<b, be the only singultir point ; then, 
d, 5' being as before, 

^F{x)dx:rz f{x)dx+ jC{ f'ix)dx 

= jC{f(o - <5) -/(«)} + jC{f(b) -f(c. + 6')} 

—f{b) ~ f{a)y since f{x) is continuous at c. 

If the range is (a, oo) we have, if c>5, 

f F{x)dx=^(f{x)dx^ Cf{x)dXy 

Ja Ja e—*-^Jb 

where we now suppose the conditions to hold for an arbitrarily 
large interval (a, c). Thus 

r F(x) dx = -f{a) + jT f(c) = -/(o) + K 

Ja c->«> 

if f(c)->K when c->oo. 

The conditions of Theorem A for the integrability of a 
product are supplemented by the following Theorems, often 
called Abel’s Theorem and Dirichlet’s Theorem respectively. 

Theorem E, or, Abel’s Theorem. If (p{x) is bounded and 
monotonic and if yp{x) is integrable, whether the range of integra- 
tion is (i) finite (a, b) or (ii) infinite (a, oo), their product is 
integrable. 

(i) Kp{x) is integrable since it is bounded and monotonic. 
If 6 is a singular point for ^{x) and if 6 - 5 ^ b^<b 2 <b, we have 
by the Second Theorem of Mean Value for proper integrals 

j y(a:) ^{x) dx = (p{b^ +0) j \p{x) dx + 95(62 - 0) ] \{x) dx 

Jh\ * Jbs J^ 
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Each of the integrals on the right tends to zero when 61-^9 
since y){x) is integrable at b while (p{bi+0) and p(62“^) ^ 
finite ; the integral of the product is therefore convergent at 6, 
so that the product is integrable over any finite range. 

(ii) Take b so large that all the singular points of y){x) lie 
within (a, b) ; then, if c>b and b^^^c, 

J q?{x) y}{x) dx = (p(b + 0)J yf{x) dx + <p(c - 0) J y>(x) dx ; 


as before, it follows that the product is integrable over (6, 00) 
and therefore by (i) over (a, 00). 

Cor, The product is absolutely integrable if y){x) is so. 

Theobem F, or, Dirichlet’s Theorem. If <p(x) is monotonic 
and tends to zero when a;~>oo, and if the integral of xp{x) converges 
over an arbitrarily large interval (a, b) but oscillates {finitely) at 00, 
(he integral 

I <p{x)ip{x)dx 

•la 

is convergent. 

By Theorem E the product <p{x)\p{x) is integrable over (a, b). 
If c>b and b^^^c we have 


I f <p{x)rp{x)dx = 9?(6 + 0) f \p{x)dx <K 1 9^(6 + 0)1 
I «* 6 J If 


since the integral of ip{x) oscillates finitely. But 9?(6 + 0)->-0 
when 6-^00 and K is finite so that the integral of the product 
converges at 00. 

Theorems E and F give useful tests for the convergence of 
an integral. Abel’s Theorem shows that a convergent integral 
remains convergent when the integrand is multiplied by a 
bounded monotonic factor, while Dirichlet’s^ shows that an 
oscillating integral may be made convergent by multiplying 
the integrand by a monotonic factor which tends to zero 
when X tends to infinity. 


Ux, 3. Discuss Dirichlet’s Theorem for a finite interval (a, b). 


The student should now have little difficulty in extending the 
Fundamental Inequality Theorem and the two Theorems of 
Mean Value to improper integrals ; a sketch of the proofs will 
therefore be sufficient. 
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If o is the only singular point in (a, b) and if (a:) is integrable 
over (o, b) and not negative, then, aKci^, 

f F(x)dx^O, f F(x)dx'= f F(x)dx'^0. 

V Hi J a ^9 

Similarly, if J’ (a:) is integrable over (o, oo ), the integral is 

not negative. 

The First Theorem of Mean Value follows at once. In the 
notation of §111 put f{x){ii){x)-g} and then q>{x){0-y){x)} 
for F (x ) ; these products are integrable by Theorem A, and 
the method (E.T. § 124) applies. 

For the Second Theorem of Mean Value, with the notation 
of § 111, y){x) being integrable over (o, 6) so is (p{x)y)(x) by 
Abel’s Theorem. Now suppose that c, where a<c<b, is the 
only singularity of y){x) in (o, 6) and enclose c in the interval 
{c-d,c + d) where d is positive and arbitrarily small; since 
the integrals of (a:) and <p (x) <p{x) exist, the interval (c - 6, c + 5 ) 
instead of (c - d, e+d') may be taken. Choose v>i (») so that 

f^(x)=y)(x) i£a^x^c-d OT c + d^x^b, 

but if + 

Let -^1“/ 

and /(«)=[ v{t)dt, /i(»)=f y>i{t)di. 

J a ^ a 

All these integrals exist and (*)->/(*) when ; 

for, by the definition of (x), 

I I 

|/-/i|= (p(x)\p{x)dx =r]t, |/(«)-/i(*)|^ =»?»> 

\J c^d e-~d 

and, since the integrals converge at c, both and rji tend to 

zero when d tends to zero. 

The Mean Value Theorem holds for the integral since 
ipi {x) is finite ; therefore if Qi and Oi are the minimum and 
maximum value of fi(x) for a^x^b we have 

A + 0) ^ 0, Oiq?{a +0) - /i ^ 0. 

Hence, since and Oi-^O when 5->0, we find 

^ 9 ? + 0) ^ f q> {x)tp {x)dx ^ © 9 ? (a + 0). 

J a 

The theorem, being now proved when there is one singularity, 
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can be extended to the case of a second singularity c' by the 
method just used and then, in succession, to the case of m 
singularities. A similar method is obviously applicable when 
the range of integration is infinite (a, oo ). The usual form 

f q>{x)tp{x)dx^q>{a-{‘0) f y){x)dx 
Ja Ja 

is deduced as before, b being finite or + «> . 

Transformations of the Improper Integral, In practice it is 
advisable to carry out a change in the variable of integration 
by operating on the proper integral and passing to the limit; 
if the precautions required for operating on the proper integral 
are observed there will be, as a rule, little difficulty in com- 
pleting the transformation, so that little or nothing is to be 
gained by elaborating any special rules for the improper 
integral. 

A similar observation is applicable to the rule of integration 
by parts. The student’s “ common sense ” may be left with 
some range of operations on which to exercise itself. 


Ex. 4, 1 - »» > 0, n > 0. 

If 0< m< 1 and 0< n< 1, the integral 


B(m, = -x)^^dx 

Jo 


JO 

is an improper integral. Let A and be small positive numbers ; the 
integral 

rl - /I 

is a proper integral, and if a; = 1/(1+ the integral becomes 

1 




+ y)f^' 


1-/4 — 

The limit of this integral when A-^0 and is the convergent integral 

f* 

Jo ( !+"»)"+“ 

so that B(f», n) • 


146. Worked Examples. Additional Tests. The Special 
Test, given in § 144, and the Tests of Abel and Diriohlet, 
given in § 145, are sufficient for determining the convergence 
of large classes of integrals, but, as in the analogous theory of 
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the convergence of series, there is no set of Tests that cover 
all cases. In this article examples will be worked to illustrate 
the use of the Tests mentioned, and some additional methods 
of considering the convergence of improper integrals will 
be indicated. The student is reminded of the assumptions 
stated in § 141, Note. 

Such limits as log x, n>0 and J^xS^e-^ {E.T. p. 99] 

are often required, and elementary transformations of a very 
simple kind are frequently effective. For example, if 0<a</?, 
let sin a; be put in the form (sin a;/a;)a:, taking the value of 
(sin x/x) for a; = 0 to be 1 ; then 

J log sin a; da; =1 log (““) da; -f* log a; da; (a) 

Now I log X dx=x log a; - a;, 

and therefore the integral of log sin x converges at 0, because 
each of the two integrals on the right of equation (a) tends to 0 
when 

Again, if 0<a;<l, a;~^log (l+a;) = l -^a:+... so that the 
integral of a;~^ log (l*f a;) converges at 0; the singularity in 
this case is “ removable,” as in that of (sin xjx), by defining the 
function for the value a;=0 to be the limit for a;->0. (See 
E.T, p. 418 ; also § 29 above.) 

See also the remarks about change of variable in § 143. 

Ex. I, The integral J5(m, n)=| x”^~~^{l is convergent 

(absolutely) if, and only if, wi > 0 and n > 0. 

So far 08 the question of convergence is concerned we may take the 
integrand to bo near the lower limit and ( 1 - near the upper 

limit ; because near these limits the integrand is of the forms A a;”***^ 
and J5(l respectively where A and B differ but little from unity 

and the convergence is not affected by the particular values of A and B 
so long as these are finite. The Test of § 144 then gives the relations 
t» > 0 and n > 0. 

Ex. 2. The integral dx, where /„(») and /„(») are poly- 

nomials of degrees m and n respectively, is (absolutely) convergent if 
ngm + 2, (i) provided a is greater than the greatest root of /„(i»)=0, 
(ii) for eyery value of o, including - « , if the equation /„(aj) = 0 has no 
real roots ; it diverges if n< + 2 for every value of a. 
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The integrand is of the form where if a?-#-oo; 

the result then follows by § 144. 

Ex. 3. Of the following integrals, 

Ax* -{-Bx -^G , Adx r* dx 

)aV{(®“0)(6~aJ)} ' ]a{x-aW(b-xy Jo V{(a? - l)(i*? -2)«} 

the first and third converge while the second diverges. Show that the/ 
first is reducible to a proper integral by the substitution 

x=a cob*B +h sin*0, 

ir 

Ex, 4. The integral (sin (cos dx converges if, and only 
Jo 

if , w > 0, n > 0. 

Here (sin =(sm . x”^~~^ so that, near the lower limit the 

integrand may be taken as ; similarly, near the upper limit the 

/n 

integrand may be taken to be ( £ ) * Apply § 144. 


If0<a< and sin aj'=i/^ we have 

( fi 1 

(sin a;)^' \cob da; = J T y 2 Q - y )2 dy ; 

. a ’8in*a 

lot a.-> 0 and/?-> ~ ; the given integral is ^ j by Ex. 1. 

IT 

( 2 x^dx 

(sin g)” n<w+l 

w 

and dx converges if n < 1. 

Note that the first integrand (a;/Bin xy, 

( ^x^'^^dx 

"T-i- ’ s T if » 0 < p < 1 . 

Apply the method of Examples 1 and 2. 

Ex, 1, The integral | ?Hli^-il^da; converges if 0<n< 1, a^^O, 

b:^0, but if 0< n< 2, a^O, 6=0, 

By Dirichlet’s Test the integral converges at co if n > 0 ; for con« 
vergence at 0 apply § 144. 

^(x^ +x^^)log(l +a;)^converge8if ~l<p< 1. 

— dx-2\ — r da?if0<p<l. 

0 l-» Jo 1 

The value of the integrand for a;s:l maybe taken as (1 -2p}. 
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Ex. 10. Prove that, if 0 is the only singular point for F{x) in (0, a), 

(i) F(a:)daJ = {* -a;)(ia5 ; 

Jo Jo 

then, as in E»T, p. 332, Example 6, show that 


(ii) log sin a; da; = - ^ log 2. 

P'or (i), if 0 < d < o, F(x) da; = (^ V(o -y)dy ; then let d-^ 0. 

J« Jo 

Ex. 11. Show that | logF(a;)da; is convergent and then, by using 

the relation (§ 96, (4)) r(a;)r(l -x) = nlam7tx and the results in Ex. 10, 
prove that ri 

‘ ^ log r(a;) da; == J log (2n). 

Since r(a;) =:r(a; + l)/a; and logr(a;) =logr(a; + 1) -loga; the integral 
converges at 0 ; then, as in J^.F. p. 332, Example 6, 

logr(a;)da; = (^logr(l -a;)da; = } log[r(a;)r(l -a;)] da;, 

Jo JO Jo 

and therefore log r(a;) da; = J log [ njam. nx] dar, etc. 

! * + ! 

logr(f)dt, a;£^0, prove that du/da;= log a; and deduce 
that t4=a?loga; -a; + Jlog(2ji). 

1£ x< a< X + 1, tt = log V(t)dt - log r(0 d<, 

J a J a 

and therefore = log r(a; + 1 ) - log r(a;) = log x. 


Now integrate and apply Ex. 11 to determine the constant of inte- 
gration. 

Ex. 13. The integral cos a; log a; da; converges but the integral 


ff 

cos a; log a; da; oscillates when 


A simple but useful Test, called from analogy with a test 
for series {E.T. p. 380) the Comparison Test, is derived as 
follows : 

Let <p{i) =£ F(x)dx, y>(i) =j^/(x)dx, 

where 6 is an arbitrarily large (positive) number. If F(x) is 
positive for a; ^ 6 the function f (f ) is positive, monotonic and 
increasing, so that if ^(i) is bounded, say 99 (f) <K, a positive 
constant, for f > 6 it tends to a limit and the integral of F{x) 
converges absolutely at oo, while if <p{£) is not bounded for 
{ > 6 the integral of F{x) diverges at oo . 
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Agaiti, if F{x)<f{x) for x^b {f{x)>0), and if the integral 
of f{x) converges at « , so that y)(^) is bounded for f > 6, then 
9 ?(f)<y(f), and therefore the integral of jP(a;) converges 
(absolutely) at oo if that of f{x) does so. Similarly, when 
F{x)>f(x) for a; ^6, it is seen that if the integral of f(x) 
diverges at « so does that of F{x), 

A similar test for convergence at the ends a and b of an 
interval (a, b) may be derived by considering the integrals 

The Comparison Test applies only to absolute convergence. 

Ex, 14. The integral | e“*®a;*‘'"^cZa?=r(n)/A;”, 

(i) Convergence at oo . If A; > 0 and p is any positive integer 

e** > {kx)^lpl ; < K/x^ 

where p is so chosen that p -n > I and iiT is a constant (k~^p\). In the 
comparison test let /(a;) =Klx^ and, by § 144, the integral converges at « 
for every value of n. 

If 1; =0, the integral converges at « if n is negative (not zero), while 
if < 0 the integral obviously diverges at oo , 

(ii) Convergence at 0. By § 144 the integral converges at the lower 
limit if, and only if, n > 0. 

Thus the integral converges if ifc > 0 and n > 0 and diverges in all 
other cases. 

From this example a useful Comparison Function is derived. 
Put n + 1 for n and let A>0; the integral of 
f{x) converges at oo , if A > 0, for every n but diverges at oo , if 
i:< 0, for every n. If i;=0 the test of § 144 may be used. 

Ex, 16: If /(a:) =^ar*'"^(log a;)”, A>C, x >h (arbitrarily large), the 
integral of f(x) converges at oo , if A; > 0, for every n but diverges at oo , 
if A; < 0, for every n. 

Letloga;=/; then 

When {-^00 so does T and the result follows from the comparison 
function Thus, by the change of variable, another comparison 

function is obtained. 

Ex^ 16. If f{x) =^aj*“i[log (l/a;)F, A > 0, 0< a? = 1, the integral of 
f(x) converges at 0, if Aj > 0, for every n, but diverges at 0, if < 0, for 
every n ; if fc=0, the integral converges at 0, if, and only if, n< - 1. 
The integral converges at 1 if, and only if, n > ~ 1. 
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Lot x=e’-'* ; then if 0 < a < ^ < 1, 

\^f(x)dx = \‘Ae->ctt”cU, “=|°8(l/<x) 

When 0, 6-^ » and the result for ^ 5 0 follows, as before, for con- 
vergence at 0. If A;=0 the test of § 144 applies for convergence* at 0; 
the same test applies for convergence at 1 for every value of k, 

S CO 

^e~®a;w-i(loga:)»"da; converges (absolutely) if 
n > 0 and m any positive integer. 

If 0<a?< 1, the integrand is less than - logo;)’”, numerically, 

wliile for large values of x the integrand is less than 

Now apply the results of Example 16 for convergence at 0. 

! » 

a if m > 1 but 

diverges if m ^ 1 . 

Ex. 19. Let lx, Px, Px , . . . denote log x, log(log x), log [log (log a?)], . . . . 
Show that, when x is large enough to make l^x positive, the integral of 
J(x) where 

f(x) ^ll[x .lx .Px ... . (Z^"a?)*] 

converges at oo if A; > 1, but diverges at oo if A?S 1. 

Let a? = so that lx Px ^hc^, ... l^x ; then if c> 6, 

(' f(x)dx - ® 

I/' ^ JftjXi .tel . i**! ... 6, =log6. 

Next lot Xi =e^s, then a?, and so on ; the integral is thus reduced 


to 


*/(a:)da! = i 


'tit cZa?,^ 
‘n. 


6 „ =l”>h. 


Now apply § 144. 

Ex, 20. (i) If a* and IP are both different from zero the integral 

f® 

Jo 

converges (absolutely) for every value of n. 

Deduce that, if a >0, 

[^x^ log X dx _ . log a p/n+1 w+l\ 

)o(o»+a;*)"+i"'*>+i V 2 ' 2 /' 

When the range of integration is not bounded it is often useful 
to express the integral as a series; the following examples 
illustrate the method. 

JEx. 21. The integral r?^^da: = 2 rBin(a:*)d» converges con- 
ditionally. 
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If njr f < (n + 1 )?i, divide the interval (0, {) into the partial intervals 
(0, 7i), (ji, 2n) ... [(n - l)jr, nn], {nsi, {)*. Now 


(■(»■+ i)ir sin « 


therefore 






dx 


'|-‘K 


emydy 

.'o ^/(rn+yy 


x=rn+yi 


where 


sin X dx V-? ■ _ jv, f* sin y dy 

Jo V® JoViJ-w+y) 


n-1 


+ -Bn = 2 J«r 


+ R. 



-«* ( - 1)” siny 
V(n7i+y) 


dy 


's/inn) ’ 


When f-> QO , Hn-*- 0 and the series is a convergent alternating 
scries so that the integral converges* but not absolutely. 

Hio integral is equal to (.'t/2)^ (E.1\ p. 471), 


dx 

1 -^/»sin* ^ converges 

absolutely if /? > 2 (ol + 1) but diverges if 2(a. + 1). 

The integrand is never negative* so that the integral cannot oscillate. 
Now if n is zero or a positive integer and nn^x'^in + l);r, 

(nn)^ x^ ^ (n + l)**jt*^ 

1 + (n + 1 )^7tP sin^o; =^' 1 +ar^sin*a? 1 + {nn)fiBm*x * 

But if A and B are positive 

IT 

f» A dx o P oosGc^xdx_ n A 

Jo 1 +i^sin*a? ~ Jo cot^?+ l + 
and therefore, from the inequalities* 

_ f(n+3)tr a?^da? (n -f 

~ V{A + (w + 1)^7*^} Jwr 1 +a?^sin“a;'^ •v/( 1 +n^7r^)"’^“’ 

Each of the series and converges (absolutely) ii p> 2(a. + 1) 
but diverges if 2(a + 1) because and behave like Sl/ni^*®. 
Hence the integral behaves as stated. 


Ex, 23. As particulcur cases of Example 22* prove that the integrals 
dx , p xdx 

Jo 1 + af%in*aj Jo 1 + a?*8in*a? - 

are convergent. 

Provo by a similar method that the integrals 


xdx « 1 f* .T d . T 

JoT+^lsina;] ^ Jo 1 + a7*l8ina;| 


are respectively convergent and divergent. These are particular cases 
of the integral roo 

io l+*«|8m*|’“’^®' 

(See Hardy* Messenger of McahemcUics, XXXI* Note VIII) which 
converges if o. > ^ + 1 and diverges if ol^P + 1. [The series of Notes 
contains much instructive analysis.] 
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as in 


Jo * Jo 'am* 

if Fi(u) is an odd function of «, and 


(ii) r-?'.(sina:J^=(^jP,(sina!);^ 
Jo a?* Jo '{amx 


'(sin a?)** 

»f Ftlu) 18 an even function of u, it being understood that the integrals 
converge. ^ 


If0<3g*s|,an expression for oosec*® in terms of partial fractions 
is given in Exercises XII, Ex. 3, (iii) by substituting * for »* ; namely 


sin*® ®> L(nx +*)*■*■ {nn - *)« J ' 

Of the methods applicable to particular types of integrals 
one of the most interesting is a method of treating Frullani’s 
Integral {E.T, p. 480, Ex. 22). An important article by 
Hardy, A Oentroliaaiion of FfttUuni’s Integral, Messenger of 
Mathematics, XXXIV, pp. 11-18, p. 102, should be consulted; 
also Bromwich, Inf Ser. 2nd Ed. p. 479. 


S1Z.2S. FniUaai's Integral. “>0. 

• .lo ar ’ 5>0 

Suppose that q>{x) is integrable over an arbitrarily large interval 
(Ii /*) where and that the integral of <p{z) either converges or 
osoUlates finitely at oo; by Abel’s or Dirichlet’s Tost <p{x)lx and 
therefore also, since o and 6 are positive, (p(az)lx and q){bz)lx are 
integrable over (1, ee ). 

Now, putting * in turn for a* and 5®, wo find 


r^dx 


jAa < h ^ 



and therefore 


X X Ixa t }a X * 

(i) Suppose that <p{x)-^Nt a definite number, when x-*0. The 
numbers a and b are positivo and finite so that X can bo chosen so small 
<^at \fp{Xx) --y| will be arbitrarily small for the range a^x%b; the 
limit for may therefore be found by putting N for f{Xx) in the 
integral. Hence 
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(ii) Suppose that (p(x)-^M, a definite number, when x-^co ; in this 
case the integral of (p{x) diverges at co unless Jtf =0 and the preceding 
work Tiequires modification. But, if (p(x) is integrablo over the arbitrary 
interval (A, jwj, we have 


, X X . Xa t Jx6 ^ Jxa t , fin t 


SO that 


fM <p{ax)-(p{bx) ^ ^ ffe (p(ho)^<p(tix) ^ 

JX X ]a X * 

Hence, if (p{x)-^N when a;->0 and q>(x)-^M when x~> oo , we find by ' 
letting A-> 0 and cc that 

(* = (2yr -M) j‘ ^=(N-M) log^ . 


I 


Ex, 26. If a > 0, 6 > 0, n > 0, deduce from Ex. 25 : 


“> t 


-e‘ 


s-k* 6 

dx=\og~^; (ii) 

® Jo 


- dx =log n; 


* cos ax - cos bx j ^ b 

oa; =loe-; 

X ®a 


(iv) ^ dx=b-a-alog-. 


Ex, 27. If a, 6, c, ... k are positive, and if the constants A, B,C, ,,, K 
satisfy the equations 

(i) 2A=A + B+...+K^0; (ii) 2:^a=^a+i36+ ... +XA; ==0, 
prove that 

f® /I'T 

(2Ae-n^-^^Aaloga 
Jo ^ 

where + ... + iiCe-*® 

and '^Aa log a =^Aa log a + B& log 6 + ... + Kh log k. 

Conditions (i) and (ii) show that the integral converges at a; = 0. The 
result may be proved by integration by parts. Denote the integrand 
by F(x ) ; then, 0< A< 

By equations (i) and (ii), the integrated part tends to 0 when A-> 0; 
also it tends to 0 when oo since a, b, ,,, k are positive. Again, by 
equation (ii), 

- 2Aa «-«*=: 2Aa e-* - 2Aa e“«» = 2Ao(e“* - e-«®), 
and now, if A~> 0 and the result follows by Ex. 26 (ii). 


Ex, 28. Suppose that <p(x) and <p\x) are continuous and integrable 
over an arbitrarily large interval (A, ^), A > 0, and that the integrals of 
tp(x) and fp^(x) either converge or oscillate finitely at oo , the functions 
<p{x) and ip*{x) being continuous and expressible by Maclaurin's Theorem 
near a;=s0. 
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If 24 =0 and 24a =0, prove that 

r« 

\ {^A(p(ax)} 2 “ •'9’'(0)2-4a log a. 
Jo ^ 

Proceed as in Ex. 27. Note that, since 2*4a=0, 

'^Aa (p\ax) = - 2Aa[(p'(x) - (p'iax)]. 


and 


S* =9>'(0) log a. 


For example, let (p{x) =cos x. 

For further developments consult the paper by Hardy in the 
Messenger. 


147. Complex Functions of a Real Variable. A detailed 
discussion of complex functions of a real variable is outside 
the scope of this book, but a few of the more important cases 
may be noted. 

Notation. When c— where a and ^ are real, the real 
part OL will often be denoted by B{c) and the coefficient P of the 
imaginary part i/3 by 1(c) or R(cli). 


Ex. 1. ( dx =- — , a real, R(e) > 0. 

ja C 

Let c^oL+iP; then [ e~®* j and 

( 00 g-ad 

e~a« dx = 

,b a 

so that this integral tends to zero when 6 oo , since cc = R(c) > 0. 


But 


and therefore 


r j e e 

1 

ja c 

e-^dx- JC 




The integral is therefore evaluated by the usual rule when R(c) > 0. 


Ex. 2. 




R(n)< 1. 

Let n==(*.-^ip ; 


then x^-x^e^^ogz and 


Here a is necessarily real. 

1®** 1 =a:® so that 

}h^ I"®- 

and therefore, if a = 12(n)< 1, this integral tends to zero when h and fc 
tend to zero. The result then foUows since the integral of xr^ is 
*!-«/( 1 -n). 


Ex. 8. I* +c ’ ® 

Of course a and 6 are real. The value of log {(6 +e)j{a +c)} is the 
principal 'vahie,Md its amplitude 0 is such that - « < 6 S « (1 70). 
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Ex, 4. , R(c) >0,n real and positive. 

Let c = a +i6, o > 0 ; by definition 


I dx = 1 cos bxdx -i\ sin bx da?, 

Jo Jo Jo 

and therefore {E,T. p. 471, equations (6), (7) ) the integral is equal to 
r(n)(cos n0 -t sin n0) ycosO-isin0\® r(n) I 

r« - c® 

since o =r cos 0, b =r sin 0, (cos 0 - i sin 6)lr=:(a - ib)lr* = 1/c. 

The integral also converges if a = JK(c)=0 and 0<n<l {E.T, 
p. 471, (8) ), 

BO that 1 


0< n< 1, b real, 

and the amplitude of ib is ^ or - ^ according as b > 0 or b < 0. 

Definition of r(a;) as an integral when x is complex, R{x) > 0. 
The definition of r(a:) as the limit of the product PJx) {§ 95, 
(la) ), where 

P fa)-, 

' «(* +1) (a; +2)... (af +»)’ 

will now be applied to show that the usual expression for r(a;) 
as an integral holds for complex values of a; if R{x) > 0. 


Ex. 6. re-‘t«-»(ft= P„{x)=T{x), B(x)>0. 


Let a? f>0; then | so that the integral 

converges at ao ; by Ex. 2 it also converges at 0 if (> 0. 

Now, if E[x) ={>0 and n a positive integer, the integral 

(V-i(l-«)”ds 

Jo 

is convergent ; the value of the integral is easily found to be 
(nt)/{a?(a; + 1)(« 4-2) ... (a? 4-n)}, - 

and therefore, if s =tln, 

H«x» "s) £ ^’.(*)=r(*) 

It has to be proved that 
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Now 

er* <*-i - J" ^ 1 - V-i dt 

=£{"■'-(* 

and it is proved below that if 0 g ^ 

\ »/ M ’ 

SO that if Il{x) = I > 0, 

Hence J |e“^ ^ 7 O j d/ - > 0 when n -><x) , 

and therefore J |e""* ^ J ^ when n ->co ^ 

since 1 | 

Further, j 6“* dt -^0 when n —> co 

Jn 

since the integral is convergent. Thus 

•^0 n-^QO *^0 ^ ^ 

and f R{x)>0, 

Jo 

To prove the inequalities used above we have by § 25, 
Ex. 3 (ii), 

c‘‘n>l-~ , 0<c-^-fl if 0<^<w. 

n \n/ \ n/ 

Also by § 25, Ex. 3 (i), > (1 +tjnY if 0 < ^ < n, so that 


0 -0"=-T 

l-c' 

ii-iy 

]<«-■[ 

i-( 


\ nJ L 


\ n/ 

\ 

J 


and therefore by § 1 1, (2), with x — l and y = 1 - t^jn^ > 0, 



so that 0 < - f 1 - < 6“*. — il0<t<n. 

\ n/ n 

When if =0, it is obvious that the inequalities become equalities. 

For this method of proving these inequalities see Whittaker 
and Watson, Modem Analysis (2nd Ed.), p. 230. 

G.A.O. 2 » 
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148. Ifiscellaneous Examples. The following method of 
extending the range of a constant that occurs in an integral 
may be noted. 

„ , , ...... 


Evaluate 


I a:*" + 1 


m < n, and deduce that 

)o"'l +x ' 
f® a;*”*da? 

Here , - 

Jo a:®" + 1 


where m and n are positive integers, 


0<p< 1, 


smpn 

, a;®»"da; 

l-«>aj*" + r 


and, since the last integral converges absolutely at oo and at 
may take {'= { (§ 142, (7)) so that 




far®’' + 1 ' 


Express the integrand as a sum of partial fractions : 


a?®”* 2w4y(a; - cos 0 ^) 1 sin Q^sin ( 2m + 1 ) 0 ^ 

ar*** + i a?® - 2ar cos 0,. + 1 ^ n (ar - cos 6 ^)^ + sin®0y ' 

where 0,. = (2r + 1 ) jr/2n. Now 


ff 2(aj -cos0,.)dc , f®-2|cos0- + l a ► 


and therefore 


V 

■ 1 “ n A 


• /rt . ivn ^ • (2w + l);r 

sm (2m + 1 )0r ” ~ cosec ^ — 2n~^ * 


’a?**"dar n (2m+l)7r 

■ t “ cosec — 5 . 

a;®” + 1 2n 2n 


Now change the variable by the substitution a?®'*=y ; then 


2» 

Jo 1- 


(2m + l)n 


If we put p =(2m + l)/2n it is not hard to prove that the integral is a 
continuous function of p for the range = I -fj, when 6 and ri are 
positive and arbitrarily small ; since cosec pn is also continuous for the 
same range, the integral can now be defined to be equal to ;r cosec 
if p is any real number such that ^ Sp S 1 - »?• (See § 26.) 

Ex. 2. If m, n, p are positive integers, m<p and n<p, and 
if (a?®'’* - ar*” )/(«*** - 1) be defined for a? = ± 1 as the limit of the fraction 
for X tending to ± 1, prove by the method of Ex. 1 that 

,2n + l .2mH-l \ 

I .-00 Jr®®*-1 p\ 2p 2p 

and deduce that if 0 < a < 1 and 0 < & < 1, 


dx—7i (cot an - cot bn). 
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The definition of an integral as the limit of a sum is not 
directly applicable when the integrand is not bounded or 
when the range of integration is infinite ; there are, however, 
classes of cases in which the limit of a sum may be expressed as 
an improper integral. 

Suppose first that the range (a, h) is finite and that a is the 
only singular point of F{x) in (a, b ) ; in the notation of § 113 let 

n 

S„ = '^F{a +rh)h, nh—b-a, 

f«l 

SO that A 0 when n ->oo . The following theorem may be stated. 
Theorem I. If F{x) is monotonic and has always the same 
sign in (a, b) and if the integral of F{x) over (a, 6) converges, then 


£ 8n = 


£i F{a -f rA)A= I F(x)dx, 

h-*‘0r=-l a 


Suppose F{x) to be positive so that F{x) + qo when 
x-> a + 0. (If F{x) is negative, let 9 ?(a:) = - F{x) and the reasoning 
holds for (p(x), and therefore for F{x) by changing sign in each 
member of the above equation.) Thus F{x) decreases as x 
increases. 

By the monotonic property of F{x) we have 


I 


'a+rh 


F{x)dx> F{a +rh)h, r = l, 

Ja+(r-l)A 

and therefore, summing from r = l to r—w, since the integral 
of F{x) converges, 


r^{ar)(ir>5„ (i) 

Ja 

r(t 

Again, F(a +rh)h > I F{x)dx, r=l, 2, ... (n-1), 

ja+rh 


and therefore, summing from r = l tor=»-l and adding the 
term F(b)h to both sums, 


F{x)dx +F{b)h (ii) 

3a+h 

Let »->oo and the inequalities (i) and (ii) give the 

theorem. 

Cor, 1, It is obvious that a similar theorem holds when b 
is the only singular point of F{x) in {a, b) and F{x) is monotonio 
and of the same sign in (a, b ) ; in this case 

F{a-\ rh)'h. 
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Got. 2. Further, the monotonio property of F(x) is essential 
only in an interval (o, c), a<c<b, (or in an interval (c, h) ) ; 
it is not hard to modify the proof to suit this case. Lastly, 
F{z) might, when F{z) is supposed as in the proof to be positive, 
be allowed to take negative values in an interval (c, b), a<c<b ; 
the theorem would hold for F(z) +C, where <7 is a constant 
such that F(z) +C is positive, and therefore would hold fo^ 
F(z). \ 

ir 

Ex. Z. |“logsina;da;= -^log2. 

In the identity 

n 1 / ix^rrV . . 2rn\ 

a;" - 1= (a: - 1) 11 ( 5c - cos - “ " - 1 sin-^ j 

after dividing by a; - 1 let a? -►1 and take the modulus of each side of 
the equation ; then 




2®sin . sin 
2n 


(n -r)n “\ 

”27r' J’ 


since cos(rjr/2n) =sin[(n ~r):r/2n]. Take the square root (which is 
positive) ; therefore 


^/n 

2n-l 


. n . 2 : 1 , Zn 
sin s - . sin • . sm h- 
2n 2n 2n 


sin 


(n - l)7r 
2n 


Let h = 7t/2n, take the logarithm of each member and multiply by h ; 
thus 

S„='^hlog{amrh)^^^^-^(l -^)log2, 

and -^log2 when or n-^oo. The integral is convergent 

and its value is therefore - ^ log 2. 

tr 

Cor. f log(8in?Kr)da;=~(*^ log(sina5)<ia?=~Plog(8ina?)cfa;= -log2, 
Jo ^Jo ^Jo 


Ex. 4. If 0 < e < 1 and e" ->0 when prove that 

j^logxdte= jC^i-eV^e^logW) =s51og5 -6. 

Compare Exercises XIII, 2, (iii). 

Thbokbm II. If F{x) is monotonic in (a, oo ) and tends to 
zero when x tends to infinity ; if, further, a is the only singvlar 
point of F{x), then 

CO r» 

A 5] ■^(® + »^) = l F{z)dz, 

A-»0 n-l ■'a 

provided that the integral converges. 
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Since ^*( 3 :) is monotonic and converges to zero it cannot 
change sign ; F{x) will be supposed to be positive. Now let 

8„ = '^F(a + rh)h; 

then, h being kept constant, we have by equation (i) above and 
the monotonic property of F{x), 

(•«+«» 

N„< F{x)dx<\ F(x)dx=K B&Y, 

Ja Ja 

the integral being convergent and equal to K. 

Thus 8n increases as n increases, but is less than the fixed 
number K ; therefore the series 8, where 

eo 

8=h^ Fla + nh), 

is convergent. It is now easily seen, by the same method as 
used for the proof of Theorem I, that 

00 p op 

F(x)dx > h^Ffa^nh) > F{x)dx, 

«=*l ^avh 

Let 0 and the theorem follows at once. 

roo 

Ex,^, Prove that \ /i>0. 

.’0 

00 00 

Lot 

w«l «=l 

Now lot e“*=y so that i/->l when A-^0 and /t/(l when 

The series S may bo put in the form 

and, by § 98, Ex. 6, S-*r(/i) when The integral is therefore equal 

to r(/i), for the integral is known to converge. 

The following test for the convergence of a series Sa„ of 
positive terms was given by Maclaurin {Fluxions, § 360) though 
it is often called Cauchy’s Integral Test. 

Integral Test for Convergence of Series. If a„ ^ On+i > 0 and 
if o,=wP(n) where F{x) is a positive, monotonic, decreasing 
function of x, defined for 1, the series Son integral 

I, where ^ 

I=:^^F{x)dx, 

either oonvwge or both diverge. 
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A graph of F{x) will make the inequalities used below 
intuitive. 


Let = 4 = 1 F(x)dx\ 

r-l •'1 


then, from the monotonic property of F(x), it follows at once 
Of-i S f F(x)dx ^ a^. i 

Jr-l 

Sum from r = 2 to r—w ; therefore i 

or, ^ ^ a„ > 0. 

Hence -In) is bounded and not negative. Further 
(/Sn In) decreases as n increases ; for 

{^n ■“ 4) (^n+1 *“ 4+l) = (4+1 ““ 4) “ (^n+l ^n) 

fn+1 

= 1 F{x)dx 


Thus (Sn - In) tends to a limit which is not negative and does 
not exceed ; therefore 8n and 4 cither both tend to a limit 
or both tend to infinity. 

Even if 8n and 4 ^oth tend to infinity the difference - 1^,) 
tends to a limit. 


* Ex, 6. ' The series ^F(n) and 26^F(e^) are either both convergent or 
both divergent, F(x) being a positive, monotonic, decreasing function 
of X, defined for 1. (Cauchy^ a Condensation Testy § 60, Ex. 1.) 

Let N be positive and arbitrarily large, log b:^N, oh and x -'ey ; 

then fc flogc 

F(x)dx::=\ eyF{eV)dy 
h hogb 

and therefore the two integrals are either both convergent or both 
divergent. 

Again, from the monotonic properties of F{x) and e®, 

e*F(e^)dx, 

eW2f’(e*-) > e V) e^F(e'') > (*e«l*’(e«)<fa. 

Jf " Jn 

Hence the series 2e”jP(e^*) converges or diverges according as the 
integral of e^F{e^) converges or diverges, therefore according as the 
integral of F{x) converges or diverges and therefore finally according 
as the series 2F(n) converges or diverges. 

Ex- 7. Euler's Constant. If = l/r, then F{x) = Ijx and 

-S* - = 1 + i+i+ - + i - log » =<7n. say- 

But (S^ - /^) tends to a limit, y say, which lies between 0 and ( = 1) ; 
therefore y when n-+ oo , (Exercises II, 8.) 
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Prove that the integrals in Examples 1-G are convergent. 

® »» > 2 - 

2 . ( 71 _ . 1 

jo\a? smhxj x 

L ^ ~ ^log dx, m > 0 , n > 0 , p a positive integer. 

. r/ 1 1 ^ 

roo 

6. I 2 /rfa; if sinhaisinhy = 1. 

Jo 

6- (sinx)"*-»(Iogsiixa:)i’<fa:, m > 0, a positive integer. 

7. The iliroo integrals 

L (r-rx - ®‘*)t ’ .C(i 

are convergent and equal. 

^ f"” sin or sin 6a; , ,, o+6 , ^ 

)o 5 «>«'>»• 

where a > 0, 6 > 0, m > 0, m H- n > 0. 

11. I£a>0, 6>0 and n a positive integer, 


l+a ;2 




(i) 


- UnO 


JO 


X 


dx^los ; 


.... r®®co 8 ®”aa; --cos®” 6 a; , ,, (2n)! 1 


nin! 

lo /-v f* COS oa; -cos 6a; , .-t,, . ^ a i. ^ a 

12. (i) I 3 da;=; 5(6 ~o), a >0, 6 >0; 

Jo ^ 

r‘®sinaa;sin6.r 


(ii) ‘ 

.0 


“da; = 26 , a >6 > 0 . 


13. If 9 >(a;) and (p'(x) satisfy the conditions of Ex. 28, § 146, and if 
a > 0 , 6 > 0 , show that 

Ar =y'<0){61og6-alog« +a - 6 }. 
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14. If n is a positive integer. 


[CH. 


Jo ** 


(Za? = 


1.3.5....(2n-3);g 


2.4.6....(2n-2)2 
= o, n = l. 


i, n>l 


15. If JP(x) is a positive, monotonic, decreasing fxmction defined fo^ 
a? ~ 1 and if e^F{e^)IF{x) <K< I when prove that the integral 

of F(x) converges nt w and that therefore the series 'ZF(n) converges.\ 

Q ^ F(x)dx — j c^F{e^)dy < X | F{x)dx, c>h>Q, 


(1 -X)j ^ F{x)dx< F{x)dx-^^^ F(x)dx~^ 


f®* K 

80 that I F(x)dx< •= — -n. 1 Fix)dXf a constant. 

Je» 

Hence, since F(x) is positive, the integral of F(x) converges at oo and 
therefore the series ^F(n) is convergent.] 

16. If is as in Ex. 15, but e^F{e^)IF(x)^ 1 when Xz^G, show 
that the integral of F(x) diverges at oo and that the series 2F{n) is 
divergent. 

The tests given by Ex. 15 and Ex. 16 are known as £rmakoff*s Tests 
for convergence and divergence. 

Examples 17-22 are from Folya and Szego, Aufgaben, 1, pp. 40-42. 

17. If oL > 0, prove that 

... /* l®-i + + 

U/ Ai «a" ■ 

n-^-oo 

(ii) l<«-i -2°-^ - ... +( - l)"-»n»-^ ^^ Q 


n-*-oo 


18. Show that if0<<<l, 2. 

— ►! W"*l 


.. jC 

10. Prove that ^^t|l+2 
20. Prove that, if 0< / < 1, 
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xn.] 

21. Prove that 

(i) (* log(l+»-“)da:= £h V Iog[l +(n/i)-»], «. > 1; 

*->o "i 

(ii) if/(0= n + 1. ^ j^ogf{t)z^ncoaoo{7ila.). 


22. Provo that, if 0 £ 97 


1 log ( 1 - 2a;^* cos 2q) + x~^)dx = 2n sin 0?, 

JO 

by considering tho integral as tho limit 


H A^log {] 


h “♦■O n**l 


2 cos 27? I \ 

^ nW] 


[In tho infinite product for sin xfx, let a:/:n and take tho squaro 

of tho modulus of sin xjx and of the product ; this gives 


" - 2 cos "1 


(^cos,,)} 



cos 2q> 
nVi^ 




CHAPTER XIII 


IMPROPER INTEGRALS : REPEATED AND DOUBLE 
INTEGRALS, FIELD OF INTEGRATION FINITE 

149, Improper Double Integrals. When the integrand is 
not bounded or the field of integration not finite, the method 
employed for defining the improper integral of a function of 
one variable is again used. The double integral of a bounded 
function over a finite area is now called, when distinction is 
necessary, a proper double integral ; when the definition of the 
double integral is extended so as to provide for cases in which 
the integrand is not bounded or the field of integration not 
finite the integral is called an improper double integral. 

Closely connected, yet not identical, with the problem of the 
double integral is that of the repeated integral and, in general, 
the problem of integrating and differentiating under the sign of 
integration ; when the conditions of §§ 121, 12C no longer hold, 
the theorems need further examination. 

The subject is one of considerable difficulty ; an admirable 
treatment of it in its most general aspect will be found in 
Hobson’s Functions of a Real Variable, but that treatment is 
based on considerations that are outside the scope of this 
book. All that will be attempted hero will be to give an account 
of the subject as far as it bears on the most frequently occurring 
types of integrals. 

When the integrand F{x, y) tends to infinity if the point 
{x, y) tends to one or more isolated points or to any point on 
one or more curves within or on the boundary of the field of 
integration A, these points and curves are called points and 
curves of infinite discontinuity. Let these points and curves 
be excluded from the area A by drawing appropriate curves to 
mark off the several points and curves of discontinuity from 
the rest of the area A : for example, the lines abc and def in 

408 
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Fig. 6 of § 124 where EF and OFH are lines of discontinuity, 
or, the rectangle of sides e, a* (E.T. p. 447, Fig. 88), or the lines 
in Fig. 89 {E.T. p. 448). 

It will bo always assumed that the number of isolated points 
-and curves of inj^ite discontinuity is finite. 

Let A' denote the area left in A when the areas enclosed by 
the auxiliary curves, that is, the curves drawn to enclose the 
points and lines of discontinuity, have been excluded ; we 
then have the definition : 

Definition. If the double integral of F{x, y) over A* tends 
to a limit when A' tends to A, that limit is defined to be the 
improper double integral of F{x, y) over A. 

In the same way, if the double integral of F(x, y) over a 
finite area tends to a limit when that area tends to infinity — 
that is, to include a part (or even the whole) of the co-ordinate 
plane that is unlimited in extent — that limit is defined to be 
the improper double integral over that infinite area. For an 
example of a double integral over an infinite area see Ex. 3, 
p. 340, of the Elementary Treatise. 

In the cases we discuss the auxiliary curves are of a very 
simple kind, frequently straight lines ; the areas included by 
these auxiliary curves are usually specified in such a way that 
they tend to zero when certain numbers, d, ', ?y, . . . tend to zero. 

The following statement of a simple but typical problem may 
help the student to appreciate the nature of the difficulties 
and the particular steps in a proof that require attention. 

Problem, Lot F(Xy y) V) where m and n are each less 

than unity and /(a;, 2 /) is a continuous function of x and y, and suppose 
the field of integration to be the triangle T bounded by the lines 

aj=0, y=0, a:+3/ =c >0 (T) 

The function F(x, y) is not bounded in T and therefore has no proper 
double integral over T ; let tho field be contracted to tlio triangle T* 
bounded by the lines a; = 5, y = d', a; + y =c (T') 

where d and aro arbitrarily small positive numbers, and F(x, y) will 
have a proper double integral over T\ This double integral can be 
expressed (§ 126) as a repeated integral, namely, 

jP(a:, y)dcdy =J^ 

It may be noted that there is no loss of generality in taking the 
tiriangle T' as the contracted area ; for, whatever be the curve or curves 
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drawn in the triangle T so as to exclude the two sides a? =0, t/ =0, the 
curve or curves so drawn must, if the contracted area tends to T, at 
some stage lie wholly between the triangle T' and the triangle T ; and 
vice versa* A similar remark may be made in other cases. 

For brevity, let D denote the double integral and R the repeated 
integral in equation ( 1 ). The questions now arise : when 6 and d' tend ; 
(independently) to zero, (i) does D tend to a limit ? (ii) does R tend to 

the repeated integral re re- x \ 

dx\ F{x,y)dy^ (2)1 

JO Jo 

and (iii) if D tends to a limit, is that limit equal to the integral (2) 7 
Suppose it to have been proved that D tends to a limit, I say ; it 
does not follow from that fact alono that R tends to the integral (2)— 
that is, that I is equal to the integral (2). In calculating R the numbers 
d and 6' are kept till after the integrations with respect to y and x have 
been effected and only then are they made to tend to zero. On the 
other hand in the integral (2) and d have been made to tend to zero 
before the integrations with respect to y and a;, and proof is needed that 
this change of order makes no difference in the result (compare E*T, 
p. 472, foot of page). 

An important, and often difficult, step in the proof that the limit of 
R when d and d' tend to zero is the integral (2) is to show that the limit 
of R is the same as the limit of the integral 
fc-i' fc-aj 

I dx\ F{x,y)dy; (3) 

Jo 

that is, that the limit of R is not altered if in the integral with respect 
to y the number d' is made zero before the integration with respect to x. 
It has next to bo proved that when d and d' tend to zero the integral 
(3) tends to the integral (2) ; if the integral (2) is a definite number ib 
follows that the limit of the double integral D is equal to that number. 
Even when it can be proved independently of the consideration of R 
that the limit of D exists it must always be proved, if the improper 
double integral is to be evaluated by the repeated integral (2), that 
that repeated integral is the limit oi R. In practice the existence of 
the improper double integral is usually established by showing that R 
tends to the integral (2). 

Again, it is often important to know, quite apart from the question 
of the double integral, whether the two repeated integrals of F{x y) 
over the area T are equal — that is, whether a change in the order of 
integration makes no difference in the value of the repeated integral. 
The other repeated integral over T\ which may be called R\ is 

jj, ”F{x.y)dx 

and in this case a step in the proof is to show that the limit is not 
changed by taking the lower limit of the integral with respect to a; as 
asero, instead of d, before integrating with respect to y. 



§§ 140-161] ABSOLUTE COKVEBGENCE 411 

150. Absolute Convergence. The auxiliary curves that 
separate the points and lines of discontinuity from the rest of 
the area A are only restricted by the condition that the area 
enclosed by a curve which surrounds an isdUited point must 
tend to zero in all its dimensions and that the area enclosed by a 
curve drawn round a line of discontinuity must tend to zero. 

One consequence of this method of defining the integral is 
that the improper integral of F(x, y) cannot exist — that is, 
the limit of the proper double integral cannot bo a definite 
number — ^unless the proper double integral of \F{x, y)\ tends 
to a definite number. In other words, the improper double 
integral of F{x, y) will not exist unless that of \F{x, y)\ exists, 
so that improper double integrals are always absolutely con- 
vergent. It is possible so to define the improper double 
integral that it need not be absolutely convergent, but the 
properties of such integrals would be much more restricted 
than when the integral is defined as in § 149. For a discussion 
of the whole matter and a proof of the assertions just made the 
student is referred to Hobson’s treatise. The subject is merely 
mentioned to explain a statement that might puzzle the 
student, since no such restriction applies to simple integrals. 

The following simple example may be of interest. Let 0 be the 
origin of co-ordinates, A the point (a, a), where a > 0, on the lino 
B the projection of A on the a;-axis, C the point (ma, 0), w > 1, and 
D the point (ma, a). If F(Xf y) =oos yjx, the double integrals of F{x, y) 
over the triemgle OB A and the quadrilateral OCDA exist and 

(( F(x^ y)dxdy — ^^^^^ dXy (( F{x^y)dx=\ 5^<ia;+sinalogw. 

]]oBA Jo JJ(>c'Z)-4 Jo ^ 

When a->oo the first integral tends to nl2 but the second does not 
tend to a limit so that the double integral over the infinite sector of 
angle AOB does not exist. It is easy to verify that the integral of 
lF(a?, y)\ over the triangle and over tho quadrilateral is divergent. 

161. Uniform Convergence. The discussion now to be given 
of repeated integrals is, like that of Chapter XXI of the 
ElemefUary Treatise^ based on the work of De la Valleo Poussin ; 
see, besides the memoir quoted in the Elementary Treatise^ his 
article in the Journal de Mathdrnaiiqiies (4th Series), vol. viii, 
year 1892. 

When the -limits of the repeated integrals arc constant the 
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area associated with the integrals will be taken, in general 
definitions and theorems, to be the rectangle JS bounded by the 
lines 

x=:a, a:=6, i/=a', y=b' (R) 

When the limits are not all constant the associated area will be 
taken to be that represented by Fig. 4 and will usually be, 
referred to as “ the area .4 ” ; if any given area does not satisfy 
the conditions to which the curve EFOH of Fig. 4 is restricted 
it will be understood that it can be divided into a finite number 
of areas of the type A. 

As regards the integrand F(x^ y) it will be assumed to be a 
continuous function of both variables when the point {x, y) is 
not a point of infinite discontinuity for the function. 

Discontinuities. The number of isolated points and the 
number of lines of discontinuity will always be supposed to be 
finite, and further, when a curve of discontinuity is not a straight 
line parallel to a co-ordinate axis, the assumption will be made 
that it cannot be met by a line parallel to either axis in more 
than a finite number of points. As in previous work, it will 
generally be sufficient to consider one line of discontinuity when 
a theorem is being proved (see the Note^ § 120). 

When the area is the rectangle R the following notations will 
be used : 

f(y) = { F{x,y)dx, g{x) = \ F{x,y)dy, 

J a J a' 

ry ry n n n cy 

U^^J{y)dy^^dy^^F{x,y)dx, F=^J g{x)dx^^ etej F(Xyy)dy 

and the same notation, with the proper changes, will be used 
when A is the area. 

I. Let the area be R and let the lines of discontinuity be 
parallel to an axis. 

If (a?!, y^ is a point of discontinuity of F(Xy y) the condition 
that the integral /(y^) should converge at x^ is by § 143 that, 
B having the usual meaning, there should be positive numbers 
d and 6* such that the singular integrals (§ 143) 

I F{x,yi)dx and \ F{x,y^)dx 

Ja Ja 

where Xi~ d^(x.< p<Xi and <x.'<^'^Xi will each be 
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numerically less than e. If more than one point or if all points 
on the line are points of discontinuity of F{x^ y), the 

integral f{y) is said to converge uniformly at for the range 
a ' ^ y ^ b' when each of the singular integrals on the line 
is numerically less than e for all values of y in the range ; that 
is, given e, the same value of 6 and the same value of S' will 
secure that the singular integrals are each numerically less 
than e, whatever value y may take in the range a' ^ y ^ b\ 

If there is a finite number of lines of discontinuity parallel 
to the y-axis, x^x^, x^x^, x-x^, and if the integral /(y) 

converges uniformly for the range a'^y<b' at each of the 
points x^, X 2 , Xm, then f(y) is said to converge uniformly 
for the range a'^y^ 6', or, to converge uniformly “ in J?/* 
Uniform Convergence in General, If a'<c'<6' it may happen 
that the integral /(y) is only uniformly convergent in the closed 
intervals (a\ c' - rj) and (& 6') where tj and rj* are arbitrarily 

small positive numbers, the convergence thus ceasing to be 
uniform at c\ If there are one or more values such as c' but 
only a finite number of them, the integral f(y) is said to con- 
verge uniformly in general in the interval (a\ 6') or in iJ. If 
c'=:a' then while if c'^b\ 

Similar definitions hold for the integral g(x). 

II. Suppose that the discontinuities of F{x, y) in R lie on 
curves (including straight lines) that cannot be cut in more than 
a finite number of points by a parallel to either axis. 

For definiteness, suppose that x = y){y) represents a line of 
discontinuity and that yf{y) is a monotonic function so that a 
line parallel to the a;-axis meets it in not more than one point ; 
this line, therefore, can also be represented by an equation of 
the form y = (p{x). The first form is used in discussing the 
integral /(y) and the second in discussing the integral g(x). 
Draw the auxiliary .curves y(y) -6, x— y>(y) +d' where 
d and 6' are positive constants. If the line x=^Xi meets the 
curve X = y}{y) at y^, the integral f{yi) will converge at Xi if 
3 and d' can be chosen so that each of the singular integrals 
at Xi is numerically less than e. When 6 and S' can be chosen 
so that the singular integrals at every point on the curve x = y(y) 
will each bo numerically less than e then the integral /(y) is said 
to converge uniformly at points on that curve. If there are 



414 


ADVANCEP CALCXJLirS 


[CH. XIII. 

more curves of discontinuity a similar definition applies for 
each, and if f{y) converges uniformly for each curve it is said 
to converge uniformly in the rectangle B. 

A similar definition holds for the integral g{x) ; in this case 
the auxiliary curves will be of the form y = (p{x) - d,y = (p{x) + (S'. 

III. The field is the area A, bounded by the curve C or 
EFOH (Fig. 7). In this case 

f{y) = r* F(x, y)dx, g(x) = T' F(x, y)dy, 

JXi Jj/i 

where (§ 126) = X 2 ==NS =:fp^iy), yi-MP-g)^(x) 

and ^2 =MQ = cp^ix). 

The preceding definitions arc readily extended to include these 
integrals. The chief point to note is that the limits Xi and iCg 
are not constants but functions of y and the limits y^ and y^ are 
functions of x. Again, if x^ = tp-^iy) were a curve of discon- 
tinuity only one auxiliary line, x = %i>i(y) + would be required 
for that part of the curve. 

The various methods that are used for determining the 
convergence of the integral of F{x) at a point of discontinuity 
are of course applicable in the cases just stated ; the essential 
point is that the numbers <3 and 6* must be such that the 
singular integrals, at Xy^ say, must be each numerically less 
than £, whatever value y may have in the range a' ^ y g 6'. 

Note It is perhaps worth observing that if the integral /(y) 
converges uniformly for the range so does the integral 

J F{x^ y)dx, where a < c < 6. 

Ex. 1. If f{x, y) is a continuous function of x and y and 0< m< 1, 
0<n< 1, 0< p< 1, determine the nature of the convergence of f{y) 
and g(x) in B when 

(i) F{x, y)=(x -y)^-^V(x, y) ; 

(ii) F(x, y) -(x y). 

In all cases there is uniform convergence in general. For (i)/(y) only 
converges imiformly for a* "^y^ P'<b* and g{x) only for a<a. ^ a; ^ 6. 

For (ii)/(2/) ceases to converge uniformly at a' and g(x) at a and 6. 

Ex. 2. The integrals P e""*aj*^~i(log x)^dx^ 

Jo Jo 

where m is a positive integer, converge absolutely and uniformly for 
the range 0<c ^ y = d where d is any positive number. 

See i 1^6, Ex. 14 and Ex. 17. 
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152, Continuity of Integrals. When a curve of discontinuity 
is not a straight line parallel to an axis the assumption will be 
made that it cannot bo cut in more than otic point by a lino 
parallel to either axis and that it may therefore bo represented 
by either of the equations x=y){y) or y = (p(x) ; since, by 
hypothesis, no curve can be met by a line parallel to either 
axis in more than a finite number of points, any curve can be 
divided into a finite number of parts each of which satisfies the 
above condition. Further, in proving any theorem it will 
usually be sufficient to prove it for only one curve of discon- 
tinuity, and it may be assumed that the curve begins and ends 
on the boundary of the field ; if it does not begin or end on a 
boundary, a supplementary auxiliary curve parallel to an axis 
cin be introduced so as to close the area within which the 
curve lies. 

Theorem I. If the integrals f{y) and g{x) arc uniformly 
convergent in E or in A they are contimwus functions of y and x 
respectively for the ranges a' ^y<b* and a^x^b. 

Take the integral f{y) and draw the auxiliary curves 
X = ip{y) - <5 and x = \p{y) + 6\ thus determining a strip 8 within 
which the curve of discontinuity lies. Since the integral f{y) 
converges uniformly, d and 6* may be so chosen that when (x, y) 
is any point in 8 the contribution to f[y) from each of the 
singular integrals will bo numerically less than e. Therefore, 
if yi and yg ordinates of any two points in S, the con- 
tributions' to \f{y^)\ and 1/(^2)! each case be less than 

2e, and the contribution to \f(yi) -f(y 2 )\<^^- When d and d' 
have been thus chosen they are to be kept fixed. 

Next, in the area outside the strip 8 the function F(a;, y) is 
continuous, and therefore also the corresponding part of the 
integral /(y), so that rj may be chosen to make the contribution 
to l/(yi) ~/(ya)l<c if l^i Hence, if y^ and yg are two 

points in the closed interval {a',b') it is possible to choose 
ij so that, provided |yi -yaK^j 

and therefore /(y) is continuous for a' ^y^ b\ 

A simil^ proof holds for the integral g(x). 

The next theorem is important in determining the existence 
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of the integrals of f{y) and g{x) when these functions are only 
uniformly convergent in general. 

Theobbm II. (i) If the integral f(y) is only uniformly con- 
vergent in general for the range a' ^ y g b’, huJt if the integral ), 

where (•»' ft 

= ^y\ y)dx, I 

Ja' J a 

converges uniformly for the range a ^ f ^ 6, then u{i) is a con^ 
tinuous function of f for that range, 

(ii) If the integral g{x) is only uniformly convergent in general 
for the range a^x-^b but if the integral where 


v(ri) = { dx\ F(x,y)dy, 

j a J a* 


converges uniformly for the range a' b', then v{ri) is a con- 
tinuous function of r) for that range. 

Case (ii) is merely stated for convenience of reference 
as it is simply Case (i) with the rdles of x and y interchanged. 
For the sake of clearness the S3rmbols | and ri are taken as 
the upper limits of the integrals with respect to x and y 
respectively, though in practice it is quite common to put 
X for f and y for ri. 

The meaning of the theorem is perhaps made more evident 
if it be observed that «(f) is the repeated integral of F(x, y) 
over that part of the rectangle B between the side x=a and 
the line x = i •, as f varies from o to 6 the integral «(|) will vary 
continuously from 0 to U. 

Take Case (i) and suppose that the integral /(y) ceases to 
converge uniformly for the one value c' of y, where a'<c'<b' ; 
draw the auxiliary lines y=c' -S and y=c' +d'. 

f{^,y)=^^F{x,y)dx, «(f) =£/(l, y)dy-; 


then the uniform convergence of the integral u(^) means that 
the singular integrals of «(f) at c' may each be made, by choice 
of 6 and 6', numerically less than e for every value of f in the 
range a ^ ^ 6. These singular integrals are, numerically. 


|£/(f,y)dy ,c’ -6^a.<^<c',\f f(^,y)dy , c'<a'</3'^c' +d'. 

Let 6 and 6' be chosen so that each of these will be less than « 
and be then kept fixed. 
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The integrals 

f , f(i,y)dy and f f{i,y)dy 

converge uniformly for the range and are therefore 

continuous functions of f ; it follows, therefore, as in Theorem I, 
that u{S) is continuous for the same range of S. 

The value u{b) of the continuous function u{^) is the repeated 
integral V and, in the same way, v(6') is the repeated integral V. 

Theobem III. If F(x, y) does not change sign in the rectangle 
B, so that F{Xy y) is either positive or zero or else negative or zero, 
then, (i) provided the repeated integral U exists and the integral 
f{y) converges uniformly in general in R, the integral w(f) of 
Theorem II converges uniformly for a^ (ii) provided the 

repeated integral V exists and the integral g{x) converges uniformly 
in general in B, the integral v(i]) of Theorem II converges uniformly 
for a'^Tj^ b\ 

Suppose, first, that F{x, y) is never negative in R and take 
the integral ) ; then u(|) is a monotonic, increasing function 
of f and must therefore either tend to a limit or tend to infinity. 
But, by hypothesis, u(b) = ?7, a definite number, and therefore 
u{^) tends to a limit when Further u({) must tend to a 

limit when where ag fi<6 ; because, as before, u(i) must 
either tend to a limit or tend to infinity, and it cannot tend to 
infinity since u(^ 2 )<u(b) if ^^<6 and therefore u(^i)<U. Hence 
u(^) is a well-defined function for the range a ^ f ^ 6. 

With the notation of Theorem II we now have, for the 
singular integrals at c' 

/(f. y)dy ^ y)dy, y)dy ^ £/(*> 

since f(i, y) ^f{b, y) when F(x, y) is not negative. But/(6, y) 
does not depend on f and therefore, since the integral u{b) 
converges, the singular integrals satisfy the conditions of 
Theorem II so that u{^) converges uniformly for a^ S^b and 
is a continuous function of f for that range. 

In a similar way the theorem is proved when F{x, y) is not 
positive ; or it follows from the above proof for the function 
Fi(x, y) . where Fj^(x, y)= -F(x, y) and therefore for F{x, y). 
The theorem (ii) is proved in the same way. 
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Ex. If F(x,y)=(x-a)”*~^{b' -y)”-^f{x,y), whereO<m<l, 0<n<l, 
and /{x, y) is continuous in R, show that u(f) and v{t)) are continuous 
functions. 

153. Change of Order of Integration. In this article the 
function F{x, y) is assumed to be continuous except on a finite i 
number of straight lines paraMel to the axes ; further, the limits 
of all the integrals are constants so that the field of integration\ 
is the rectangle B. The case of constant limits when the above \ 
restriction on the lines of discontinuity is removed is considered 
in § 154. 

The notation is 

/(y) = r F{x, y)dx, g(x) = [* F[x, y)dy, 

Ja •' a' 

Cb' ffe' n 

u = f{y)dy = F{x, y, dx, 

J a' J a' J a 

F = f g{x)dx = f da: f F(x, y)dy. 

J a J a J a' 

Theorem I. If all the lines of discontinuity in B are parallel 
to only one axis then the repeated integrals V and V exist and are 
equal either (i) if the integral f(y) converges uniformly in B when 
the lines of discontinuity are paralld to the y-axis, or (ii) if the 
integral g(x) converges uniformly when the lines of discontinuity 
are parallel to the x-axis. 

Take the integral /(y) and suppose that there is only one line 
of discontinuity parallel to the y-axis, say x=a. By § 152, 
Theorem I, /(y) is a continuous function of y for the range 
a'^y^ b', and therefore the repeated integral V exists. 

Now draw the auxiliary line x=xa + d. In the part of the 
rectangle B that lies between the lines x=a-h3 and x=b the 
function F(x, y) is continuous and therefore 

r dx f F(x, y)dy = f dy f F{x, y)dx 
Ja+i •'«' Ja+6 

ry fa+a 

= U-\ dy F{x,y)dx (1) 

J a' Jn 

But /(y) converges uniformly in B smd therefore d oan be 
chosen so that if a' ^ y ^ 6' 

I e»+t I r»' r«>+< 

J F(x,y)dx <e, jj dy | F{x,y)dx <(6'-o')e. 
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Hence 


jC\dy{ F{x,y)dx=0, £[ dy? F(x,y)dx = U, 

•'o fi— hi 

£\ dx[ F{x,y)dy = U; 

->0*'a+i 


and therefore 
that is, 


F = ?7. 


The proof is obviously such that it may be extended to the 
case of any finite number of lines parallel to the axis of y ; the 
proof when the lines are all parallel to the a;-axis is carried out 
in the same way. 


Ex, 1. F{x^ y) =(a; -x)*^^^f(x^ y) 

or F(x, 2/) = (2/ “ - y^'^fix, y) 

where 0<m< l,0<n< 1 and /(a;, y) is continuous in 12. 

Carry out the proof fully by dividing R into two rectangles, in the 
first cose by a line aj=c, a< c< b, and in the second by a line i/=c', 
a'<c'<b'; or, as one theorem by two auxiliary lines, a?i=a + (5, 
x^b - 6' in the first case and y =a' + (5, y =6' - <5' in the second. 

Notation, For brevity, the rectangle bounded by the lines 
x=ai, y=bi and a;=a 2 > will sometimes be denoted by 
(Oj, bi ; Oj, 62 ). (§ 119, at end.) 

Thbobem II. If one of the integrals f{y) and g{x) is only 
uniformly convergent in general in R but the other uniformly 
convergent in B, then the repeated integrals U and V exist, 
and U = V. 

Let x=a and y =a' be the only lines of discontinuity of F(x, y) 
in B and suppose that fiy) converges uniformly for the range 
a'^y^b’ while g{x) only converges uniformly iora<a + 6^x^b 
whOTe 6 is arbitrarily small. 

In the rectangle {a + <5, a' ; 6 , b') the only discontinuities of 
F{x, y) lie on the line y=a' and the integral g{x) converges 
uniformly in this rectangle ; therefore, by Theorem I, 

r dx? F(x,y)dy=\ dy f F(x,y)dx. 

Jo+« Ja' JoT Ja+a 

But the integral f{y) converges uniformly for a’ ■^y^b' and 
therefore, as in Theorem I, 

da; r F{x,y)dy — £ f [ F{xy)dx — V,..,.{2) 
that is, V = U. 
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Ex, 2. Carry out the proof in detail (i) when g(x) ceases to converge 
uniformly for x =a, x =c and x =b while y =a', y =c', y =6' are lines of 
discontinuity of F(x, y) ; (ii) when f(y) ceases to converge uniformly 
for y=a', y=c', y=6' while g(x) converges uniformly and x—a, x=c, 
x^h are lines of discontinuity of F(x, y). 

Theorem III. If mch of the integrals f{y) and g{x) is only i 
uniformly convergent in general in R but if one of the integrals I 
u(i) and v(ij) where ■ 

dy F{x,y)dx, v(rj) = { dx f F{x,y)dy 
Ja* J a Ja J a* 

converges uniformly, u{^) for the range a^^^b and v(rj) for the 

range a'^rj^ b\ then the repeated integrals U and V exist and 

U^V. 

Let w(|) converge uniformly and suppose that the integral 
g(x) ceases to converge uniformly for the one value x=c, where 
a<c<b \ then in the rectangles (a, a' ; c- 8, b') and 
(c + (5', a' ; 6, 6'), where 8 and 8' have the usual meaning, the 
integral g{x) converges uniformly and therefore, by Theorem II, 

(V rh tv 

dx\ F{x,y)dy+\ dx\ F{x,y)dy 

Ja Ja* JcH-fi' Ja' 

= ? dy[ F{x,y)dx+ ? dy \ F(x, y)dx (3) 

Ja* J a Ja* Je+V 

The two repeated integrals in the right-hand member of this 
equation may be expressed in the form 

u{c -<5)4- [u(b) ~ u{c -f <5')] = - (5) - u{c + d '), 

and therefore, since u(() is, by § 152, Theorem II, a continuous 
function of i, the limit of this expression when 8 and 8' tend to 
zero is U, Hence 

fc-fi rt' n n tv ^ 

/^ \ dx\ F{x,y)dy+ J^\ dx\ F{x,y)dy = U, 

that is, V = U. 

The student should note the reasons for the statement that 
the limit for d and d' tending to zero of the integrals in the 
right-hand member of equation (3) is obtained by simply 
making d and d' zero in the integrals. He should also note 
that in the case of equations (1) and (2) in Theorems I and II 
it is essentially the continuity of the integral f{y) (due to its 
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uniform convergence) that makes the limit for d tending to 
zero of the repeated integral in the right-hand member of 
these equations equal to the value of the integral for d equal 
to zero. 

Cor, A very important particular case of Theorem III is 
that for which the function F{Xy y) docs not change sign in iJ, 
because the functions w(f) and v(?y) are, by § 152, Theorem III, 
continuous functions of | and r] respectively when the repeated 
integrals U and V exist. 

Ex.Z, If F(x, y). where all the 

indices m, n, p, q lie between zero and unity and the function /(x, y) is 
continuous in the square (0, 0 ; 1, 1), show that 

r dy P F(x, y)dx - T dx F{x, y)dy (i) 

Jo .'0 JO Jo 

Both f{y) and (/(x) converge uniformly in general ; the integral 

p y)dx 

JO 

is a continuous function of y and therefore the integral 

(' -yf-Hy y)dx 

JO JO 

converges. If /{x, y) did not change sign, the corollary of Theorem III 
w’ould secure the validity of equation (i) ; in any case it is easy to prove 
that u(i) is continuous. 

154. Change of Order : Variable Limits. It will now be 
supposed that the field of integration is the area A, bounded 
by the curve C or EFOH (Fig. 7) ; the limits of the integrals 
are no longer constants,, though the conclusions hold when the 
limits are constants and the area of integration is the rectangle 
B. The lines of discontinuity are not in this article restricted, 
as in § 153, to straight lines parallel to the axes, and the 
theorems now to be proved are therefore extensions of those in 
the preceding article. 

The notation is 

f(y) = \^F{z,y)dx, g{x)=^^ F{x,y)dy, 

J X\ 

dy ^*F(x, y)dx, F=£ y)dy, 

where ' Xj, = y)i(y), = niy) Vi = 2'f = 

For the rectangle B we put * 1 =o and yj =o . 
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The curves of discontinuity will be understood to satisfy the 
conditions stated at the beginning of § 152. 

Theobem I. If the integrals f{y) and g(x) converge uniformly 
in the area A {or, in the rectangle J2), the repeated integrals U and 
V exist and V^V, 

By § 152, Theorem l,f{y) and g{x) are continuous functions of 
y and x respectively for the ranges and a^x^b, and 

therefore the integrals U and V exist. It has to be proved 
that Z7=F. 

As in § 152, Theorem I, let there be only one curve of dis- 
continuity and enclose it in the strip S (see the proof of the 
theorem in question). In the parts of A that lie outside S the 
function F{x, y) is continuous and therefore, when the point 
{x, y) lies in these parts, the repeated integrals exist and are 
equal. Hence if, when the point {x, y) lies in 8, the repeated 
integrals tend to zero when the area of 8 tends to zero, the 
repeated integrals will be equal when the point {x, y) lies 
anywhere in A, 

Now it was shown in the proof of Theorem I, § 152, that the 
contributions to \f{y)\ and |sr(a;)| when the point {x, y) is 
anywhere in 8 can each be made less than 2e by choice of 6 
and 5', and therefore the contributions to the repeated integrals, 
when <5 and 6* have been chosen, will be less than (6' - a') . 2e 
and (6 - a) . 26 respectively. Hence the contributions to the 
repeated integrals when the point {x, y) lies in 8 tend to zero 
when the area of 8 tends to zero and therefore = F. 

Ex, 1. If F{x, y)={x -y)^"’^f{x, y), show that 

dy F{x, y)dx=^ dx F{x, y)dy 

JO Jy, JO JO 

where 0< fn< 1 and /(a?, y) is continuous in the field of integration. 

Here 1 f(x, y)l< K and for the singular integrals we have 

'’^^F{x.y)dx <K^, |(‘ F{x.y)dy :K^ 

so that the integrals J(y) and g(x) converge uniformly. The theorem 
therefore applies in this case — a case of Dirichlet’s Formula (§ 130, 
Ex. 10). 

Ex, 2. If F{x, y)={c-x - y)^’'^fix, y), show that (c > 0) 

dy ^F{x,y)dx:=\^ dx ^F{x, y)dy, 

Jo Jo Jo Jo 

where 0< p < 1 and /(a?, y) is continuous in the field of integration. 
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Note that, if | /(*, y)l < JC and 4^ > d, > 0, 

and therefor© tends to zero when for ©very value of y in the 

interval (0, c), so that the integral /(y) converges uniformly. Similarly 
for the integral g(x). 

Notation, If the line (Fig. 7) meets the curve 

EFOH at P and thus dividing the area A into the two parts 
— bounded by the arc QHEP and the straight line PQ, and 
bounded by the straight line PQ and the arc PFQQ — ^the 
repeated integral U ^vill be expressed as the sum of the two 
integrals 

\ dy\ F(x, y)dx and | dy \ F{x, y)dx, (a) 

J a* Jxi J a* 

where x^—y^iiy) is the equation of the arc OHE and 
that of the arc EFG. 

When 1=6 the second of the integrals (a) is zero and the first 
of these integrals will be taken to mean the repeated integral 17, 

Similarly, if y^r} represents the line NRS^ the rei)eated 
integral V will be expressed as the sum of the two integrals 

f dx r F{x, y)dy and f dx F{x, y)dyy (j8) 

J a •^Vx J a Jyi 

where = <p^{x) is the equation of the arc HEF and y^, = 
that of the arc HOF • while if =6' the second of the integrals 
(/?) is zero and the first is taken to mean the repeated integral V. 

Thbobbm II. If one of the integrals f(y) and g{x) is only 
uniformly convergent in general in A {or, in the rectangle R), but 
the other converges uniformly in A, then the repeated integrals 
U and V exist, and U = V. 

Suppose that the integral /(y) converges uniformly in A but 
that the integral g{x) only converges uniformly in the intervals 
{a, c- 6) and {c+d',b) where <5 and S' are positive and arbitrarily 
small ; then the integral U exists, since f(y) converges urn* 
formly. The integral g{x) converges uniformly for the ranges 
a^x^c-d and c +d'^x^b, and therefore, by Theorem I, 

y)^y 

= rdj/f* F{x,y)dx + [ dy[ F{x,y)dx. 


.( 1 ) 
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so that 

' 


jCf dx\ 
S-*oJa J 

y)dy ^ JC\ y)dy = 

= U; 

that is, 




['*F{x, y)dy + f dx pi’C*, y)dy = U, 
Jvi Jc Jl/i 


or 

i) 



The student should work out the case in which e(j?) is given 
as converging uniformly in (a', &'). 

Cor. If F{pe, y) does not change sign in A, then tt(f) and v(j?) 
are continuous functions of f and r? respectively when the 
repeated integrals V and V exist (Theorem III) ; in this case 
the application of Theorem IV is simplified, since it is only the 
convergence of the integrals V and V that requires investigation 
and not the uniform convergence of u(f) and v(>;). 

Ex. 8. If F(x, y) - ® ~ show that (c > 0) 

( c f If Cc Ce — x 

dy 1 F(x,y)dx==\ (tel F(x,y)dy 

.0 .0 *0 .0 

when the indices m, n, p all lie between zero and unity and /(a?, y) is 
continuous in the field of integration. 

The convergence of f(y) and ff(x) ceases to be uniform only for y = 0 
and a; = 0 ; the integral 

f® - a? y)dx 

Jo 

is a continuous function of y and therefore the integral 

^ - a: - y)*^"'y(a?, y)dx 

is convergent ; if /(a;» y) does not change sign the corollary of Theorem 
IV applies, while if /(a;, 2^) has not always the same sign it is almost 
** obvious *’ that u(f) converges uniformly. 

155. Differentiation under the Integral Sign. Let S{y) and 
<p{y) denote the integrals 

~L 

and let be the rectangle (a, o' ; b^, b'), where bi'^b>a. 

Suppose that, when a, o', b, b' are fixed constants and S is 
the rectangle (o, o' ; b, b'), the following conditions ore satisfied : 
(i) F(x, y) is a continuous -function of x and y in i2 ; 
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(ii) dF Idy is a continuous function of x and y in jB, except 
at points on a finite number of curves of discontinuity which 
satisfy the conditions stated in § 152, and at these points the 
discontinuities of dF/dy are infinite ; 

(iii) The integral (p{y) converges uniformly in JJ. 

When these conditions are satisfied <p(y) is the derivative 
oifiy), that is. 

Let V bo any fixed value of y in (o', 6') and let (v +h) be also 
in (o', b') ; then 

v + h)- F{x, v)}dx ( ] ) 

Now F{x, v) is continuous in B and so is dF{Xy y)jdy except 
at the points in which a line constant meets the curves of 
discontinuity ; therefore, by § 145, Theorem D, 

F{x, v + h)- F{x, V) =£ 

Hence 

£ v + h)- F(x, V)} dy (2) 

Again, the integral (p{,y) converges uniformly in B, and the 
integral 


I 


’^->^dl\x^y) 
~df 


dy 


is a continuous function of a; in (o, b ) ; therefore, by § 164, 
Theorem I, 

(3) 

so that, by (1), (2) and (3), 

rinoe V is any value of y in (o', b'). 

Suppose next that b is not constant but is a function of y, 
say 6 » v>(y). Let F{x, y) be a continuous function of * and y 
in (o, o', 6i, b’), and let dFjdy also be continuous in 
except on the curve x-b-y>(y), the discontinnitiee of SF/Sy 
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at points on this curve being infinite. The functions 6 or y>{y) 
and dbjdy or y)'{y) are to be continuous for a' ^y^b'. 
li P<b, formula (2) of § 121 gives 

cb dF(x y) 

If now the condition that the integral J — ^y ' 

verges uniformly for tne range is satisfied, the integral 

will bo a continuous function of y, and therefore, since F{Xy y) 
and db/dy are continuous, we find by letting /3 tend to b that 

If/'*- >')*'=£ 


which is the usual formula. 

A similar discontinuity for x—a=y)^{y) may be treated in 
the same way, the rectangle JBj being (a^, a' ; 6, 6'), where 
a ^a^ipiiy), 

A change of the variable of integration is often effective in 
simplifying the problem of differentiating under the integral 
sign ; see Ex. 2 below. 


Ex. 1. If /(2/) = P (sin show that, if 0< 

Jo 

^ j* log (sin x)dx. 

The integral f{y) converges uniformly if y^oO, and so does the 
second integral (§146, Exs. 4, 16), so that difEerentiation is legitimate ; 
similarly the 2nd, 3rd ... derivatives of /(y) are found by differentiating 
under the integral sign. 

Now f(y) = w^^(y)l^iy + i ) ; 

therefore 1)- 

where y}(y) is the derivative of log T(y + 1)(§ 97). 

Ex. 2. If f(y) = 1*^ where \p(x) is a continuous 

function of a;, find df{y)ldy. 

Here, as happens not infrequently, the integral obtained by differen- 
tiating under the integral sign does not converge ; the integral for f{y) 
must therefore be transformed in some way (compare E. T. p. 468, Ex. 4). 
In this case change the variable of integration from a; to ^ where x=yt ; 

/(y) = f y* v(y<) . 

. Jo (1-0* 

and it is now legitimate to differentiate under the integral sign. 
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^ 166 , 166 ] 
Thus 


4f{y) f 

dy Jo 1 


+ y 


iv'(yt)]~^ 
^ (i-«) 


or, in terms of a; as variable of integration, 

<y(y) , ‘v yf{x) + 2x y)'{x) 

Jo 2t/(y-a?)i 

It should bo noted that, as in this example, a change of the variable 
of integration is often useful for reducing an integral with variable limits 
to one with constant limits. 


156. Evaluation of Improper Double Integrals. The General 
Theorems stated for the proper double integral in § 125 are true 
for the improper integral, as may be seen by applying the 
definition. Theorem III may be an exception, when Fi{x, y) 
and F^(x, y) have common singularities (cf. § 145, Theorem A). 
It should be remembered that the improper double integral of 
F{Xi y) is always understood to be absolutely convergent (§ 150). 

The evaluation of an improper double integral is usually 
effected in practice by means of a repeated integral, and the 
general method of procedure may be illustrated by the Problem 
of § 149 ; see that section for the notation. 

When the auxiliary curves have been drawn so as to exclude the 
points and curves of discontinuity of F[Xf y) from the area T, the 
proper double integral of F(x, y) over the contracted area T' is expressed 
by equation (1) as a repeated integral 

^ F(x, y)dy, (1) 

where F(x^ y) =x”^^y^~'^f{x, y), 0< w< 1, 0< n< 1, f{x, y) being 
continuous in T. 

The next step is to show that when d and d' tend to zero the repeated 
integral in (1) tends to the integral 

dx C' ’‘f{x, y)dy (2) 

Jo Jo 

where the integral in (2) is taken for the given area T, 

Now the integral g(x), where 

gr(a;) y)dy 

JO 

converges uniformly for the range 0 < 6 ^ a? — c, and therefore the limit 
for 6' to zero of the repeated integral in (1) will not be alte^ 

by zero instead of d' as the lower limit of the integral with 

respect to y. Next, when d and S' tend to zero, the integral 

I*" ' d* !["■ * x”^y'-^f(x. y)dy = ' g(x)dx 

to the integral' (2) because the integral of g{x) is convergent. It 



430 


ADVANCEB OALCULTJS 


[CH. xin. 

follows, therefore, that when S and 6' tend to zero the double integral 
also tends to a limit and that limit is equal to the repeated integral (2). 

The discussion of repeated integrals in the preceding articles 
will probably be sufficient to enable the student to evaluate 
an improper double integral in such cases as usually occur. 
For fuller information on the general problem he may consult 
the memoir of De la Vallee Poussin in Journ, de Math, (see| 
§ 151) or Stolz’s Differential- und Integralrechnung^ vol, 3. 

One general theorem may be stated. 

Theorem. If F{x, y) does not change sign in an area A, or 
if A can be divided into a finite number of areas in each of which 
F{Xy y) does not change sign, the double integral of F(x, y) over A 
will converge and will be equal to the repeated integral U {or V) 
provided the repeated integral converges. 

157. Multiple Integrals. Change of Variables. The exten- 
sion to integrals of functions of more than two variables of the 
definition of the integral when the integrand is not bounded 
in the field of integration or the field not finite is made in the 
same way as for a double integral and hardly requires fxirther 
explanation. The evaluation of the improper multiple integral 
is usually effected by means of repeated integrals, and the 
principles elucidated in the consideration of repeated integrals 
for two variables are to be applied when there are more than 
two variables. When the change of order of integration is 
made in the manner shown in the examples of § 133, the 
principles that underlie the change in the case of two variables 
come constantly into play. 

Again, when a change in the variables of integration is to be 
made, the conditions regarding the one-to-one correspondence 
between the old and new variables and the^continuity of the 
variables (§ 134) must be satisfied. If, when the variables x, y 
are changed to u, v, the area A is changed to the area B, let 
A* and JS' be the corresponding contracted areas for which a 
proper double integral of F{x, y) and of the trai^ormed 
function Fi{u, v) exists ; then 

IJ F{x, y)da;dy=JJ I dudv, 

and if the double integral of F{x, y) over A' tends to a limit 
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when A' tends to A, the double integral of Fi(u, v) 1 J | will 
also tend to a limit when JS' tends to J5, and the two limits 
will be equal. 

The following examples illustrate various cases. 


Ex. 1. Transform the integral of the function F{x, y) of § 149 by 
the change of variables x-hy x =uv. 

The contracted area T\ which is bounded by the lines a?=<5, y=d\ 
and a: =c, becomes the area B* in the plane of the co-ordinates w, v, 

bounded by u=c^ and tho h 3 rperbolas v^dlu, v = l-(<57w), which 
intersect at the point w = <5-f-<57 v — dl(d-{^ 6'). Hence, if F^{u^v) is 
the value of F(x^ y) in terms of u and v. 


y)dxdy=^ F^{u, v)ududv (i) 

Now F(x, y) =x^-^y*^-^f(x, y) and therefore 


*tt 

where /i(w, v) is the value of /(a;, y) in terms of u and v. 

g(u) =«"»+«-» v)dv ; 

Jo 


then g(u) converges uniformly for the range d + d'^u^c, since 0 < m, 
0< n, so that the limit for d and d' tending to zero of the repeated 
integral in (ii) will not be changed if in the limits of the integral with 
respect to v the numbers d and d' are made zero. Next, the integral of 
g(u) converges when d and d' tend to zero, and therefore 


|j JP(a?, y)<ia5d2/=jj F-^^u, v)ududv 

= v)dv (iii) 

Jo Jo 

The repeated integral in (iii) is the same as that obtained in § 133, 
Ex. 1. 


Ex. 2. Prove, by the same transformation as in Ex. 1, that 


Jo 0 


'a?»i*~iyn~i(i -a? -y)^^dy 


Jo •'O 


where m, n, p are all positive. 

^ S 183, Kx. 2. The other excunples in { 183 can all be dealt with 
in the same way. 

Ex* 3* Prove tnat r(m)r(n)=r(m + n)B(m, n) if w» >0, n >0. 

If u imd h are any two positive numbers and B the rectangle (0, 0 ; o, 6)^ 
then, 0< w, 0< n, 

.(i) 


\ 

O.A.O. 


II dy = |* e^^x^Hx |^ f'^^^dy. 


2ir 
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When a and h tend (independently) to ao the repeated integral in (i) 
tends to the product r(m)r(n). 

Next, whatever be the relative magnitudes of a and h, it is possible to 
find two triangles T and botmded respectively by the lines 
x=zO, y = 0, {c+y=:c, and a;=0, y =0, x+y—c' >c, 
such that E lies within T' and T within E. Hence, since the integrand 
of the double integral is positive, 

< { dy. 

If these integrals are transformed by the substitution a; + y = t4, a; ^uVf 
they give the inequalities \ 

jB(m, n) e““w”‘+"“'du < | j dy<B{m,n)^ 

and therefore when c and c' tend to x the double integral in (i) tends 
to jB(m, n) T{m +n). The required relation is thus established. 

Ex, 4. If T is the triangle bounded by the lines aj=0, 2/=0, and 
a? +y = 1, and if I is the integral, 0 < m, 0 < n, 

i=|J x^"’^y^^^dx di/f 

1 ^B{m, n)/(m +n) ^T{m)T{n)lV(m + n + 1). 

J=[ x^'~^dx[ = 

JO Jo ^Jo 

I = y^’^^dy^^ ^x^’-^dx = 1 - y)”^dy^ 
mjo 

by the substitution y = 1 -x. Hence 

(m 4*n) J = P -a;)"~ida? —B(my n). 

JO 


prove that 
We have 

Also 

or 


Ex. 6. If F(Xf y) —f(x, y)l{x* +y*)’*, where /(a;, y) is continuous, 
show that the double integral of F(x, y) over any (fixdte) area A within 
which the origin lies is convergent provided n ,< 1. 

Change to polar co-ordinates ; then 

11^ F(x, y)dxdy=:\^p^^^rdrde=^J(x, y)r*-»»irdO. 

Take a circle of radius s, with centre at the origin ; in this circle 
l/(^> y)\< ^ constant, and therefore the integral over this area is 

numerically less than -n), an expression which tends to zero 

when e tends to zero if n< 1. 


Ex. 6. If F(x, y, z) =/(a:, y, where /(a?, y, z) is a continuous 
functiim of the variables a?, y, z and r* =s(« -a)* +{y -6)* +(» -c)*, show 
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that the triple integral of y, z) taken throughout any (finite) field 
within which the point (a, b, c) lies is convergent if n< 3. 

Take polar oo*ordinates with the point (a, b, c) as origin ; then the 
integral, taken throughout a sphere of radius e with the point (a, 6, c) 
as centre, is numerically less than (\f{x, y,z)\< K] 


iq>\ sm 6 dd r*~'^dr = — ^ — — , 
lo Jo > 3-n 

and therefore tends to zero when c «• 0 if n < 3. 


Ex. 7. If is the area in the first quadrant, bounded by the o^-axis, 
the curve y A > 1, and the circle r = 1, prove that the double integral 
of IKx* +2/*)” over the area A is convergent provided n < (1 + A)/2. 

(Stolz, lx. p. 194.) 

Ex. 8. If F{x, y) =/(«, y )/(o* - - y®)”* where /(a?, y ) is a continuous 
function of x and y, show that the double integral of F[x, y) over the 
circle +y^=a!^ is convergent if n < 1. 

If the area of integration is the triangle bounded by the lines ar=0, 
«/ =0 aj +1/ =n, show that the double integral converges if n< 2. 

^ * (Stolz, l.c. p. 19t.) 

In the second case draw the auxiliary line x-a-6, where d is 
positive and arbitrarily small, so as to out off the comer of the triangle 
at (a, 0) i it is not hard to show that the integral over this sm^ area 
tends to zero with d if rv < 2. By symmetry the corresponding inte^ 
at the comer (0, a) also tends to zero if n< 2. and therefore the double 
integral converges. 

EXERCISES XVin. 


1 P logfli^'i -77^1 “*= 

2. Tlog (l+tanfltana!)<fa=fflogsec9, 

Jo 

1 

3. |Sog{(i^}^=i{log(l+«)}*.«>0. 

f' _ 8 in]| 2 £*f___ „liere -l<a< land n is a positive 

4. ““-Jq (1 _2a cos »+«’)" 
integer, prove that 

What is the value of the integral if joj > 1 1 
6. If y «*f^oos (*%in fl)v'(cos 6)de, prove that 
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6. Apply Ex. 1 of $ 166 to prove the following reaulte : 

W 

(i) I sin X log (sin x)dx=log 2 - 1 ; 

Jo 

» 

(ii) sin X (log sin =(log 2 - 1)* + 1 - ^ ; 

ir 

(iii) |*(logBina:)*d»=|((log2)*+^j; 

(v) V(sin x) log (sin x)dx = jr(w - 4)\/(2?f)/{r(i)}*. 

Jo 

7. If ti = (sin f)*®~^(cos where a? > 0 and y > 0, show that the 

Jo 

derivatives of u with respect to x and y may be obtained by differentiating 
under the integral sign. 

Deduce that 

ir 

(i) log (sin t) log (cos t)dt =| |(log 2)« - j ; 

» 

i d wS 

sin t log (sin t) log (cos t)dt = 2 - log 2 - -5- . 

0 “ 


8, Prove that dx | 

9. Prove (i) |*da;J 


ydy TT-l 

l*(l+a;y)*(l+y*)"' 4 ‘ 


(li) ^ dx^ 

Jo Jo 


o^/{(a-x)(x-^y)} 3 
sec*ydy 


^ a 

=^a»; 


Jo V'{(o-»)(»-S^)} 
10. Show that, if 0< n< 1, 


= 71 tana. 


[b dy [v f'{x)dx n .. . 


11. Prove that 
dx 


o(a 


^ r r =[r(i)]'{/(a) -/(o)). 


12. Prove that, if n is a positive integer, 


dxi tfa, ^ |V»- » 

-{r ©}'{/(«>-«}• 


(Tait.) 
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13. If F'{x) denote dF(x)ldx, show that 

P fidit _SL(F(k\ mow 

W(l-A»)jo -2jfc™--P’(0)}* 


14. ^yi(l | 


16. If P -. 


^Jo(l+»+a^)‘ 676^6 
dxdy ^ _fi ft dxdy 


JoJol+^ry 

convergent and then show that 

(i) P-Q=iP, orP=2<2; 

i;i\ V I /I _f' yj* ('■ dy 


, prove that both integrals are 


i—\ dy du 

)_i 1 +a:y“]_i 1 +2ajM+a;* 


, (l+ii^)* = l + 2»M+a!*: 


and deduce from (ii) and (iii) that P +Q = -j , so that 

P_2! Q..^ 

[Archiv, der Math, und Phys,, vol. 13, p. 362, Year 1908.] 

16. One loop of the curve r* cos^ 0=a* cos 20 makes a complete 
revolution about the initial line ; prove that the volume enclosed by 
the surface generated is i;r(10 -3;i)a®. 

17. The sphere oj* + y* +2® = 1 is pierced by the cylinder 

2a;*(a;®+y®)=3(a?®-y*) ; 

show that the area of the spherical surface that lies inside the cylinder is 
2n + 8v/ 2 log ( 1 4- \/2) - 4^6 log ( ^3 + ^2). 

18. Show that the area enclosed by the curve 

1 [^(2n)] 0*6* 

•a* +6*' 


Note, Further examples may be found in Exercises XVI, where, as 
in Exs. 13, 14, 16, the indices I, m, ... may have values for which the 
integrals converge though the integrand is not bounded. 



CHAPTER XIV 

DOUBLE INTEGRALS: RANGE INFINITE 


158. Range of Integration Infinite. The discussion of t&e 
integrals when the range of integration is infinite is based on 
the methods of Be la Vallee Poussin (see § 151), and is to a large 
extent identical with that given in Chapter XXI of the Eh- 
meniary Treatise ; it is, however, more general, as the integrand 
F(x, y) may have infinite discontinuities such as are specified 
in §§ 151, 152. 

DefinUim. The integral 

^^F{x,y)dx (A) 

is said to converge uniformly for the range o' y ^ 6' if (i) the 
integral c‘ 

y)dx 

converges uniformly for every fixed value of B, and if (ii), when 
Bt=^J\x, y)dx, 

B can be chosen so that |i2),|<e if 6 ^ B, whatever value in the 
range o'^ 6' is assigned to y, e being any given arbitrarily 

small positive number. 

If conditions (i) and (ii) are satisfied f«r every value of y 
greater than or equal to o', the integral [A) is said to converge 
uniformly for the mlimited range y' ^ o'. 

If conditions (i) and (ii) are satisfied for the range a' ^y^ 
where b' is any fixed number, no matter how large it may be, 
ilie int^al {A) is said to converge uniformly in an arUtrarily 
large interval (o', 6') or for an arbitrarily large range o' ^ y ^ 6'. 
(See E.T. p. 462, top of page.) 

The integral (A) is said to converge uniformly in general in an 
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interval (o', 6') if there is a finite number of values of y in the 
interval for which the convei^ence ceases to be uniform. If 
there is only one such number c', where a'<c'<b', and if d and 3' 
are arbitrarily small positive numbers, the convergence is 
uniform in the intervals (o', c' - d) and {c' +d', b’). Compare 
§151. 

The condition that the integral (A) should converge for a 
given value of y is 

yi)dx <e if c>b ^ B ; 

the integral converges uniformly for a given range of y if -B is 
such that the inequality is satisfied for every value of y in 
the range. The tests for convergence, stated and illustrated 
in Chapter XII, are now to be used as tests for uniform con- 
vergence, the new element being that B must be independent 
of y. Three principal forms will now be stated, the proofs 
being left to the student, as, after what has been already done, 
they offer no difficulty ; the interval for y may be (a', 5') 
or (a', 00 ). 

The M-Test. The conditions are : (i) \F{Xy y)\ ^ M(x), 

if x^a, where M(x) is positive and independent of y, and 

(ii) the integral r« 

I M(x)dx 

is convergent. 

Cor. If F(x,y) = (p{x)^{x,y), where \^(x,y)\<K, a con- 
stant, for every value of y in the range, and if 

^\ip{x)\da: 

cdnverges, then the integral (^4) converges uniformly. 

AbeVs Test. F(x, y) is a product, (p{x, y) rp{x), where y)(x) is 
independent of y. The conditions are : (i) 9 >(a:, y), when y is 
constant, is a positive, monotonic, decreasing function of x , 
(ii) 9>(a, y) is less than a constant K for every value of y in the 
range ; (iii) the integral 



is convergent. 

For the proof compare § 145, Theorem B. 
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Cor. If F{x, y)=<p{x, y)y>(x, y), so that y) is a function of y 
as well as of x, the test will hold, provided tW, in place of (iii), 
is substituted the condition that the integral 


V'(». y)^ 

converges uniformly. 

Dirichlet^s Test. Here also F{x, y) = (p{x, y)y>(x). The cjon- 
ditions are : (i) ^(a;, y), when y is constant, is a positive, 
monotonic, decreasing function of x ; (ii) q>{Xy y) tends to zkro 
when X tends to infinity for every value of y in the rangif 
(iii) the integral 

J fp{x)dx 


oscillates finitely. 

In applying any test, advantage should be taken of any 
isuitable transformation of the integral ; for example, by using 
integration by parts or by expressing the integral as the sum 
of two or more integrals. 

The following examples are drawn chiefly from the Memoir 
of De la Vall6e Poussin in the Ann. ... de Bruxelles. 


Ex. 1. f* and (* MHLlSDd*. 

Jo » )o ^ 

The first integral converges uniformly for y rS a' > 0 or for y ^ a' < 0; 
the second converges uniformly for every value of y, since 
I fc sin y sin (xy ) .... 2 sin y ^2 

iJt X ^ y 

Ex. 2. If F{x, y) =6“®*' cos x sin (xy)lx^ c> 0, and if 

F(x, y)dx and = y)dy, 

Jo Jo 

prove that /(y) converges imiformly in general for the range y ^ 0 and 

g{x) converges uniformly for the range x ^ 0. 

f« cos X sin (xy) . ff • t \ j ^ x 

cosxsm (xy)(Wf, f >o, 

/oos{y + l)6 -co8{y + l)f cos(y - 1)6 -cosfy - 
*“ 26 \ y + 1 ^ y-1 r 

The convergence therefore ceases to be uniform for y = 1 and for that 
value only. The convergence of g(x) is still more easily tested. 

Ex. S. If F{x^ y) s=e“®>' sin x cos (xy)lx, c> 0, laid if /(y) and g(x) 
denote the same integnds as in Ex. 2, with the new value of J^(x, y), 
prove that /(y) and g{x) converge as in Ex. 2. 

Ex. 4. If e(iy) = r re“’«>^8in (a5y)dy, c>0, prove that 

Jo ® Jo 

converges uniformly for the unlimited range tj^O. 
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Here «(•}) is equal to 

f« ooBar(l-er«i oo » ^)^ 

Jo a;*+c* Jo X a;*+c* 

and each of theee integrals converges uniformly for the range 17^0. 

Ex* 6. If v(ri) = 515-5 dx r 6""^^ cos {xy) dy, 0 0, show, as in Ex, 4, 

Jo ® Jo 

that v{rj) converges uniformly for the range iy ^ 0. 

Ex, 6. If v{^) = \ e^^dx r e“*v*dy, show that v(ri) converges uniformly 
Jo JQ 

for the range ri ^O. 

■ Let 9>(*. >J) =!’«"***<*»! 

JO 

then, tj being constant, q>(x, is a positive, monotonic, decreasing 
function of x and tends to zero when oo for every value of 77 such that 
77 ^ 0, Now apply Dirichlet’s Test. 

Ex. 7. If/<i/)=r —fr(0{e~®- (1 +»)"')*. show that/(y) converges 
Jo ® Jl 

uniformly for the range, 1 g y g 6', where b’ is arbitrarily large. 

Let ?>(*, <)=e-»-(l +»)-*, ; then <p(x, «)/*-*-(«-!) when x-* 0, 

so that the integral converges at the lower limit » =0. 

Again, if where b' is arbitrarily large, the function 

r(«)7>(*f <)/* *8 a continuous, bounded function of x and t and therefore, 
by the First Theorem of Mean Value, 
jy r«)y(ir. 

Hence /(y) =(&' - D j"r(t'){e-* - (1 +»)"*'} f • 

Now t' depends on x ; but r(^') S T(h') and 

I Ji, I =(6' - 1) 1 j"r(#'){e-* - (1 +*)"*'} ^ 


< (V - i)r(6'){ j* ~‘**+Cx-(TO)} ’ 

BO that, by choice of 6, 1JJ>1 can be made arbitrarily small wl»t«ver 
value y may have in the range 1 g y = &'• (See also § 160, Ex. 1.) 

Ex. 8. /(y) = [*» sin(»* - xy) dx. 

The coefficient * of sin(*» -»y) may be expressed in the form 
3as»-y .y3a:»-y^!^l 
*=-to-+9-y+9»*' 

and therefore 

\*a? sin(a:* -ojyjda; 

£ fax* -«1 6in(x» -xy) ^ r (3^ -V) 

““la 3af 9Jfc ^ 

w«f» Bin(a!»-ay) ,j^ 

9 J» *• 
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The integral of (3a?* - y) Bin(a?* - xy) is - oos(a?* - xy)^ and therefore, hy 
applying the Second Theorem of Mean Value, we see that the first two 
integrals tend to zero when , and obviously the third integral also 
tends to zero when 6-> oo . Hence f{y) converges uniformly in an 
arbitrarily large interval (0, h*). 

Ex. 9. The integral 1 (log x)”^dx converges uniformly, if m 

Jo i 

is a positive integer and n ^ c> 0. 

The result follows at once from Ex. 17 of § 146. 

159. Continuity of Integrals. The discontinuities of ^he 
integrand F{x, y), when the ranges of x and y are finite, 
understood to satisfy the conditions stated in § 152. 

Thbobem I. If the integral f{y), where 

f(y) 

converges uniformly for the range a' ^ y ^ 6', it is a continuous 
function of y for that range. 

Let 

/(y) =£ F{x, y)dx + =fi(y) + R^, say. 

rt is possible, since f{y) converges uniformly, to choose b so 
that, when a'^y^b', we shall have |.Bt|<c, where e has the 
usual meaning ; b, when so chosen, is to be kept fixed. 

Next, by § 152, Theorem I, the integral /^(y) is a continuous 
function of y for the range a'^y^b', and therefore, if and y, 
are any two values in that range, there is a number 77 such that 
1 /i(yi) -/i(ys)l<c if \yi - Hence, if jy^ - yt\<ri, 

\fiyi) -fiyt) I ^ l/i(yi) -/i(y 2 )l +2iiJ»|<3c, 

so that /(y) is a continuous function of y for the range 
a'^y^b'. 

The following theorem is an extension of Theorem II of 
§ 152 and is required later ; /(y) and g{x) denote the integrab 

/(y)=£i'(a!, y)dx, g(x)=fj'{x, y)dy. 

Thbobem II (i). If the integrcd f[y) emvergea oiUy uniformJy 
in general for the range a' g y ^ b% while the integral g{x) converges 
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I, then v(ij), where 


»(»?)= £.-?’(», y)dy, 

is a continwma function of iq for the range a'^rj^b', provided the 
integral converges uniformly for that range. 

Let =£ d® y)dy ; 

then, since v{ri) converges iiniformly, b may be chosen so that, 
Ha' ^rj^b', we shall have |i?»|<e. When thus chosen, 6 is to 
he kept fixed ; thus 

=w{ri) + jBj, say. 

Now, by § 163, Theorem II, 

la 

and therefore w{ij) is a contmuous function of rj for the range 
a'^ 1 ]^ b'. Hence it follows, by the same reasoning as in the 
proof of Theorem I, that v{ri) is continuous for the range 
b'. 

Theobbm II (ii). If the integral f{y) converges uniformly 
for the rav/ge a' ^ y ^ 6', while the irUegrcd g{x) only converges 
uniformly in general for the arbitrarily large range a^x^b, then 
the integral v(rj) is a continuous function of tj for the range 
a' b', provided v{ri) converges uniformly for that range. 

The proof is the same as for Theorem II (i). 

Cor. If F{x, y) does not change sign it may be shown, as in 
the proof of § 162, Theorem III, that the continuity of »(»?) 
follows from the existence of v(b'). 

Thboebm III. Let V'(»?)=l /(*> ri)dx. Given (i) Qua the 

integral y>(rj) converges uniformly for the unlimited range rj ^ o', 
and (ii) that, when ri->-<x > , the function f{x, rf) converges unifomdy 
to pips) for the arbitrarily large range a^x^b; then 

jC P fix, r])dx=^ P pix)dx = [‘ [ jC fix, n)\^- 

il~>ao«'a •'a 

The following proof is that given in the Elementary Treatise 
(pp. 405*6). 
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(I) . tends to a limit. Let and i;* be any.two values of 

J7 ; then the difierence {y>{r]') ~ is equal to 

£{/(*.»;') -/(*. /(*» V')dx -£/(*, xl) 

= A + /i-»', say. 

By condition (i), b may be chosen so that |/ti<e, l’'|f<c, 
whatever values rj' and rj" may take in the interval (o', ob ) ; 
when 6 has been so chosen it is to be kept fixed. \ 

By condition (ii) there is a number Y such that 
|/(ar, t)’) -f{x, j;')| is less than ejib-a) if t]'>Y, and Tf>Y, ahd 
therefore |A|<£ if j/'>F and ij''>Y. 

Hence 1^(1?') if r}'>Y and»;*>r, so that f{r]) 

tends to a limit when . Let the limit be denoted by P ; 
it has next to be proved that 

P=| <p{x)dx. 

(II) . We have, b being for the moment undetermined, 

n fb foe 

^jip{x)dx-P=^J<p{x) -f{x, ri)}dx-jj(x, rj)dx 

+ [j^/(®. »?)da:-P] (2) 

=a-/J + y, say. 

P is the limit of and therefore Y^ may be chosen so that 
|y|<e if rj>Yi. By condition (i), B may be chosen so that 
j^|<e if 6^ P, whatever be the value of t ] ; choose such a 
value of 6. and then keep it fixed. By condition (ii), Yg may be 
chosen so that |a|<e if ri>Yjf. Hence, if t]>Y^, where Tj is 
greater than either Y^ or Y^, and 6 ^ P, we have 


If.' 


<p{x)dx-P <3c;“ 

B 

but the expression on the left of this inequality is independent 
of rt, and therefore 

j| <p{x)dx-P <3e, ifb^P; 

JC f (p(x)dx=P, or f tp{x)dx=P. 

The themrem is therefmre proved. 
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T1i 6 Bp6ci&l UB6 of th6 tliooFeni occurs wlicii f(x, w) is sn 
integral 

f{x,v) = \'' F(x,y)dy. 

Ja" 

and then 

v(v) = \ dx r F{x, y)dy, 

Ja Ja* 

SO that 

y>{v)= jC \ dx ^ F(x,y)dy = ^dx ^ F{x,y)dy, 

since 


jC \ dx ^ F{x, y)dx = [ P F(x, y)d'p[. 

•'ft' Jo ^i|->QoJo' 

Two useful theorems have been given by Bromwich {Infinite 
SerieSy 2nd Ed. p. 485 (4), and p. 490) which may be derived 
by a slight change in the proof of Theorem III. In both cases 
the upper limit of the integral %p{ri) is, not oo , but Ny where N 
is a function of ij, N{yi) say, that tends to co when , 
Theobem IV. Analogue of Tannery's Theorem, Let 

yf{ri)z=:j f{Xy rj)dx. Condition (ii) of Theorem III remainsy but, 
instead of condition (i), it is given that \f{Xy rj)\< M{x) if a\ 


where J M{x)dx is convergent. The theorem is then 


£ [ M ri)dx^V tp{x)dx, 

ij-4-ooJo Ja 

rx 

Theobem V. Let v(^)==J f{^9V)9{^)^^- Condition (ii) of 

Theorem III remains, but, instead of condition (i), it is given {cC) 
that, when tj is constant, f{Xy rj) is a positive, monotonic, decreasing 
functionofxsvchthatf{ay ri)<Ky a constant, for every value of fjyand 

(j8') the integral j*g{x)dx is convergent. The theorem is then 

JC f f(P^>V)9(^)dx= f <pi.^)9{^)dx. 

The only difference from the proof of Theorem III is in the 
grounds on which |/u| and jyl in equation (1) and \p\ in 
equation (2) can be made less than c by choice oi b. The 
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number N may always be taken larger than any chosen value 
of b. Now, taking the integral ft as typical, we have for 
Theorem IV, 


ft =jj{x,if')dx <^^M(x)dx, 


and this integral may, by choice of 6, be made less than e 
since the integral of M{x) converges at oo. Again, I for 
Theorem V, \ 

fi =!£/(*. = /(*,»;') j*gr(x) da; <K\^jj{x)dx 1 

where f>6 ; as before, b may be chosen so that |/<|<e, since 

> 

g{x)dx converges. 


i 


Ex, 1. If A>0 and if the integral ( <p{x)dx converges, prove that 

Jo 

I e''^q>(x)dx — \ fp(x)dx, 

X~>-oJo Jo 

Apply Abel’s Test and Theorem I ; for detailed proof see E,T, p, 463. 


Ex. 2. Show that (i) 

(ii) 1 ^ ^dx = \ 
a^oJo Jq 

Ex. 3. If J{x) is a positive, monotonic, decreasing (non-increasing) 
function of x for the range a; ^ 0, prove that 

~*^^ (to=|{/(c+0)+/(c -0)}, o>0. 


=^/(+ 0 ), 


c=0, 


=0, _ c<0, 

whOTe/(o + 0) and/(c - 0) are the limits of /(c +») and/(c - x) respectively 
*'for while /( +0) is the limit oi f{x) for sc -4-0, x being in all cases 
positive. (These limits exist since /(a?) is monotonic.) 


(i) Take 6 > |c| ; then, by the Second Theorem of Mean Value, 



smA(a;~c) , 
X -c 






y 


dy# ...(1) 


where X{x--c)-y and S^h. Since the integral of emyly converges 
at ' oD , the above integral tends to zero when A-4- oo whether e be 
positive, zero, or negative. 
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(ii) If 0 < c < 6, we have 

s: 

by putting - y for k{x - c) in the first integral and + y for h(x - c) in the 
second. 

By Theorem IV we now find that, when A-^oo , 




00 '0 


/(*) 


sinA(a? - c) 
X ~c 


dx =f(c - 0)(^ ay +/(c + 0)[ 


Biny 


dy 


= ^^{/(c-0)+/(c + 0)}. 

(iii) If 0 =c < b the first of the two integrals in the second member of 
equation (2) disappears and the limit is i7r(/-f0). 

The results in (i), (ii) and (iii) prove the theorem when c^O. 

(iv) The result in (i) holds if c < 0, say c = - c' where c' > 0. For 

by putting y for A(ar+c'). Hence, since c' >0, the integral tends to 
zero when and therefore the theorem is true when c< 0. 

Of course, if/(«) is continuous, /(c +0) =/(c - 0) =/(c). 

Ex. 4. The theorem of Ex. 3 holds if /(a?) is bounded, but is a mono- 
tonic, increasing (non-decreasing) function for the range 0 ~ a; ~ a, and 
a monotonic, decreasing (non-increasing) function for the range 
more generally if /(a?) is bounded and has only a finite number of turning 
values. 

Since f(x) is bounded, the positive constant A may be chosen so that 
A +/(a;) is positive for a; 0. Now, when/(o) is the only turning value 
oif{x) Q 3 xdf(x)<f(a) for x< a, let F(x) and 0{x) be functions defined 
by the equations 

F{x)=A+m . \ 

0{x)=A+f{a)-f(x)J^~ - '(?(») =4 / 

of the funotiona F{x) and 0(x) is positive, monotonic and 
non-increasing for the range z S 0, and therefore the theorem of Ex. 3 
holds for each and therefore also for the difference F{x) - Q{x), which is 

/(*)• 

It is easy to adapt the proof to the more general case of a finite 
number of turning values, but the above case is sufficient for the special 
application to be made of the theorem (see § 163, Exs. 1, 2). 

160a BopdAted Integrals: One Limit Infinite. In this article 
the following notations will be used : 

f{y) =f y)^> 

Th®,disoontmmties of F(x, y) satisfy the conditions of § 164. 



446 


ADVAIfOKD CAMULXrS 


[oh. XTV. 

Thbobbm I. Jf the integral f{y) converges uniformly for the 
range a'^y^b', and if, the integral g{x) converges uniformly 
for the arbitrarily large range a ^ x ^ 6, then, tj being any fixed 
number in {a', b'), the integrals 


I dy f F{x,y)dx ... (1) and [ d* j F{x,y)dy (2) 

Ja* Ja Ja Ja* 

exist and are equal. . 

By Theorem I of § 159, f{y) is a oontmuous funciaon 

of y for the range a'^y^b’, and therefore the integral Vl) 

exists. \ 

Again, by Theorem I of § 154, if is any fixed number ^ 

(a', b') and b any fixed number greater than a, 

f dx r* F(x, y)dy = P dy f F{x, y)dx 
J a J a' J a" J a 


= Pdy I J^(x,y)dx- P dy | F(x,y)dx. 

J a* J a J a' Jh 

Now, by the uniform convergence of /(y), the number B 
ca;n be chosen so that, if 6 ^ B and a' ^ y ^ 6', e being as 
usual. 


j£jr(x,y)dx <c, jl' dy £ J?'(x,y)dx <{r] -a')e^[b' -a')e, 


and therefore this repeated integral tends to zero when b-*-ce. 
Hence 


f dx P F{x,y)dy- \ dx^ -P'(*,y)dy = P dy f F{x,y)da, 

3 a 3gf Ja' •'o' Ja 

BO that the integral (2) exists and is equal to the integral 

( 1 ). 

Cor. The integral | dx J"* F{x, y)dy 

converges uniformly for the range a'^rj^b* when the integrals 
/(y) and y(x) satisfy the conditions of Theorem I ; because the 
integral (1) is. a continuous fimction of rj for that range and 
therefore also the integral (2). 

Me. 1. Show tiiat the integral /(y) of Ex. 7, { 168, converges uni- 
formly in the interval (1, 6'), where b' is arbitrarily large. 

De la Yallie Poussin observes that the tmiform convergence ot a 
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repeated integral may often be established by applying the corollary 
just stated. In the example, the integral 

j*r(«){e-*-(i+*)-0§ 

converges uniformly, as is easily proved, for the range 1 ^ ^ 5', where 
b' is arbitrarily large, while the integral 

+*)-*}* 

converges uniformly in the arbitrary interval (0, 6). (The value of 
{e”* -(1 for aj=s0 may be taken to be (t-1), which is the 
limit of this expression when Hence, by the corollary, the 

repeated integral 

JO ^ •'! 

converges uniformly for the range 1 ^ y ~ 5', 


Ex. 2. If = ? dy F(x, y)dx and if «({) converges uniformly for 
}a' :a 

the unlimited range ^ ^ o, show that 

/! \ dy\ F{x,y)dx=0. 
lr-^» Ja' 

The that «({) should tend to a limit when f is that there 

should be a number N such that 

Now u{S) converges uniformly through the unlimited range 5 « “la 

therefore w( oo ) is a definite number. Hence 

!«(«)- «(fi) I g e if fi S or /*{«(»)- =®' 

But «(« ) - = S*,# C S')'*®- 

Ex. 3. Show that u{{) is a continuous function of { in the arbitrarily 


large interval (a, b). » • j 

Thbomm II. The integrals (1) and (2) of Theorem lemstand 
are egwd when the following conditions are scUi^ed : 

(i) The integral fiy) is only uniformly convergent in general 

for the range a* ^y^b' i-*— .’i.. 

(ii) The integral g{x) converges uniformly for the arbitranly 
large range a^x^br, 

(iii) The integral v{t]i), where 

v(r)i) = 1 **^ 

converges uniformly for the range a'^iji^b . ^ 

hmouM Jj in the integral (2) is supposed to be fixed.) 
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We may suppose that f(y) ceases to conveige uniformly for 
only one value c‘ of y, where a'< c'< ; then/(y) converges 

uniformly in (a', c' - 6) and (c' + d', ij), where d and 6' have the 
usual meaning, and therefore, by Theorem 1, 

I dy\ F{x,y)dx+\ dy \ F{x,y)dx 

Ja' Ja Ja 

= f d* f ^(a;, y)dy + f da: T F{x, y)dy. 

Ja Ja* Ja Je*-{-i* 

Now, by § 169, Theorem II, v{rjj) is a continuous functioii of 
rji and therefore the limits for 6 and d' tending to zero of tW 
integrals in the second member of this equation are obtained by 
making 6 and 6* zero. Hence 

/1\ dy[ F{x,y)dx+ dy\ F{x,y)dx 
l-^dJa* Ja ^a 

= f da: f F{x,y)dy+\ dx P F{x,y)dy', 

J a J a* J a Jc* 

that is, I 1 F(x,y)dx = \ dx\ F[x,y)dy, 

Ja* Ja Ja Ja* 

by combining the respective pairs of integrals. 

Cor, If F(x, y) does not change sign, v{fji) will be a continuous 
function of rji, provided the integral (2) exists. Therefore, when 
conditions (i) and (ii) are satisfied, the integral (1) will converge and be 
equal to the integral (2), when that integral converges. 


Ex. 4. 


w; 




foo 1 


dx, I >0, a^O. 


i oo 1 Too 

da; = -7- \ e-w* dw. 


BO that the integral f(y) only converges uniformly in general in (0, A) ; 
it converges uniformly for the range 0< 


^(a;) = r «-»*ydy = - 

Jo 


When x-^0, g(a;)->A and A will be taken as the value of g(x) when 
x = 0; the integral is obviously continuous in the ^bitrarily large 
interval (0, &). 

The function is always positive and the integral t;(A) is 

f « 1 - J 


which is manifestly convergent, so that the corollary is applicable. 
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^OREM III. If the integrals f(y) and g{x) are each only 
uniformly convergent in general in the respeUive intervals (a', b') 
and {a, b), (he integrals {l)and (2) of Theorem 1 will exist ond be 
equal if the integral m(^), where 

“(f) = f dy f F(x,y)dx, 

J a* Ja 

converges uniformly for the unlimited range f ^ a. 

By the conditions M(f) converges when ; that is, the 
integral m(oo ), and therefore also the integral (1), exists. 

Again, the conditions of Theorem IV, § 164, are satisfied, 
since u(S) converges uniformly in (a, b), however large 6 may 
be, and therefore 


lo^ y)dy dy I F{x, y)dx. 

Now, by Ex. 2, 

£[dy^ F{x, y)dx=[ dy F{x, y)dx - jC [ dy y)dx 

= ^dy^J'(x,y)dx, 


BO that JC \dx^ F{x, y)dy = P dy V F(x, y)dx, 

h’-¥tc^a ^ a* •'a' 

and therefore the integral (2) exists and is equal to the integral 

( 1 ). 

Of course the theorem holds if one of the integrals f{y) and 
g(x) converges uniformly and the other only converges uniformly 
in general. 


Cor. If F{x, y) does not change sign 'w(^) will be a continuous 
function of | and therefore, when/(y) and g(x) are only uniformly 
convergent in general, the integral (2) will exist and be equal 
to the integral (1) when that integral exists. 


0 !o *'’~*^ * 

when /, m, n are such that the integral converges. 

If the integrals (1) and (2) of Theorem I are denoted by li and I, 
respectively, this integral is /j. The integrand does not change sign, so 
that we first test the convergence of the integrals /(y) and g{x ) ; if these 
satisfy the conditions of Theorem III we next examine whether the 
int^rkl Jj converges* If I\ converges so does and 
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Suppose, to begin with, thatm^O. Then(l +ivy)/(l lies between 

1 and y and [(1 ’\-xy)l{\ +a;)]'" lies between 1 and so that it is positive 
and not greater than unity. 


(1) /(»)=y‘-‘f 


* da? 


Jo 


dx 

(l+a?)a;"* 


]o\l+«/ (l+a?)«” 

For convergence at 0 we must have n < 1, and for convergence at ao , 
n> 0 ; if 0 < n < 1 the integral /(y) converges when y is not zero, or qven 
when y = 0 if Z ^ 1. Thus, if Z > 0, f(y) converges uniformly in the r4ngo 
0 < ^ ^ y ~ 1 and converges uniformly in general in (0, 1 ). 

( 2 ) = 

For convergence at 0 we must have Z >0 and then, since 0< n<\l, 
the integral g(x) converges uniformly for the imlimited range 6 >0, 
and converges imiformly in general in any arbitrarily large interval (0, h), 

I ^xy y^ dx 


(S) 


4-a? / 


(1 -frcla:** 
dx 






The repeated integral with finite limits is obviously convergent when 
Z >0, m^O, 0< n< 1. Further 

dx ... f* db? 

{l + x)x^ ^ )o^ ^ Jfe (l + a?)a?«* 

and clearly 0 when oo , so that is convergent. 

Hence the integral 1^ also converges and = bo that the value of 
the repeated integral is not changed by changing the order of integration. 
In the integral J| change the variable y to v by the substitution 

y/(l+a;y) =!;/(!+«); tlien 

‘’"Jo a?" Jo ( 1 + - iw) * 

Next change the order of integration, as we are entitled to do by 
what has been proved, and then substitute the variable u for the 
variable », where a?(l -v)=w. We thus 6nd that 

=J5(Z, n) B(1 -n, Z+tn+n). 

(See E,T. p. 350, Ex. 20, for the value of the integral with oo as limit). 

TTonnA T — ” r(Z)r(Z + m4-n) 

• sin nn r(Z+m + 1) r(Z+n) ’ 

This result suggests that the restriction m^O is too narrow. If 
m< 0, then 

1< [(l + ajy)/(l + »)]♦»< y«, 

and in (1), (2), (4) the power of y that remains after the substitution 
of y** for [(l + «y)/(l + a?)]*** is y*+***"^ so that m may be negative if 
Z+m > 0 — a condition that implies Z >0. 
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161. Differentiation under the Integral Sign. Let f(y) and 
(p{y) denote the integrals 

f(.y)=j*P{x,y)dx, 

If F{Xy y), dF(x, y)ldy and the integral q>{y) satisfy conditions 
(i), (ii) and (iii) respectively of §165 when 6 = oo— that is, 
when x'^a and a* ^y^ V — then (p(y) is the derivative of /(y). 
No change at all is needed in the proof of the theorem wheni& 
Is finite ; the change of order of integration in equation (3) of 
§ 155 is valid in the present case by Theorem I of § 160. 

It may happen that the integral (p(y), obtained by differen- 
tiating under the integral sign, does not converge; see, for 
example, Ex. 4, p. 468, of the Elementary Treatise^ where the 
difficulty is overcome by a special device. De la Vallee 
Poussin has given a general method of dealing with such cases 
that is frequently successful. 

Suppose that F{Xy y) and dF{Xy y)ldy are continuous functions 
of X and y for the ranges where b is arbitrarily large, 

and a'^y^b' ; then, taking for brevity the symbol y to denote 
both the variable of integration and the upper limit of the 
integral, we have 

F{x, y) - F{x, o') =£ “ dy, 

and therefore 

£ J’(*, y)dx -£f (*, o')d*=£dx 

Change the order of integration in the repeated integral, as it 
is legitimate to do since dFfdy is continuous, and let h tend to 
infinity ; then 

f{y) = jC 


, ^y 


....( 1 ) 


^ m==L\ r Uy ( 2 ) 

Now it may be possible to obtain a transformation of the 
form 

P y) ^ y) +■ f y,[x,y)dx, 

\ oy 
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where the functions y) cuid v(^> V) ^ Buch that 

£ r <p{b,y)dy=Q 

6->flo ^ a* 

and the inte^al J ip{x, y)dx converges uniformly for the range 
a'^y^ b'. If these conditions are satisfied, 

y^^y y^^’ [ 

and therefore, when 6-><» , equation (1) gives I 

/(y) -/(«') = rdy f xp{x,y)dx- £ \ dy [ tp(x,y)dx 

=£dy £ v’(*. y)dx, 

since the integral of %p{x, y) converges uniformly. Equation (2) 
then gives df{y) f* , ,, 

Ex, 1. If u = [ cos(a;* •-xy)dxf prove that 
Jo 

ggi+iyu=o. 

By Ex. 8 of § 158 the first derivative of is given by the equation 
^=1 X 8in(a;* - xy)dx, 

since the integral converges uniformly in an arbitrarily large interval 
(0, b^) ; the integral obtained by the second differentiation is, however, 
not convergent. But 
0 

^a?sin(»’ -xy)— -«*oo8(a:* -xy) 

and 

(* - a?*cos(a?* - xy)dx_^ - J T ““ y)cos(a?* - xy)dx - Jy (* cos(a?* - xy)dx, 

Jo Jo Jo 

so that 9>(6, y) = - J sin(6* - by), y(», y) = - }y cos(»* - xy), 

N». £ ^rib.,xi,. £, 

d-^oo Jo ^ 

and the integral of y) converges uniformly in (0, b'). 

, Foryf 0 (M{(i^-xy)dx=y[ ^^^cos(a!*-sBy)<te+^( -<fai 


BO that 
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( y(®, y)dx= -^\ cos(** - «y)dx, 
ay Jo *0 


IS) 




Ex. 2. If U = prove that (j/>0) ^ = 


Jo 1 + ® 

The integral obtained by the first difierent ation converges uniformly ; 
for the second derivative the integrand is - x*coB{xy)l{l + *•) and 

« * / V Jf „ 


fft -a;*cosa?w j sin 61/ f cos(xy)dx 

6— >00 *fl “ 

and the integral converges uniformly (ySoO). Hence 


cos(3^)^. 


Deduce the results of Ex. 4, p. 468, of the Elementary Treatise. 

Ex 3. Let a and b be two numbers, real or complex, neither of 
them being zero ; a and 6, when real, are 
have their real parts either positive or zero. If y - 0, show tha 

Suppose a =«. +*«.' and b = P+iP' i then 
1 e-®* - e->* I g e-“* + 

The integrand of the integral « may be taken to be (6 - o) when * =0, 
If® r n ^ I - (" e-(®+»)* . 

this integral tends to zero when if !fS0. [When y=0, a=0, 

both tend to zero when 

p=0, the mtegrals ], » 

the integral obtained by differentiating « with respect to y is 

_ “ 5Ty * ar+y ’ 

and this integral converges uniformly if y £ o >0, so that it is equa 
duldy. H«ice . _ 1 1 

Now when y-> <» » and therefore 
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If ^->-0, we find (f 169, Ex. 1, or E.T., p. 463, Th. 11) 

Jo ® Jo \®+y ^+3// 

This result contains many particular cases, Ex. 26 (i) of f 146. 
Again, let a = 1, 6 =i ; then 


f 1 + .V 

V(i+y*) 




BO that r 

,0 ® ^ 


JO 

and therefore 


£ 


« - co s X 

X 


dx 


=o,r«i 

Jo 


sinrr , n 

■ ■ CM? —* ”55 . 

Jo » 2 


EXERCISES XIX. 

1. If 0< o< 6, prove that 

JJda: e-*»dy= dy dx, 

and deduce that 

Jo » a 

2. If o >0, 6 >0, prove that 

f da; (* e“(*'”**)* dy = (* dy ( da;, 

Jo Jo Jo Jo 

and deduce that 

(i) jjL:ir:!e»«<fa=jiog(l + ||)+»tan-*(|): 

(ii) j — oo8te<to=Jlog^l + pj; 

fflo I / 

(iii) — - — sin6a;da;=tan"^(^y. 

3. If a > 0 and 6^0, show that 

f« sin6a? , n 

JoS(5*+5*j*’=25*<* ' 

4. If a > 0 and & > 1, prove that 

(i) rS^dxf e-.rem(*y)«fs,=f 

Jo ® Jo Jo Jo * 

(U) j;«-»sin(*i,)dp=[;e-»dy 

Show that each of the integrals in (i) is aero, and that each of the 
integrals in (ii) is equal to «(e~® 
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6. Let/(»)==^e-<>» + B«-»»+... + jjCe-i* = 2^e-o»,wherea, 6, ... ibara 
either real and positive (not zero) or else complex, with real parts that 
are positive or zero, and A, B, ... K constants. K u denotes the 

“***'*' f« dx 

(oe-«v/{z)f . j,>0. 

prove that the integral is convergent if 12^ =0, and then show that 

*{2^e-'«}^= -24 logo. 

JO ® 

6. If 2^1 =0 and 'ZAa =0, the notation being as in Ex. 5, prove that 

{2Ae-^^ ~ = ^Aa log a. 

7. If 2-4 =0, 24.a =0 and 2-4a* =0 (notation of Ex. 6), prove that 

j*{24e-~}§= -i24oMogo. 

8. If 24. =0 and 24a*' =0, r — 1, 2, ... n - 1 (notation of Ex. 6), prove 

foo ^ _ 1 \» 

j {24c-««}g=<^) 24o-logo. 


9. In Ex. 5 suppose that a, ... h are pure imaginary numbers, 
a =^a.i, h = ... k^Kt, a, ff , ... k, positive, so that log a ^log a +t;i/2, ... 

log A; =:log K +t^/2. Deduce from Exs. 6, 6, 7 that, if the conditions 
that connect the constants 4, J5, ... X in the respective examples are 
satisfied, 

(i) P 2(A cos cue) . ~ = - 24 log a. ; 

Jo ® 

S oo dx 

2(4 sin cur) — 5 = - 24a log a ; 

0 ® 

(iii) p2(4cosaa?)~ =J24a*loga. 

Jo ^ 


10. Deduce from Ex. 8 the formulae corresponding to those in 
Ex. 0, the conditions that connect the constants 4, B, ... X being 
satisfied. 

If n is odd, n =2m + 1, 


\ 2(4co8aa?) 
Jo 


dx 

(2w)! 


24a**” log a, 


while if n is even, 

For other formulae of a like kind see the article by Hardy, quoted in 
1 146 (Frullani^s Integral). 
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11. If a and b are either real and positive or else complex, with real 
parts that are positive or zero, show that the integral 

(* {e-<“( 1 + Ax) - e-»«( 1 + B»)} ^ 

.0 ® 

is convergent if^-a = J5~6 =c, say ; then prove that when A =a +c 
and JB = 6 + c the integral is equal to 

5 +c log (6/a). 

Deduce, by taking a = 1, 6 ~ -i, c that 

(i) j*{«-*(l+»)-co8a:}^=|-l. |*(a:e-* -8m*)^= - 1 i 
and, by taking 6 = 1 , 0 = ~ (a + J), that 

(u) (* {(a - l)e-*+g-i){e-* -e-*)} ^ =(a + i)loga -(a - 1). 

(Bromwich, 7n/. Ser. 2nd Ed. p. 488.) 

12. The integral | {e~®* - (^4 + Ba? + Ca?*)6“‘^^ ^ 
converges if .4 = 1, B=b - a, C = i(6 - a)*, and its value is then 


13. Deduce from Ex. 6, or prove independently, that 

p (fc - + (c - «)«* + (« - fcK _c)aloi[a 
Jo (log*)* * ' ' ® 

1 j -r. A « — x~^ dx , . pn 


16. If 0<p< 1, show that 


« _ (1 ~p)(2 -p) ... (n-p) 7t ^ 

Iq (1 n! sinp^i' 

« a;*»+«da? , vnP(P* *“ -2*) ... (p»-n*) 

(2n+l)l 


t 

f« *»• 


16. Prove that if a > 0, 

<•) .t 


Bmpn 

(Bertrand.) 


.’0 


* e-aV cosh 2bx dx = ^ e«* ; 


S CO 1 ~ 1 

^ sinh 26a; ^ ~ 

17/ IProve that 

|Je~«*(a?8in2a?~8m*a;)^=(l 




g* +<~*+2ri n0 




(Bertrand.) 



21. If 


Jo 


XI V.] EXERCISES XIX 

19. If m is a positive integer and 6 > 0, 

i * sin 2m ba? dx _ yr( 1 - 
0 sinba; 1+a?* ‘ 

20, If m > 0 and a > 0, prove that 
f«sin*ma:<fo: n 

)o - 1 + «-"“)• 

du n , 

5 a= 25*(^-1 

and deduce that 

f« a;-8ina; . 

dx = ~ o + 1 - e-®). 

22. I£P = J ^e-*«*oos(/*-a*)<e, G=j*^e-“<8in(<*-a*)<ft, 
prove that P+Q is independent of a, and state its value. 

23. If a > 0 and b > 0, prove that 

(* tan-‘(o»)taa-‘(6®)§=|log } . 


467 


24. If 0^a<-^, show that 


tan~^a:da5 


25. 


-00 a?* - 2a; sin a. -f- 1 2co8tt.' 


26. If w = I”” c-^-**^da;, where a > 0 and b > 0, prove that, 

Jo 

-3a 

=r 

Jo 


„ - 0*W O 1 


dx 


27. If w„ (a + btan*a;)" 


dy 


(a+by*r(l+y“)’ 


where a > 0 and b > 0, prove that 


0) • -1 da (n-l)I da®"^ ' 

2 1.8.5... (2n-3) 1 (-1)11 L_-V 

28. Show if o > 0 and 6 ia any real or complex number. 


f 


g— oa:*— 8>tg {jf fl* =^-7— 6® • 

-« V» 


and deduce that 


’ e-M* cos 26* d* = e" • • 
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29. (i) If u =:«* tan* a? f 6* cot* a; and a > 0, & > 0, 


w 

sec* X cosec* x dx e*"*«^ ; 

jo 2 ab 

(ii) Ift;= where 6 >a, a>0, p>0, 

X ~~ Cl o “ a? 


dx 


's/n - 


a+ 


b-a • 


{(a! -a) (6 -a;)}* a,fi(b-a)^ 

162. Bepeated Integrals: Infinite Limits. The theoronu 
of § 160 will now be extended to the case in which the uppef 
limit of both integrals is infinite ; the discontinuities of th4 
integrand are understood to satisfy the conditions stated 
in § 154. 

Theobem I. If Vie integrals 

^y{x,y)dx...{\), ^y{x,y)dy (2) 

converge uniformly through the arbitrary intervals (a', b') and 
(a, b) respectively^ and if the integral v{ri), where 

v{ri)=^Jb:^J'{x,y)dy, (3) 


converges uniformly for the unlimited range r]'^a\ then 

J dy I F{x, j/)da:=| dx |^/(». y)^y (4) 

Let the function f{x, rj) of Theorem III, § 159, be defined as 

/(*. »?)=£/(*» y)^y> 

then the function y>{t]) of that theorem is the integral v{rj). We 
now find 


\ dy\ F(x,y)dx= £, \ dy\ F{x,y)dx 

Jb' Ja 

= Z* f r y)dy (Th. I, § 160) 

Tj->ao ^ a a' 


= f d® f F(x, y)dy. (Th. Ill, § 159) 

ia Ja' 


Of course, if the integrals (1) and (2) converge uniformly fear 
the unlimited ranges y ^ a' and x'^a respectively, the theorem 
is true ; a similar observation is applicable to the other 
theorems. 
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Theorem II. The eqtuUion (4) is true if the integral (1) is 
only uniformly convergent in general^ provided the other conditions 
of Theorem I are satisfied. 

This result follows from Theorem II, § 160, in the same way 
as Theorem I follows from Theorem I, § 160. 

Theorem III. If the integrals (1) and (2) are only uniformly 
convergent in general through the arbitrary intervals {a\ 6') and 
(a, 6) respectively^ but if the integral v{rj) and the integral u(i), 
where 

i^(f) = f y)^ (^') 

Ja' Jn 

converge uniformly for the unlimited ranges rj^a^ and | ^ <x 
respectively, then equation (4) is true, provided one of the integrals 
in (4) is determinate. 

Suppose it is the integral in the second member of equation (4) 
that is determinate, and denote it by ; then the condition 
that the integral should converge is 


pd* [>(*, y)dy=0 (6) 

Again, since the integral v{ri) is continuous, we have, by 
Theorem II, § 160, 

I ’ dy J/)«^ =p 

where •®(’7)~f ^ f 

Ja Jyi 

The th«*»« *»"i will therefore be proved if it is shown that R{r}) 
tends to zero when , since the integral in the first member 
of (6) becomes the other integral of equation (4) when , 

Now N(»7) converges uniformly for ; for 

pJ’(», y)dy^\’ldx y)dy -pd® £/(*, y)dy 

=a - /?, say. 

Bv (5) we can choose Jf' so that |al< e if b>M' and, because 
^e integral »(»?) converges uniformly for S o', we can cho^ 
Jf' BO S l^l<s if b>M\ Let if be the 
numbers M' and M " ; then [a - ^\<2e totr]^a db>M, so 
. iJiat 5(q) converges uniformly for t] ^ o'. 
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Next we have 

N(i;)=| <fo| F{x,y)dy-\-^^dx^ F{x, y)dy 
F{x, y)dx j ■?’(*. y)^y 

by Theorem III of § 160, since the integral u(f) converges 
uniformly for f ^ a'. Hence, if y denote the first of these t^o 
integrals, = y + (a - I 

If 6 is any fixed number greater than M (as determine 
above), |a.-/J|<2fi. Further, the integral t^(f) converges 
uniformly for f ^ a, and therefore we can choose N so that 
|y|<c if iy>jRr. Hence 1JS(>;)|< 3e ii r)>N, so that R{ri) ->0 
when iy->oo . The theorem is thus proved. 

Cor. The theorems are considerably simplified if F{x, y) 
does not change sign, because in that case v(ri) is continuous 
when v{co ) is determinate, and u{() is continuous when u(co ) is 
determinate. Theorems I and II are therefore true (when the 
integrals (1) and (2) converge as required), provided the integral 
t;(oo ) is determinate, and Theorem III, provided one of the 
integrals in (4) is determinate. 

Ex. 1. Prove that, if c> 0, 




Let F(x, y) =e"^ cos x sin (xy)]x and 


/(y) (r(*)=r^’(*.y)<fy. «K»j)=r4* (' F{x,y)dy. 

JO JO Jo Jo 

By § 168, Ex. 2, f{y) converges uniforxnly in general for and 
g{x) converges uniformly for x ^ 0, while, by $ 158, Ex. 4, v{ri) converges 
uniformly for i] ^ 0. Hence, by Theorem II, the order of integration of 
the repeated integral in (i) may be changed, and the new integral is 

By using Ex. 3 and Ex. 6 of f 168 the second of the above equations 
may be proved in the same way. 

Ex. %. Deduce from Ex. 1 that, if c > 0, 

f^ooaxdx SI ^ amxdx n 
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These results are obtained by evaluating the repeated integrals in 
K. 1, (i) and (ii) respectively. Note that 

cos a? sin {xy) = i sin (y + 1) a; + J sin (y - 1) a;, 


Ex 

and therefore 


fqocosjcsin(a^)^^^ f«sinjy jJJ^^ fqp 8in(y- l)a? , 
Jo ^ JO X * Jo 


so that 


+ if 0^y<l, 

2 2^2 nl2,iil<y; 






4c’4V 


- +£6-«=^r-'>. 


4c 


2c' 


The repeated integral in (ii) gives in the same way 


Ex. 3. Prove that ^ da; = ( 1 + i) ^ . 

This integral has been evaluated in the Elementary Treatise (p. 471, 
(9) ) ; another method of evaluation will now be given as an illustration 
of Theorem III, and also as an example of the substitution of an integral 
for a given function (see E.T. p. 477, Ex. 2). 

Denote the integral by and for Ijy/x substitute the integral 

if u=yy/x.^ 

Heiuse ^ = ^e**dx (*e-*»*dy (i) 

2 Jo JO 

= (*<iw (ii) 

Jo Jo 

provided the change of order of integration is legitimate. This change 
will be considered later. Now 

Let y* =«, and it is easily seen that each of these integrals is equal to 
IB{1, i){E.T, p. 8«0, Ex. 20, (U)). But iB(i, J) , and therefore 

w=(l+i)'\](^^f 

so that, by equating real and imaginary parts, we find 
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We have now to coneider the change of order of integration. The 
integral (ii) has been found to be determinate. The integrals 


! oo foo 

e^c^dx and I e**e“*y*dy 
0 3o 


converge uniformly for the imlimited ranges y ^ a' > 0 and a? ^ a > 0 
respectively. For 

1 ~ ~ ( e""“du. If t^^er^dy ^ 4“ (* tr^dv 

by the substitutions xy^ =t« and y\/x =v, and the uniform convergence Is 
obvious. \ 

Let v{rj) and u{i) be the integrals obtained by taJdng ri as the uppel^ 
limit of the y-integral in (i)» and f as the upper limit of the a;-integral 
in (ii). By § 168, Ex. 6, the integral v(ij) converges uniformly for the 
unlimited range and it is easily proved that the integral u($) 

converges uniformly for the imlimited range (^0. Hence all the 
conditions of Theorem III are satisfied, so that the change of order is 
legitimate. 


Ex. 4. Prove that B{m, n) =T(m)r(n)lT(in +n), m > 0, n > 0. 

By the definition of r(m +n) we have 

and therefore, multiplying by and integrating with respect to x 
from 0 to 00 , we find (§ 146, Ex. 4, or E.T. p. 360, Ex. 20) 

r(m + n) J5(m, n) = ( dx ( dy. 

.'0 JO 

Change the order of integration and the repeated integral is simply 
r(m)r(n), so that the equation is proved if the change of order is 
legitimate. 

If F{x, y) we have 

(i) F(x, y)dx-T{n ) . ; 

(ii) P F{x, y)dy—Tim +n)aj^“^/(l +«)*»+». 

Jo 

The integral (i) converges uniformly for the range y S o' > 0, and the 
integral (ii) for the range x^a>0. Further, F(x, y) is positive and the 
repeated integrals exist. Hence the change of order is legitimate. 


Ex. 6. If F(x, y) a; sin 2oa; sin y, a > 0, show that 

\ dy 1 F(it?, y)dx^\ dx \ F(x, y)dy. 

Jo Jo Jo Jo 

( 00 Too 

F(a?, y)dx -siny I €r^ifx^2axdx ; then, if y > 0^ 

A Ja 


!: 


* « . A • 6“^^sin2o6 

0^H/XBm2axdx=: = + 


?{* 

yjo 


e‘-a.*ircos2aa;dir. 
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and | 6-‘*»+ 2^ ije-6H(< 3e-6^' 

SO that the integral f{y) converges uniformly for y'~a* > 0. 

Again, it is easy to show that F{Xt y) dy converges uniformly for 


Now, let 


then 



(1 


= j X sin 2aa; dx j'* e~it*v sin y dy ; 

- e-’i** cos Tj)x sin 2ax . f » 3.3 2ax- . 

^-1 dx. 


and v{rj) converges uniformly for os is very easily proved. Note 

that the integral 

x^ sin 2aaj , 

)o 


is convergent since, when x is largo, a;®/(aj* + 1) is a positive, monotonic, 
decreasing function which tends to zero when x tends to infinity. 

Thus, by Theorem II, the change of order is legitimate. Ex. 33, 
(i), (ii), (iii) on p. 482 of the Elementary Treatise may be taken in 
connection with this example. 


163. Double Integrals with Infinite Limits. The evaluation 
of the double integral when the limits of the integral with 
respect to the variables (one or both) are infinite is usually 
effected by means of a repeated integral. It is possible that 
the double integral may exist, and yet not be equal to either of 
tho repeated integrals ; further, the two repeated integrals 
may exist and bo equal and yet not be equal to the corre- 
sponding double integral. A detailed investigation of the 
matter is, however, outside the limits of this book, and the 
student is referred to the investigations by De la Vall6e Poussin 
and Stolz (see § 166) ; he should also consult an article by 
Bromwich in the Proceedirtgs of the London Mathematical 
Society, vol. i. (2nd Series), 1904, pp. 176-201, and his textbook 
on Infinite Series (2nd Ed.), pp. 503-613. Bromwich's defini- 
tion admits conditionally convergent double integrals ; we 
have followed the more usual practice of admitting only 
absolutely convergent double integrals. 

It is hardly necessary to repeat the remarks made in § 156 
on the evaluation of the (improper) double integral; the 
general procedure is the same in the present case as in the case 
there stated. The General Theorem quoted in § 156 also holds 
when the limits of the integral are infinite. 
o,A.a * " 
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Again, as regards the change of variables reference may be 
made to what has been stated in § 157, with the examples 
there given. 

Ex. 1. Prove that, if a >0 and 1, 

coscydy I -O. 

) JO ^ 

Let F(Xy y) i=e*®*a!®"'i cos (xy) cos (cj/), and consider the integral 

^ dy C F{x, y)dx, A >0. 

Jo Jo 

By equation (6), p. 471, of the Elementary Treatise, 

( 00 

^ F(x, y)dx = r(n) cos n(? cos cy (y* + a*)” 2 , 

where tan6 =^yla, - Jjr < 6 < ; the integral converges uniforml;^ for 

the range 0 ~ y ^ A, aa may be readily verified. Next 

and this integral converges uniformly for the unlimited range x^O, 
since a > 0 and n ^ 1. 

Hence, by Theorem I of § 160, the order of integration may be 
changed, and therefore 

i cos(cy)dy[ e***®®a;®"'^cos(a:y)da7 = ( ( coq {cy) cos (xy)dy, 

0 Jo Jo Jo 

thatis + t 

*Jo «-c *Jo x+e 

Now if 6”’®*'®®“^ =/(a;), the conditions required by the theorem of 

Ex. 4, § 159, are satisfied, since f{x) has at most only one turning value 

(given by a; = (n - l)/a). Hence, when A-^oo , the last two integrals tend 

to ^f{c) both for c> 0 and for e ==0. Hence 

( 00 1*00 Jl 

^ cos {cy) dy e”®* cos {xy) da? = ^ e“®® c®*"^, c S 0. 

Ex, 2. Prove that, if a > 0 and n ~ 1, 

Too Too yr 

sin (cy) dy j e“®®a;®“^ sin (a?y) dx ss-g e“®® c®“S c> 0, 

The proof is practically the same as in the case of Ex. 1, and may be 
left as an exercise. 

These two examples are particular cases of Fourier’s Double Integral. 
See E,T, $ 194, pp. 499-501. It may be noted that the statement in that 

article (p. 501), that the absolute convergence of the integral 

is sufficient for the validity of the transformation on p. 501, is not 
correct. See the articles by Pringsheim, Ma&i. Ann, vol. 68 (year 1910) 
and vol. 71 (year 1912). 
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Ex, 3. The variables ajj, , a?^ are changed to 2 / 2 * by 
the equations 


a;i+a;, + ...+a;n=yi, i*?i+a?a + ... +a:„_i = 2 /^ y,, ... 
a?i +a?, + ... +a;„^,.=yi y* ... y^^^, ... a;i=yi y, ... y^. 

If the variables a?!, aj„ ... a:„ may each take every real value that is 
not negative show that yzf*^ * yn take every value between 0 
and 1 (0 and 1 included), while y^ takes every value from 0 to 00 . 
Further, show that the integral 

i oo Too Too 

0 ) *’* 1 ® 2 > ••• ••• 

becomes 

^liVv Vf - ... Vn-v 

vhore ... yJ = F(x^, *„ ... x„). 

We have 


»n =3/1(1 - yt), x„_i =yi y,(l -y.) ... , =y, y, ... y,+,(l -yr+t). ... 

so that y^, ys* ... »yn between 0 and 1 (including 0 and 1). On the 
other hand y^ may vary from 0 to 00 , since Xi=yi ya 2^n 
varies from 0 to oo . 

From the values just found for x^^i ^ ... it is easy to see that 


^(yi» 2/a* ••• Vnf 


•2/n-l. 


and therefore \J\ =yi’*’'^ y 2 ”~* ••• 2/n-i* The required transformation 

of the integral follows at once. 


EXERCISES XX. 

1. Prove that, if c >0, 

f* t f* Bin(«y)d» xdx 

Jo* Jo e‘«““Jo (**+c*)(e*«-l)- 

2. Prove that, if a > 0, 

^ rUirr^(l)dx 

f« , f» xdx __ I V®/ 

J» * Jo (**+c')(6»«-lj jo e"*' - 1 

3. Prove that, if c > 0, 

f* 0088 ! -e-”^ — (*e-*»dy=logc. 

Jo » Jo Jo 

4. If m *"*3 » are positive integers and n S m, prove that 

j*or*»«n*®d®=(»» - 1 )! ’jpm"***' 
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5. If «„ = f*6“‘'»8m"a!d!r, 'where » is a positi've integer tmd j/ >0, 

.0 

prove that (n* + y*)t«n =n(n - 

and then show that 

_ n! 

“»~y(2» +y*)(4* +y*) ... (n* +y“) ’ ” 

n! jj 

““"(l* +y*)(3*+y*) ... (n* +y»)’ ” 

6. Deduce from Ex. 4 and Ex. 5, m and n being positive integ 

n~m, that f«sin*a?, 1 f** « i ^ 

If w = 2, n = 3, the integral is equal to f log 3. Verify independently 
for these and other small numbers. (Bertrand.) 

7. If a>0, 6>0, fn^l, n^^l, 0 =tan“^(y/a), q>=^tarr^{ylb), pr\)ve, 
by applying equation (6) {E.T. p. 471) and § 163, Ex. 1, that 

cos mO cos (xy) 


and 


(i) 

(ii) 


^dy = 


j. 


(a* +y*) 2 
coawtOcoany 
(a*+y»)t(b*+y«)l 


iTlm) 


e-®**"*-*, *>0; 


dy = 


r(m+n - 1) 

2(o+6)*»+"-» r(m)f(n) ' 


8. Show that equations (i) and (ii) of Ex. 7 hold when the sine ia 
substituted in place of the cosine, and deduce that 

eoaitnO -nq>)dy _ n r(»»+n-l) 

*• 2 “ (o + b)”*-*-"-! T(OT)r(n) ' 

(o»+y*)2(6*+y*)2 


f 


9. By taking a =6 = 1 in Ex. 7 and Ex. 8, show that 


w 

(ii)f 


cos cos n6 008 *"+”“"* 6 = 


— ^ r( m+n - 1) . 


2tn+n r(m)r(n) • 


sin me sin nO co8«+"-* ddQ= ^ • 

(iii) j®oo8(m-n)0co8»+«»-»0de=j^pPi^^iJj^. 

10. Show that, if m > 1 and 0 < n< 1, 

! oo Too foo Too 

dy I e~* cos (xy) dx = I e"* dx i cos (xy) dy, 

0 '*0 Jo Jo 

Deduce that 

(i) ^ cos mO cos’^’*"^ d sin”"^ 6 ^ • 

(ii) sin mB cos’”*""*! 0 sin"”*^ 6 ^ ~ ■ sin ^ . 
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11. If a, b,a., Pan all positive, then 


467 


(a!+a)« 
12. If OgaS^, show that 


'W^f 


.'0 


'GO Too 
0 .0 


dxdy 


(.T* + 2xy cos a + 2^* 4- a*)* 2a* sin a ' 
and that, if w =x^ + 2xy cos a +y*, 


(i) ij (U) 


.'0 Jo 

13. If 


811 ^ -acosa 
4 sin* a 


U =6a:* -2ai^+2y*+2a!+2y + 1, 

F = 6a:* + 3j/* + 4* + 4^ + 2, 
and if l=a:+y + l, i?=y-2a:, 

show that U ={*+»;*, F =s 2f * + tp, 

! 00 Too 4 v 

1 Fe“l7(fa;rfw=^. 

-GO J - 00 2 

[Change the variables to { and tj. For the general transformation 
when V and F are real quadratic forms (positive and definite) see 
Hilton’s Linear Svhatitutiona, p. 75.] 

f** dxdy 2n a>0 

' ]-»]-» {a;*+y*+a*)^(a!*+y*+6»)i~®(“+*')’ 

15. If Im' +Fm is not zero, show that, the integral being assumed to 
converge, 

(* {* F{lx-k-my,Vx-m'y)dxdy=\{lm' 1 F{x,y)dxdy. 

J — OoJ— CO J— 00, I — 00 

16. If o > 0 and 6 > 0, show that 

lo IJ^^***** +b*y*)dxdy= ^ f(x)dx, 

tho integral being assumed to bo convergent. 

17. If o>0, b>0, m>0, »>0, show that 

and then deduce that 


f 2 (co86)*"*"*(sin0)*’*”*d0_ 1 r(wt )r(* t) 

jo (o cos* e + 6 8in*6)“+" “ 2o”* 6» Hm+n) ‘ 
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INTEGRATION OF SERIES. GAMMA rUNCTIONS\ 

164. Integration of Series. When the terms of a series 
are not hounded, or when the range of integration is not finite, 
the integration of the series falls within the region of the 
improper integral. The methods of dealing with the improper 
integral that have been explained in previous chapters are 
applicable also to such series, but in many cases of practical 
importance it is possible to integrate the series by applying 
elementary theorems, as in the following examples. 


Ex. 1. Show that ( dx= - - 
Jo 1 -X 

H^re we may write 


fllogxdx yy 1 fia!.yiog», 

Jo 1-* Jo 1-* 


and therefore 


Now X log x/(l -x)iB bounded, for, if a;=e~^ 

*log« -y -1 

1 -® 

BO that |xlog®/(l if Hence 

and therefore fx iogxd® 

Jo ® * 


if c ia real and not zero, or, if e is complex, e =0 +ib, |b| < 1. 
If®>0, wehave 

1 £1— ye-««+— 

e*-l 
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(1) 
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smc»/(e» - l) U bounded for the unlimited range 
® L« 0 wlien c satisfies the conditions stated. . 

therefore, when * is small, say 

whm 0 = 1*1 ^ fc, lsmc*/(e« - 1)1 < c', where c' differs Uttle from loL 
( 11 ) K * >* and c real, lsin<w/(e* - 1)1 < !/(«» _ i), while if o is com- 
plex, c=a + i6, |sin ca?| ^cosh 6a;+sinh 6x^e6'* where 6'= 161, and 
therefore, if 6' < 1, ‘ 


i,b'x 


1 


e* - 1 e* - 1 eCi-fr')-* - 1 < * 

There is thus a constant K such that |sin ca;/(6® — l)|<JfiC if 
and therefore, multiplying equation (1) by sin ca; and integrating! 
we find 


sin ca; da; 

0 “n-ei 


c*+n- 


K 


where Ifijyl < 

JO ^ 

and therefore 0 when N-^ co. Hence (§ 94, (1) ), 
f®siii carda- c , / 1\ 

)o -1*— 

Cor, 1. Let a; — 2 :nc 2 /, 27ic=ol, then 

f* sinaydt/ l / 1 1 

Jo ~2V6*“T“a^iV’ 

where a.g;0 if a is real, or, when a is complex ((x. = P + iy), | y\ < 2n, 
1 1 2 


Cor, 2. Since 


'*» sin €X dx 
Jo 


\cxdx 1/1 \ 

5 ^® + ! BmhncJ* 


_^c'sinh5rc^ 

Cor, 3. The above formulae are valid for c = 0 in the sense that the 
limits of the integral and of its value tend to 0 when c-> 0. 


165. General Theorems. In the following theorems it is 
assumed that each term u„{x) of a series Su„(a;) is integrable 
over the range a^x^b or over the unlimited range x^ a 
according as the range of integration is finite or infinite. 
Further, u„{x) will be taken as a product, /(a:)»„(®), where /{*) 
is independent of n aadf{x) and v„{x) are integrable. 

Thbobkm I. If (i) the series 'Lv„{x) converges uniformly for 

fAc range a^x^b, and (ii) the inlegral^ |/(®)|^ converges, then 

The upper limit b may be finite or infinite ; if b — ^ the series 
]Sv,(x) w to converge uniformly for the unlimited range x^a. 
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Let B„{x) = »„(*), .4 = ^1 /(*) \dx. 

n^m+l 

By condition (i) N may be chosen so that, if a;^ 6 and 
m^N, we shall have |B„(a:)|<e/4, where e is arbitrarily small, 
and therefore 

\[ S{x)Rm{x)dx <e, £ ? f{x)B„(x)dx=0, 

I ^ <t tn^oo ^ a 

so that the integral of 'Lf{x)vjpe) over (o, b) converges. 

Next, 

^[| /(*)»„(») da:] = I [^/(a:)e„(a:)]da: 

= j [£/(*)«»(*)] da; - S{x)BJ,x)dx. 

Let m-> CO and the result follows. The proof is the same 
if 6 = 00 . 


Ex. 1. loga;log(l+a;)da;=2 ~21og 2 ji*. 

* 0 A 

The series for log (1 +a?) converges imiformly for the range 

and |loga;Ida; = l. Hence the integral is equal to 
Jo 


yJ.jLlVL=y(_i)nn__l_ 

ynln + l)* ' Ln n + 1 



1 


Theorem II. If f{x) and v„(x)(n = 0, 1,2...) are positive (or 
zero) for the range a^x^b, and if the series BvnCa^) ^ 
formly convergent in general for that range, then the integral 





(a) 

and the series 

s[|V(®)»«(»)‘^*] 

(/?) 


are equal, provided that cither the integred (a) or the series (/?) 
is determinaie. ~ 


Case 1. The series LVn(a;) ceases to converge uniformly at b 
and only at 6 ; it may or may not converge when x =6. . 

Suppose first that the integral (a) is determinate and equal, 
say, to .4 ; it is therefore possible to choose A {<b) so that we 


shall have 




since f(x) and v„(a;) are positive and s is an arMtrarily small 
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positive number. Now, if a<X<b, Theorem I is applicable; 
hence 




= A-R^. 


Let X->b; then while the series on the left of the 

equation tends to the series (/?), so that the series (p) is equal to 
the integral (a). 

Next, suppose that the series (P) is determinate and equal, 
say, to JS. By Theorem I, if a < A < 6, 


since f{x) and v„{x) are positive (when not zero) ; thus the 
integral 

[£/(*)<’«(*)]«** 

is a positive, monotonic, increasing function of A which is less 
than S and therefore, when A->6, tends to a limit which is not 
greater than B. In other words the integral (a) converges. 
Again, since the series {^) converges, 

m-foo n^m+l 

Hence, since the functions /(a;)»n(*) are integrable, 

=-s- £ rr/(*)»»(«)<^l- 

Now let »»->■ « , and it follows that the integral (ot.) is equal 
to B ; that is, the integral (a) and the series (^) are equal. 

Cose 2. Jf the series Zvjx) ceases to converge uniformly at o 
and only at a, a very sUght modification of the above p^f shows 
that the theorem is true in this case; it \ 

Lual way that the theorem is true when Si;.(*) is only uniformly 

convergent in general. 

Cor. 
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f{x), v^{x). Then, if f{x) and v„{x) are not always positive, the 
product f{x)Vn(x) may be expressed as the sum 

{/+ 1/ !)•(»«+ I««l) - 1/ 1 •(»«+ i»«l) - (/+ 1/ !)• Kl + 1/ 1 • Kl. 

and each of the four functions in this sum is of the form 
g{x)Wn{x), where g(x) and w^ix) are positive (or zero). Hence 
Theorem II is true if either the integral 

m l/(*)l •!»»(*) 

or the series 2 T f • l®n(®)|da;l 

is determinate. 

Theobem III. If f{x) and v^{x) (n = 0, 1, 2, ...) are positive 
{or zero) for the unlimited range x'^a, and if the series Sv„(a:) is 
uniformly convergent in general for the arbitrarily large range 
a'^x’^b^ then the integral 


f («.) 

and the series ^ J f{x)Vn(x)dx'^ (/5) 


are equal, provided that either the integral (a) or the series {^) 
is determinate. 

The proof of this theorem when 'Zv„{x) converges uniformly 
in the arbitrarily large interval (a, 6) follows so closely the lines 
of the proof of Case 1 of Theorem II that its detailed statement 
may be left to the student. The modifications required when 
the series only converges uniformly in general in (a, b) have 
been dealt with in the proof of Theorem II. Thus, if a is the 
only point of non-uniform convergence of the series 2v„(a;), take 
c>a ; then Theorem II applies when the interval of integration 
is (a, c), and the proof of Theorem III applies when the c<m- 
vergence of the series I)t;„(a;) is uniform in (c, b), so that 
Theorem III holds when a is the only point of non-uniform 
convergence of 2t;„(a;). 

Cor. The Cordlary of Theorem 11 is also true for Theorem 
III ; in the integrals of the Corollary of Theorem II we merely 
put basOQ . 
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Theorems II and III are due to Hardy, Messenger of Maihe- 
rmtics, Vol. 36 (year 1906), pp. 126-130. See also Bromwich, 
Infinite Series (2nd Ed.), pp. 496-602. 

Examples 1 and 2 of § 164 illustrate these theorems. Thus in Ex. 1 
the series for ( 1 - consists of positive terms and converges uniformly 
for 1, and the series (if log (1/a;) instead of log^r is taken) 

converges. Similarly in Example 2 the series converges uniformly 

if a; ~ A > 0, and the Corollary of Theorem III applies. 

Another theorem due to Dini {Fondamenti, p. 391) may be 
given. If the series is ^n{() denote the integral 

j^u„{x)dx 

the theorem may be stated as follows : 

Theorem IV. If (i) the series converges uniformly for 

the arbitrarily large range a'^x^b, (ii) the series SiiJn(f) 
converges uniformly for the unlimited range then the 

rrt ..(«)]<!. (-i 

and the series ?[i; (/*) 

are each detemiruite, and ihe integral (a) is egual to the series {fi). 
By condition (i) 

Again, by condition (ii), Sw.(f) is a continuous function of ( 
for f S o, and therefore 

that is I* [t ««(*)]d*=i:[f*«»w*=] • 

The following additional examples illustrate the theorems. 

„ « f'l /l + X\d3S_}t* 

Ex. 2. 

Here logf{(l+»)/{l-®))=2^2»n* 

and the series converges uniformly for the range 0.£*=aA< 1- By 


Th. II, since 




the result follows. 



474 


ADVANCED OALOtJLDS 


[CH. XV. 


if o. is real and positive, or, if a. = /? + and >6. 

Here v„(a:) =(4n*5r*+aj*)~^ and 2v,,(af) converges uzuformly for the 
unlimited range a?^0, since 2(4n*;i*)"^ = l/24. llie given 

integral is therefore (by Theorem I) equal to 

V r f” r f® ye~2n*aydy -i 

)o4n*:i»+«*J“-^L)o 1+y* J' 

by putting x = 2n7ty, 

Now the series 2|c“-«»«y| or when a is complex, converg|es 

uniformly in general in an arbitrarily large interval (0, b), and by 
Theorem III or Theorem III Cor., the summation and integration 
may be interchanged, if the integral thus obtained is convergent. 
Hence the given integral is equal to 



e”2niray 


■~| ydy f 

J !+»•“] 


“ ydy 

o(l+y*)(e2'«v-r)’ 


and if now the variable of integration ia changed to x, where x—ay, 
the integral is that stated above, since the integral converges. 

Note that Y) 

by § 94, when |a; is put in plcM^e of a; in equation (1). 


Ex. 4. 


•qo r ^ — f * taii’"^(a:/a)(to 
lo L" 4n*7i*+aj*J Jo e-*"* - 1 


where a. is the same as in Ex. 3. 

As in Ex. 3 the given integral is equal to 



n 1 v-^ r I f* 
4n*5r* +«* J “ 27r ^ L n Jo 


e~2»»aydy-| 

~TW~y 


Again, as in Ex. 3, the order of summation and integration may be 
interchanged, providing the integral thus obtained converges. The 
change of order gives 




f* - 

+y* 2;rJo 


log(l -e-2»oy) 


dy 

1+p’ 


and, after integration by parts and the substitution of x for ay, the 
integral becomes jao taxr^ixMdx 

— eSTx— — • 


wh^^ tan“"^ (a?/a) =0 when x =0, the int^al being convergent. Hence 
the given equation. 

From the value of the series stated at the end of Ex. 3 we have 



1 



2j X 


dx=2 


i: 


OSIRT - 1 



476 


§ **®] BERNOULLI’S NUMBERS 

Ex, 6f If is Bemoulli’s Number, show that 


4n 


f<P y2»-ldy 

Jo ea»»-i • 


/(<)=^-j-| + |, treal; 

then, by | 94, (6), 


and, by $ 164, Ex. 2, 




•(1) 


' .0 


Now 

and the series 


sin<y _ y Bin ty 
e2try_'i‘“e2*v- i ‘ y » 


«— -«» syBW“ it 

V ( - l)n-i t K 

' (2n-l)l 

converges uniformly with respect to y in an arbitrarily large interval 
(0, 6). Hence, expressing sin ty by a power series in (ty), and inter- 
changing the order of summation and integration, we find 

' (2n-l)!lo eZ»y-l’ 

and therefore, by equating the coefficients of in (1) and (2), the 
stated value of B„ is obtained. 

EXERCISES XXI. 

Many of the series required in this set will be found in or may be 
derived from the Examples and Exercises in Chapter VIII. 

6. If jol < 1 and n a positive integer, 

... f®» cxyanxdx 2n«" . 

<‘>1 


Jo l-2acosir+a* 1-a*^ 
f2ir (l + 2c08 a ;)*> cos no ; 

W 1 -2ocosaj+a* l-a* 

^ (b + nxdx __ 

^ Jo l-2acosa?+a* 1 -o* 

♦ For the value of Bf see §04. 
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aba^x coax dx _ gra 
Jo (1 ~2aco8a?+o*)*“'l -a’ 


i» «•< !• 


w 

7. |^log(a*sm*a;+6*cos*a:)<ia5=gilog^^5^^, a>0, 6>0, 

and show that the result holds if a =:0, 69^0, or if a^O, 6 = 0. 
Deduce that 


C + 5) =^c 


, , X taii“^ < 


-x’TW 


o f 2 l-acos2a: , , vj l + « • , 

Jo 1 -:2acos2^-fa» ^^g<^^^^)^ = 4^^g— 

r ir 

». (i) (“(logtan*)*<i* = (*(logcota!)*d» = ^; 

• Jo Jo o 

w r 

(ii) (log sin «)* (log cos a:)*da: |(log 2)* + ^^ } ; 

ir 

(iii) (log sina!)(logcosir)dB |(log 2)* - . 

“• !>(OTfT 9 )f=»-“- ».-<>• 

“• -< >• ‘>«. '>«■ 

..... f* xdx jr* 

Jo sinha?”" 4 ’ 

/.V ‘^^sinoa; . n. .na '^xoobcuc na 

16 . (i) I . f - — dgs-atanh-y ; . — — t -5-. 

' * Jo sinha? 2 2 Jo smhag- 2 

’lA /'v f*cosaa; , n .na .... r<><’coshaa; gr gra , , . 

-« ... r<x> sinoa^da; 

<‘>),55iKi¥=2tan-»(t«nh-yjj 

.... r«>6mhaa;da; , .1-a , 

)o ^ 5 ar¥¥=^° 8 ®®*— 

* Exanxples 9-13 are taken from Wolstenholme’s McOhamaHeal PnMema, 
where many examples of a similar type are to be found. 


« X cos ax 
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Jo sinh Ttx * cosh c -f cos o’ ^ 

19. Iif{x) ^ i 2 prove that 

and deduce that 

C(* 

[Hof 

20. If o > 0, 6 > 0, deduce from Ex. 19 that 



- ® 'i 

Jo \sinhaa? 

sinh hx) 


21. If o*< 1, 6«< 1. 

r 

Jo 


sin* a; da ? _ n 

(1 - 2 acosa: + a*)(l - 26 cos a? + 6 *j 2 ( 1 - ab) * 

22 . If 1 and -^< A< 

xr^dx fi (a? ^+a?~^)da? _ n sinpA 
Jo 1 + 2 a? cos A -fa?*'” Jo 1 -f 2 a?coB A ■fa?*"”Binp;i ^inT 
and, if 0 < m < 2 n, show that 

f® a?*”"’^da? n sin {{n - m)A/n} 

Jo + 2 a?»* cos A + 1 n sin {mninj * sin A 

23 . If a* < 1 and c> 0 , prove that 

... f* ^ 1 1 + oe~ 

Jo 1 -f a?* 1 ~ 2 acosca?-f o*"" 2 1 -o* 1 -oe~®’ 

(ii) - 2 ocosca:-l-o*) j-^jl=wlog(l -oe-®); 

..... f« 1„_ 

Jo i - 2 o cos ca?+o* i +a?* 2 e®-o* 

“• <»r.r.s- 7 ‘ 

i fi dx dy 

^ e*Ml-y») 

dx 


)o )o (1 -fc*'**' »*)■/<! -y*) 

n f*- 


~2jo 


Jo 

26. Ifa.>0, y -a >0, 1*1 <1, show that 

and deduce that, if also y -a. - ^ > 0, 

m ft « ,v r(y)r(y-a-^) 


, Ii*<l. 
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26. By changing the variable of integration in the integral in Ex. 25, 
prove that, 

F(cl, p,y,x)={l- *)-» y-p,Y, 

= (1 -iB)r-o-p F(y-fi, y y,x) 

=(1 E(y-ot, y-^, y,»). 

166. Integrals for Euler’s Constant. The following Leml|ia 
is useful. V 

Lanma. If f(t ) =- ^ - ^ - 7 + s , then 

(i) 0 </(<) when f > 0 ; 

(ii) f(t)->0 and |/(0-> ^->0- 

By § 94, equation (2), if < > 0, 

and the statements in (i) and (ii) follow at once. 


Ex. 1. If y„ = l +g + | + ... + ~ -logn, prove that 


where y is Euler's Constant (§ 148, Ex. 7). 

(i) 

Also 


n , n . 


e-w<a=(*i::5IlV<dt. 

0 lo 1-e-* 




logn = (* 

.'0 

These values give the equation (i). 
(ii) By the Lemma 


dt* 


"•= 1“ (?^i -I n ' 


BO that 


from which the stated value of y follows. 
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Ex, 2. Show that y = 

Express the integrand in Ex. 1, (ii), in the form 

{(( r+T) “ t} ■*■ { i~e“r‘ (( 1 Vo) ■ 

and log [(1 -e 0(1 + 0/^] tends to zero both when t--0 and when t- 
so that the integral for y takes the form stated. 


Ex, 3, Show that 
/ 1 


Vi 


+ « 


)o { 1 + 

t Vi+«* 


.,.L_ A )l 

1 + < ! + <>/«’ 


L (iTt r+«»>'«A.o 


so that 


Ex, 4. The two integrals 


, dt and 


“<Ti 


+V+0* 


Jo \ ^ e«-iy }q\ t 

are convergent and equal if i2(a? + 1) >0. 

When <-> 0 the first integrand tends to a; - J and the second to a, so 
that the integrals converge at tho lower limit. So far os convergence 
at 00 is concerned the lirst integrand may be taken to bo e“(®+')f and 
tho second 1/^(1 or simply and therefore both integrals 

converge at infinity if R(x + 1 ) >0. 

Now the first integral may be considered as 


AC 


^->►0 A 

But, if 6* - 1 we have 




f 00 _ f ^ ds cfe ds^ 

Ja e< - 1 s(l +e) '+^ *"]a i{l Ja «(1 -l ’ 

Let X -hi =$+ir], where f > 0 ; then 

r«^ - 1 ds 

rCiTSF 

lies between (l+A)-«og [(e^ -1)/A] and e-J^flog [ie^ - 1)M], and 
log [(e)^ - 0 when X-* 0, so that 

(■•'^-1 ds 


£\ 

x-»-o'x 


sCi+sy^^ 


= 0 . 


‘/(l+V+O*’ 


so that tho two given integrals are equal. 




tf 
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Ex. 6. (*{(a-l)e-«+(i + ?)(e-«-e-*)}^=(o-i)loga-(a-l). 

where a > 0, or, if a is complex, R(a) > 0. 

This integral is required in the next article. It may be derived from 
Ex. 11 in Exercises XIX by taking for the case (ii) 6 = 1, e= 
but may easily be proved independently. Denote the integrand by 
F{x) ; then, if A > 0, ^ 

(* F{x)dx=^ P^(a:)da?. 

Jo A->oJ^ f 


Integrate (e~®® ~ e"“*)/a;* by parts (the other terms of the integri^d 
contain only the first power of a; in the denominator) ; thus ‘V 


1 00 e*"®® - e“® , — e““^ 




and F(x)dx = ^ 1- (a - J) dx. 

The given value follows at once since (e“®^ - (a - 1) when 

A-> 0. 

In the same way it may be proved that 





This integral is also required in the next article. 


167. Integral for log r(x). The integral will be derived from 
the expression for log r(a;) as an infinite product ; as in the 
preceding article the logarithms will be expressed by definite 
integrals all of which converge when R(x) is positive. 


* + r)(a: +2) ... (*+» - 1)"" 

then 

W iJ/ "f* 1 

log P«(a:) = (® - 1) log » - 2 log — r 


rJi^x + r- 



roo ^ n Tac 

But ~ ^ . 

and therefore, taking together the terms that contain the factor 
c~**, we find 

log P^{x) =|J{(* - l)e-* - j j - P«, 

where JJ, =|J{(a: - 1) - ' 
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Now the coefficient of e~*“ in the integrand of It„ tends to 
\x{x - 1) when t tends to zero, and is finite when <>0, so that 
there is a finite number, K say, such that the integrand of iZ„ 
is, in absolute value, less than Ze""* for < ^ 0. Hence 

and therefore iJn-> 0 when n-»- <» . 

Again, the integrand of the other integral tends to 
J(a; - 1)(* - 2) when <-s>0, so that the integral converges at its 
lower limit ; it is obviously convergent at « if iJ(a:)>0. Hence, 
if we let n tend to infinity, we find 

log r(a:) =1^ |(a: - l)e-‘ - J 

This integral may be expressed as the sum of two integrals, 
0116 of whicli cfliii f)6 cvfibliifttcd in finit6 terms, while the 
other tends to zero when R{x) tends to infinity. These 
integrals are 

P(.)=£((.-1)«-'-j^.+(j+J)«-"}t 

;•<»>* 

Consider The coefficient of e-*‘ in the mtegrand is the 

function /(«)/« of § 166, and therefore lies between 0 and 1/12 ; 

hence, if * = 1 + *»?i (l>0), 



Idd. , i, red or »mpl.x, wMle the eee^ ««»»“ » 

to be real; both methods are somewhat artificial. 

First Meihod; complex. 1“ k* 

P(l) from P(x). thus eliminating the term e-‘/(l - c ) . then 

P{x) - P(l) =£{(*" ■’■(I i) ^ 

=(a!-|) log »-(»-!) 

by Ex. 6, § 166. 
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We have next to find P(l), where 


<’> 


Change the variable from t to 2t-, then 




1 1 ^ 

‘- 1 / 1 • 


Next multiply equation (6) throughout by 2, and from thp 
value 2P(1) given by (6) subtract the value P(l) given by {a)\ 
we then find, after a slight reduction, 




+ e-*‘-ie-‘ + 


1 -Xilt 
+ 1/ t 


The second of these integrals is, by Ex. 5 of § 166, equal to 
(-l + Jlog2). 

To find the other integral put a; = ^ in equation (1) ; then, 
since r(i) = s®® 

by changing the variaUe from t to 2t. Thus 

P(l) = J log « - 1 + J log 2 = - 1 + log V{2n), 

and P(») = (» - J) log a: - * + log (5) 

Hence 

log r(*) = (« - J) log a: - * + log V{2n) + /<(a:) (6) 

and, since 

log r(a: + 1) =^log r(a:) + log x, 

log r(a; + 1) = (a? + J) log ® - ® + log y/{27i^+ (i{x) (7) 

Second Method ; x real and positive. In equation (1) put y 
in place of x. The integral converges uniformly if 

0<a!^y^*+l, 

and therefore we may integrate with respect to y under the 
integral sign. Hmioe 



§ 167] 

INTSOKAL FOE LOO r(®) 

Also 

i log * = J 1“ dt. 

so that 

P(^) =£ log r(y)dy - i log 
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= - i) log a; - a; + log y/{2n) 

by Ex. 12 of § 146, (In this method x must be real since 
integration with respect to a complex variable is not at our 
disposal.) 


Ex, 1. Provo that, if a >0, 6 >0, (h -a)P(l) is equal to 


a a_ 6 


+ 1 - oe~®*) -} 


e-6< - dt 
t j f 


and deduce that 


C + 7=(*» -«) log -/(Sn). 

(Schlomilch.) 

In the integral (a) for P(l) change the variable to at then to bt and 
form the difference 6P(1) ~aP(l), the factors a and b being taken with 
the transformed integrals in a and 6 respectively. 

If a = 1, & = 2, the useful integral 

is obtained. 


Ex, 2, Prove Gauss's Formula 

1 2 1 

* In the equation (1) take the n values x, x +- , x +- x H — jp- , and 

add the integrals ; the logarithm of the product of the n functions is 

V* 

e-Ht a-n t ^ dt 




(i) 


by chfimging the variable to nt. 

Now put n* for * in equation (1), and subtract the integral for 
log r(nas) from the integral (i) ; if P denote the product of the n functions 
r(*), T(x + 1/n), ... we find, after a little reduction. 
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In Ex. 1 let a = 1, b=n, and ■we obtain 


log {P/r(n»)} =log |(2«) 2 


and therefore 


(2^r2^r(n:«) 


This proof of Gauss’s formula is given by Schlomilch, Compendium, 
vol. II, p. 256. 

Ex* 3. Stirling' 8 Approximation for n!. Let n be a positive integer, 
and in equation (7) put n for x ; then . 

log (n!) =log 

and therefore i 

n! =n"e“*V(2?m)eW, p(n) < . 

The expression (n/e)”\/(27m) is called Stirling’s Approximation for n! 
when n is large, the relative error being less than e^p^ ; the absolute 
error may be “ large ” when the relative error is small.” 

168. Asymptotic Expansion of logr(x). In equation (6) of 
the preceding article let x be real and positive ; the term (x(x) 
may be expanded in powers of ar^ as follows : 

By § 94, equations (5) and (6a), 


where 




Therefore, when the integrals are evaluated and expressions 
reduced, 

'‘<*>=, 1 }' ■ <*’ 

when 

'Jo 


~ ^ (271 + l)"(2n + 2) ’ 


since 0 <|* dt dt = , 

so that Bn{x) has the form stated, where 0 < 6^ < 1. 

Let = -sr,(»)=.g«,(*). 

From the value of in equation (6) of § 94 it is plain that 
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the infinite seiies SUf{x) is not convergent. On the other hand, 
if n and * are both fixed, the error BJpe) in takin g jg,(x) as 
the value of fi{x) is numerically less than |«„+i(x)|, while, if n 
is fixed and * tends to infinity, RJx) tends to zero. A non- 
convergent series of this type is called an Asymptotic Series, so 
that the function /i{x) is given by an Asymptotic Series or 
Asymptotic Expansion. For purposes of numerical calculation 
SiSymptotic expansions are very useful. See Bromwich, 
Inf. Ser. (2nd Ed.), Chapter XII. 

Since log r(x)=P(x)+/i(®), the asymptotic expansion of 
log r(x) is 

{X - i)logx -x + log V(2?r) +|j ( - 1)'-^ 

+i2n(») (3) 

where ii»(x) is given by (2). 

Integral for fi(x). By Ex. 4 of § 165 the integral for p{x) is 

In the equation log r(aj) =P(ic) + /*(«) l©t a? = 1. 


Ex. 2. If a > 0 and 6 > 0 and alb =x, 
log {a(a + 5) (a + 26) . . . (a + n6)} 

=loga+niog6 + logr(a?+n4- 1) -logr(!» + 1). 

When X or afb is large the factorial o(a + 6) ... (o +n6) may be calcu- 
lated by using the asymptotic expansion of log r(a5). 


169 . Gauss’s Function This function is (§97) the 

derivative with respect to * of logr(x+l). Now, * being 
teal and positive. 


r(*+i)=a;r(x)= jC 


n\ »* 


-^(x+l)(a;+2)... (x + n)’ 

and therefore v(®) = “ S STrj 

Further, log»=j / 

and, when these values are inserted in the expression for j(*) 
and the terms that contain e-"‘ separated from the rest, we find 
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The coefficient of in the integrand of the second integral 
tends to (a; +1) when t tends to zero, and is finite if t is positive ; 
thus the coefficient of e-"' is bounded, say less than if < ^ 0, 
and therefore the integral is less than Kin, an expression which 
tends to zero when n-> oo . 

Again, the integrand of the first integral ten^ to (a; - when 
t tends to zero, so that the integral converges at the lower lim^ ; 
also it manifestly converges at infinity since x is positiv^. 


Hence 



(i) 

by Ex. 4 of § 166. 

Jo(t 

(2) 


The expression (1) may also be obtained by using Weier- 
strass’s form of r(a:+l) and using the value of y given by 
Ex. 1 of § 166. 

Another expression may be found by differentiating the 
equation (7) of § 167 ; thxis 

.ho. 

This integral may be differentiated with respect to x under 
the integral sign, since the integral obtained by differentiation 
converges uniformly in an arbitrarily large range 0<a^x^b. 

Hence y(*)=lqg*+^-£(^ _ J + 

, ,1 -f* tdt 

-log * + 2* " ^ Jj, (*» + 1 *)(^ - 1) 

by Ex. 3 of § 165. 

These expressions (1), (2) and (3) for y)(x) are valid if Jl(x)>0, 
but the proof given above does not show this, since diffmientia- 
tiem with respect to a complex variable x lies outside our limits. 
If, however, ^(x) is taken to be defined by the limit (A), the 
vtdues (1) and (2) hold for a complex x, since the various trans- 
formations depend only on a complex function of a real variable. 

Jte. 1. I£iB(*)>a, <y*Eular’s Con- 

Staat). ” 
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§§ 169, 170] gauss’s BUNCnON yi{x) 

Difiereatiate equation (1) of § 167 ; thus 


d.logr(a;) fo/ ttr^\dt 
^ )o \ 1 — e~v t 

and tho last integral is equal to y (Ex. 1, § 166). 


Ex. 2. y){x) + y = ( dtf »> 0. 

To the integral (1) for y)(x) add the integral for y in Ex. 1 of § 166 ; 
this gives 

by changing the variable of integration to a, where « =e“*. 

When a; is a (positive) rational number the above integral for fp{x) + y 
can be expressed in terms of logarithms and circular fimctions ; for 
example 

v’(l) + y=? -4i°g3+2^, 


and the value of v(n+|) + y, where n is a positive integer, can be 
expressed in terms of fp{l) + y and rational fractions by formula (3) of 
§97. 

Ez.Z. 

Change the vetriable in the integral (1) from < to », where • =e“*. 


170. Another Proof of the Integral for log r(x). The follow- 
ing proof, which is of frequent occurrence in the older text- 
book, is merely sketched ; it gives a good example of the 
tests for change of order in integration. The starting point 
is the integral for r(x), where x is real and positive, 

r(a:) = f 

Jo 

The derivative r'(a:) may be obtained by differentiating 
tinder the integral sign (§ 168, Ex. 9), so that 

r'(®) = pe-'f'-i log i dt = dt [ ” 

Jo •'0 

by expressing log « as an integral. It may now be shown by 
Theorem III of § 162 that the order of intonation may be 
changed ; when the change has been made the integration with 
reiqieot to t can be effected. Hence 

r'(»)=r(x)fV*-(i+«)'^t 

Jo 


( 1 ) 
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Now put y in place of a;, and integrate T'{y)ir{y) from 
y = l to y=a;; the integration under the integral sign is 
legitimate (§ 158, Ex. 7). Hence 

In order to eliminate the term e~*, put a; = 2 ; thus 

Jo I log(l + «)/«‘ 1 

Now multiply this equation by (a; - 1 ) and subtract ; therefore ' 

wrfr'i-Tf (l + s)-i-(l + »)-*! ds 

log r(x) - J J jrrj), ; f . ..( 2 ) 

and, if 1 + «=e*, this becomes 

l0grw=j;{(:»-l)e--5^}f (3) 

the same integral as (1) of § 167. 

In equation (1) put a; + 1 in place of x ; then 


ip(x) 


r'(a;+l) 

-r{x+l)^ 


ly- 


1 l ds 
(1 + «)*+!/ s ' 


and this is the integral ( 2 ) of § 169 . 

Another method, due to Schaar and given by Hermite {Court litho- 
graphii, 4th Ed. p. 128), may be aketched. 

r(*)r(A) _ j.. , . _ f« ^dt . 

T(*+A) “ “ Jo (l+t)*+* . A > 0 - 


Now 


r(a!+fc) -r(*)_l B(a!, h)_T{h)-B{x, h) 
hr{x+h) ~h~ Ar(A) ~ r(i+A) ’ 


and 


r(A)= 

JO 


XI- X r(a5+j^) -r(ac)_ 1 f®r 1 \ dt 

” Ar(a!+A) ~r(l+A) Jo \ ~ (1 +t)**-*) ‘ 

The limit for h tending to zero of the left-hand member of this equation 
is T'(z)ir{x)p and it has to be proved that the limit of the right-hand 
member is the integral 

f‘ 7 ,-i L_\* 

Joi* (i+t)*/ r 
The proof will form a good exercise. 


171. Minimum Value of F(x). The derivatire of r(a;) {x real 
and positive) is given by the integral 

r'(a5) = J log < =s J* log tdt-^ log dt 

-?’(*) - y(®). say. 
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tp(x) is a xnonotonic increasing function of x while \f(x) is 
a monotonic decreasing function of x^ and therefore T*(x) 
increases monotonically from ~ oo to oo as a; increases from 
0 to 00 . Hence r'(a;) vanishes once and only once as x increases 
from 0 to 00 , and changes from negative values when x is 
small to positive values when x is large, so that has one 
minimum value. 

Now r(l)=r(2), and therefore the minimum value lies 
between r(l) and r(2). Calculation shows that the minimum 
occurs when x lies between 1*46 and 1’47, and T{x) is just a little 
less than ; more accurately 

a; = 1-4616321 ... r(a;) =0 8866024 ... , 


when r(a:) is a minimum. 

When negative values of x are admitted, as is the case when 
r(a;) is defined by the infinite product formula, there is an 
infinite number of negative values of x which make r(a?) a 
yng YiTyinm or minimum, one and only one value of x lying in 
the interval ( - n, - n - 1), where n is zero or a positive integer. 
The maxima are negative, and lie in the intervals (0, -1), 
( - 2 - 3) ( - 4, - 5), . . . ; the minima are positive, and lie in the 
inte^als (-1. -2). (-3, -4). (-5, -6). ... If « is large 
the value of a: in the interval (-n, -»+l) is very nearly 
* = - n + (log »)-^ when r(a:) is a maximum or minimum. 

See Godefroy, Theorie des Sines, pp. 248-250, and the 
references there given. A graph of r(*) will be found on p. 250 
of Godefroy’s book. 


172 T nV » Ern-in reducible to Gamma Functions. In this article 
a few examples will be given of integrals reducMe to G^a 
Functions; for an exhaustive treatment of the G^a 
Function, with detailed indication of the sources of 
formulae, the student is referred to Nielsen’s Ean^h der 

Qmuiui PuMtiMW k*™ keen ekeedy ie neafly 

„n<mg tke Eneroieee* 

extenLd by tke nee of tke eomplei v-^k K k 

tke TKinble of integmaon » reel, a» &>»»»» 

• See for exempte, Exerciaee XVI, XX. 
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provides for the evaluation of integrals of somewhat compli- 
cated character. For definiteness all constants are supposed 
to be real, unless they are expressly stated to be complex ; in 
many cases, however, the student will have little difficulty in 
interpreting results for complex constants. 

Type A. > o,, a + b,m, n, positive. 

Let x/(a + bx) = t/(a + 6), and the integral becomes 

j* (— (1 -()-(«+6 -M)’*. 

If p is zero or a positive integer the integral is a sum of 
integrals each of which is a Beta Function and therefore 
expressible in terms of Gamma Functions ; for other values 
of p the integral may be dealt with by use of a series. 

If a;=8in‘9 the integral becomes 


1*2 (sin 0)^”*~^(cos d)^-H6 
J 0 {o cos*6 + (a + 6) sin®6}’"+"+’’ ’ 
which therefore falls within the range of the above integral. 

Another method is to express the given integral as a repeated 
integral by the substitution 
r(m + n+p) 




r j y’»+«+»>-i dy. 

Jo 


For examples see the Exercises on p. 456 of the Elementary 
Treatise. 

Type B. Integrals derived from B{m, n) by differentiating 
with respect to m or », where m > 0, n > 0. 


Here 


£»-(i 


r(TO-i-») ’ 

and ^erefore, if the integral is differentiated with respect to m, 
£ *“-^(1 - *)"-» log ® d® = - 1) = V>(»» + » - 1)}, (i) 


JQ 

ainoe 




If the values of ^(m - 1) and ip{m + n - 1) are expressed by 
means the integral for y){x) in § 169, Ex. 3, we may write 
tha last equation in the form 

ft ft fl _ <111-1 

j **^(1 -®)"“^log®da;=j j j — j- 


dt. 
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Again, differentiation with respect to n gives the integral 

[ x”^-\l-xr-nog(l-x)dx, (ii) 

Jo 

and repeated differentiations with respect to m and n give 
integrals with integrands of the form 

x^-^l - (log xy (log (1 - x)Y, 

when p and q are positive integers. 

The change of variable from xto 6 where a?=cos*0 gives the 
equation 

IT 

(COS 0)*"-^ (sin e)a«-id0 = . 

and t.hia form has been noticed in § 156, Ex. 1 ; simple examples' 
are to be found in Exercises XVIII. Of course, for the 
evaluation of the integral (i) when to is a given number (such 
as I) the general formula is first calculated and then, when the 
differentiations have been effected, the particular value (such 
as y>(f — 1)) is taken. 

In (ii) let « = 1 ; then 

a formula given by Abel. 

Type C. In the Integral (1) of § 167 for log ?(*) put in 
succession in place of x the numbers a + 6 + 1, a + 1 and 6 + 1, 
where a, b, (o + 6) are each greater than - 1, and express the 


log r(o + 6 + 1) - log r(o + 1) - log r(6 + 1) 
as a single integral ; the result is 
, r(a+6+i) 


^r(a+i)r(6+i) 


y u 

fl(l-*^(l-*‘) .1* fil 

=)„ r:i iog(i/*)’ 


where x=er*. 

In the same way it is proved that 
. rta+i)r(»+6+c+i)_r55Li^Hlri2.,^,(ii) 
><wHjTstT)r(iTOT)-J. i-» 

the of o«h G««m. FunoUon » po«t.vo. 
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Since the logarithm on the left of (ii) is equal to 
I r(o+c+6+i) 1 r(<i+6+i) 

r(a + c+l)r(6+l) " ® r(o+l)r(6+l) ’ 

the integral in (ii) may be obtained by putting a + c in place of 
a in the integral (i) and then subtracting the integral (i) from 
the transformed integral. 

Similarly in (i) put c for a, and take the difference of corre-i 
spending sides of (ii) and of the transformed (i) ; then ' 
. r(® + 6 + i)r(6 + c + i)r(c + o + 1) 

ETo + 1 ) r(6 + i)T(c + 1 ) r(o + 6 + c + 1 ) 

r(i -*■*)(! -»‘)(i-*«) dx 

~Jo ^ 

Type D. Bmchlet’s and LiouviUe’s Integral. In §§ 133, 
157, integrals of the form 


rk rk-x ek 

I (f* 1 dy\ 
Jo Jo Jo 


+ y + z)dz , 


have been reduced by the change of variables 

x + y + z=u, x + y=uv, x—uvw (i) 

to the expression 

r(m)r(«)r(p) 


r(m)r(n)r(y) 

r(m + n+p) Jo ' 


(It is, of course, understood that in this and the other examples 
the integrals are convergent.) 

The field of integration may be defined as follows: the 
variables «, y, z are (i) never negative, and (ii) such that they 
satisfy the relation 0^ ®+y+z^ jfc. 

The theorem expressed in the above transformation is quite 
general, as may be proved in the following way : 

Let there be n variables x^, Xg, ... , x„, and let 

V(»i+»a+ — +*n)<^»i^* — (c) 

where the variables are (i) never negative, and (ii) such that 
they satisfy the relation 

0 ^ Xi +x,4- ... +x, ^ I; ; 

then the integral may be reduced to the form 
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theorem is true for n=i, n=p 3 , the change of variables 
being of the type denoted by equations (i). Now apply the 
method of mathematical induction. Suppose the theorem to 
be true for the integral where 

'>^f{x^ + Xj^ + ... + Xn)dx^dx^...dx^, (e) 

the variables x^, *3, , a:„ being never negative and satisfying 
the relation O^x^-^-x^Jr ...+x^'^h-x^. 

By hypothesis tt„_i can be transformed so as to become 

by the change of variables given by the equations 
*2 + 0:3 + ... +*,=^2, a:2 + »a + ”' + »n-i=y2y8. 

a:2 + 0:3 + . . . + a:„_2 = * 2 = ^*^8 — ^ n - 

If the coefficient of the integral in (/) is denoted by A, and 
ifoc2 + a3 + ...+ot.« = /?, the integral tt„ will therefore be 

Jb fi-»i 

x{^-'^dx^ ya^" V(*1 + 

0 •'0 

Now let a:i + y2=*i> ®i=*i*a» 7?e find 

If .i 4 is given its value this equation is simply equation (d), 
with 2i instead of « as the variable of integration. 

The change of variables in passing from the form (c) to the 
form (d) is, if 2^ = 1 - Z2» 

*2 + * 8 + •••+*" *2 + ® 8 + ■••+** 

®a + ®8 + ' • • + ®»-i “ *i*2y8> • • • I ®a = *i4y8 • • • yn. 

and these are of the type (i). 

If, in the case of three variables, the function / is not 

f(x+y+z) hut . ^ 

and the field of integration is the region bounded by the 

ellipsoid ^ ^ = 1, ® ^ 0, y ^ 0, z S 0. 

let (*/o)«=|, (y/6)*=»?. {*/c)*=f. variables to 
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The new field is given by the relation 0^S + f] + C^l, 
so that the integral falls under the t 3 rpe just discussed. Ob- 
viously a similar change of variables is ffiective if the index 
of xja , ... is n instead of 2, and in many other cases. See, for 
example. Exercises XVI, 15, 24. 


Type E. 


where a, ife, m, n are positive and a, b positive or zero. 'I 

First change the variables to u, v, where x-{-y—u,x=^uv;\\ 
the integral becomes 

Jo* **jo [a + tu-l- 

Next let a.+bu=A, {a-b)u=B, so that A + B=a + au>0, 
and apply the substitution (Type A above), namely 
vl{A + Bv) = Sl(A + B)-, 
the integral with respect to v is equal to 
r(m)r(TO ) 1 
r(»i -f n) A^{A + By“ ’ 
so that the given integral becomes 

r( m)r(n) f* 

r(OT -I- ») j 0 («• + o«)”'(a -t- 6a)” ' 

If the index of (a.+ax + by) is m + n+p the integral with 
respect to v will be 

1 A n T%u\n Vfc 


pW-lyn-l 




f* a’”+«»-idtt 
Jo (a. -1- o«)”'(a -t- 6a)” ’ 


A"+>’(A + 5)™+*’. 


-\l-^Y-^{A + B-B^Ydi. 


Hence the given repeated integral may be expressed when 
p is a positive integer (or zero) as a sum of simple integrals with 
respect to a. 

A repeated integral in three or more variables may be reduced 
in the same way ; thus the integral for three variables is 

f* , f*~*, 

M. 

where a, k, m,n,p axe positive and o, 6, c positive or zero. 

First apply the transformation x+y+z=u, x+y=uv, 
x=:uvw, and the integral becomes 

f • P f ^ j - y,)n-l ^ 10 . 

Jo JoJo + -c)aw -f (« -6)aew] "*+**+* ' 
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Next take the integral with respect to v (which contains all 
the indices m, n, p) and let 

a + cu=.4, {b-c)u + {a-b)uw^B; 
then ^ + + + b)uw > 0. 

The substitution vl{A + JSv) = i/(A + B) gives as the value of 
the integral with respect to v, 

r(m + ?i)r(p) 1 1 

r(m + n-hp) (a 4- cu)^ [oL + bu+(a- b)uto ] ‘ 

The integral with respect to w is now of the Type A, and 
finally the given integral is seen to be equal to 

r(m)r(n)r(p) p 

r(m + n-hp) Jo («. + au)*^(rjL + -r cu)^ ’ 

In the same way it may be proved that when the integrand 
contains the factor /(a; + f/ + z) the transformed integral contains 
the factor /{i4). 


EXERCISES XXn. 

The examples in this set of Exercises are well-known theorems or 
very obvious deductions from such theorems ; for information on the 
sources of these theorems the student is referred to Nielson’s Handbuoh, 


i. losix*)-!' «(*)>»■ 

4. If 0<Ji(*)<l. 

(i) "y+ 

(a) 

6. If OT and n ai® positive integers with no common factor and m less 
than n, show from Ex. 2 that 

2x 


O.A.Ce 
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aad, by integrating the fraction, prove that 

- 1)+ y= -logn-|oot?^+ g oo8(?J^)log(28in^). 

[This method of proving Gauss's Formula (Gauss's Werke, IH, 
p. 157) is laborious ; for other methods see Nielsen, p. 20, or Bromwich, 
Inf. Series (2nd Ed.), p. 522, Ex. 43.] 


6. 2 log r(a;) +log r(l -a;) 


0 <ar< 1. 


7. If 0<aj< 1, 

- ar)« — 


(i) 








,..v , A ^ shi 2n7tx 
(n) 

3 / 2njt_ y 2nc +log n 


L\i 


V4n*Ji* + t® 2n3T/ e 2n7r 

where y is Euler's Constant. 

8. Deduce from Examples 6 and 7 that, if 0< .r< 1, 

r.) !!ioerw+i.g(s^)-4g)^-''‘'«^±l‘>*’?™2»», 

(ii) log r(a;) = ( J - »)( y +log 2) + ( 1 - a:) log :;i - J log sin nx 

+ ?^^J^sin 2nnx 


11-1 


nn 


={i ~®)y + (!“») log w - J log sin w:a? 




log 2n 


9. If 0< a;< 1, show that 


n«*l 




sin 2n:Ta; . 


- . 1 « XT' cos 2n7ix 

log sm 9KC = -log 2 - 2^ — ^ — , 


and deduce that 


(i) I log (sin nx) • sin 2nnxdx=0; 

Jo 

(ii) log (sin TOs) . cos n«* da = { o, 

10. Prove the following relations : 

(i) £ log IX*) . sin SnnadtB » ” ; 

(ii) I'loglX*) . COS 2nnxdxs=i-^, 

For developmeats where v’(^) takes the place of log r(a;) see Nielsen, 
HanUbui/^^ pp. 202*204. For example, if 0< rr < 1, 
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EXERCISES XXn 


11 . v(« ~ 1) sin jKc cos JKC + (y +log 2 jt' sin Tie 

CO 

~ (nT l) 1)^. 

12. If ^(a;)= * ^ > 0, prove that 






’) 




;> X>1. 


.{I +«*)*’ 

13. Prove the following properties of fi(x ) ; 

(i) ^(*) + ^(i +*)=!; (ii) /J(») + ^(i-*)=g.j^; 

(iii) fi(z) =i { V'(^-) - V'(^— )} =V(*) - v(|)+i -log 2 

(iv) jJ(l)=log2; (V) iJ(i)=|. 

14. Deduce from Ex. 12 tliat 

(i) 8' 

.C(|-erlri)T*=i^°8l- 

16. KK*) = ^^{ j:^-log(l + “)}. U(a:)>0, prove that 
1 f* 


tdt 

,(*»+«•)(€»’" -1) 


Deduce the relations : 

(i) >-(*) + v(*) =log * + J ; (ii) v(x) +‘^ 

(iii) = ¥>(») - log « - ^ ; (iv) *-(1) = y ; 

(v) v(J) = y+log2. 

16. Verify that 

/*(») {(*+♦* + log (l + - l) • 

»«o 
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it 




tove that 

'i) M*)-M2a:)=2 


tan*"^ 


£ 
X 


dt 




Lofi. 


(n) v(x) - 2 v(2*) =2 ; 

(iii) 

19. |V»*t»-»log<*=5^|v(*-l)-logy J, 

20. r(») =|*e-‘(< log tdt, a: > 0. 

,, r{a!)r('s/)_l y-1 . (v-l)(y-2) (y-l)(y-2)(y-3) *>0, 

r(a!+y) ~a:“a; + l 2l(a! + 2) 3!(a: + 3) ’y>0. 

22. By using the expression for F(cl, j?, y, 1) in terms of Gamma 
Functions, prove that, if a; > 0, 

/ T{x) 1 ^I«.3«. 5«....(2y-1)« 1 

\r(i>J)/ 4.8.12....4r a;(» + l)(a: + 2) ... (a? +r)* 


23. If n and p are positive integers and x>0, show that 

where /(() is the function 

. ne-* «-*’**(! 

[n(ya!- 1 ) + ip{n - 1 )]e-« - ^ jf — » 

so that/(n<) may be expressed in the form 
r np-n-^p nn n 

|_»pa:+ 2 ^Je i+fi _e-n«)(i _«-»«)♦ 

24. In Ex. 23 interchange n and p, and take the difference of the two 
sums; then 

«-i . p-j- , 


|j,iog r(n*+5 


/ 




npx-^ 


f 00 £r^i - e*"*** 


dt 


np-n 

+ *^ -» jogg + _p) log y^(2j»). 

(Sm i 167. Ex. 1.) 
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26. Deduce from Ex. 24 that 


This generalisation of Gauss’s Multiplication Formula is due to 
Schobloch (Nielsen, l.c. p. 198) ; p = 1 gives Gauss’s Formula. 


EXERCISES XXm. 

, (1 **(1 -*)»<& 1 
■ 'o' {■l+»)'‘ 

ri .^/l + X*) 1 

“• )o mmn 

dx r(n + l)r(n + l) 

3. I /, i\*n r(2n + l) 

4. {*(l + 8in»)"»(l-sin*)«d*==2’»+»R(»»+i, n+t). 


5. cos X log (cos x)dx ~ ~ 

- .r . , fix«(l-x»)(l-x«) dx 

6. Inthemtegral iS^xV 

let a: =f® and prove that, ifa + l>0, o+6 + l>0, . 

fi r(a + g)r( a+6 + l ) 

Jo (1 + Olog^ ““ ^^r(a-f l)r(a+6 + f)* 


7. Deduce from Ex. 6 that, if «. >0, p >0, 


ajO-l - qjp-l 

lo(l+x)log* 
and that, if c> 0, 


r. 


dx ^ log • 


j*e-«tanh« j=log | + 21og {r(|)/r(-J^)} • 

8. If the argument of each G amm a Function is positive, show that 
fia!<»( l-x»Kl-x«)(l-x*) dx 

Jo 1 -X log(l/*) 

, rfa4.1inffl+6+o + l)r( o+6+d-f l)r(a+e+d + l) 

r(a+6 + l)I’(o+o'+l)I'(o +d + l)r(a+6 +o +d + 1) 
Deduce that 
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9. From Ex. 8, or otherwise, show tiiat if e > 0, 

( 1 _ aech «) y = - log I + 2 log {r(^) j r(^)} . 
10. If a + 1 is positive, show that 

io =l 08 (« + 3) - 2 log (o + 2) +log (o + 1), 

and, generally, if n is a positive integer, 

= ^(-l)%C',log(»+o + l-r). 

[See Exercises XXII, 12, 13.] 

Deduce that 

)o cosh« 4 4 /}’ 


[OHs 


12. Prove that, if - 1 < a < 1, 

— Lih2. 

f* aiDh«ig da;_p t ^ 

)o cosh a? X )o il + t)iog {llt) * 
and apply Ex. 6 to prove that the integral is equal to 



Deduce by di^erentiation 
f* <^Qshaic 
Jo sinha; 


of the above integral that 
da?sr>BeC'^, 0<a.<l. 


13. If a and b are positive and the integral 

convergent, prove that the integral is equal to 

® Jo 

If a, 6, (o+6-c) are all positive and n+J >0, show, after cha n g in g 
the variable from x to t, where x^t^Hl +<*)> that 

pspn 

)o ~ p{c + (a + ^)*)» +* r{n + 1 ) • 

where a«slo^(g j?=l(o+6 -c)*l. 
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14. Prove that 


dx fi x^dx jnt)]*, 

;i -**■) ”4V(2jt) ’ Jo >/(l -*•) n/(25») ' 


' ' Jo^'(l-i^)"4V(2«)’ 

Jo ^/(l +*«) 8Vn 


16. If a., o, 6, wi, n, p are aU positive, show that 

jo^jo (a+cw!+62/r^"^»^‘ 
r(m)r(w)r(p) ^ m n f\ L___. 

'‘r(»n +n +p + 1) \n. 4 o (JL +6 a-J (a+a)"*(<x.+6)’'«.>' 

16. If the constants are all positive, prove that 

Jo Jo (oL + px+yy)^ 

_ f* f"® ^-i.ax+hy)^A<^-¥P»+vy)ex”^’^y^~^z^-^ dxdydz 

~ T(p)]q Jo Jo 

_r{m)r(n) f« e- gggP-idg 

^ ““r {py j 0 (a + pz)^ (b + yz)^ ‘ 

Extend the theorem to the case of n variables. 

17. The density at the point (x,y,z) of the soUd bounded by the 
ellipsoid x»/a* +y*/«>* +*’/«* = I « 

6* c»j 

where « is constant and n is positive. Prove that the mean density of 
the soUd is 3p2*»-* {r(n)}*/(2n + 1) r(2n). 

18. If the variables a:,, a:,, ... a:„ are such that 

0:^®J+a!|+ — 

. ™ ... mnv be chanired to new variables 

prove that the variables a:,, a: a:„ may oe crmngeu tu 

fi, h>-’ fn (see § 134, Ex. 6) so that the mtegral 

II ...|E(Oia!i +Oja!» + ... +o^„)da:ida!2 ... da!„ 

Adn«co»» 

.h». t.iw+.4+-+'4)‘i *»■* «sa+i!+-+«s ' «' 

and then show that the mtegral is equal to 

rr(^)]"-» .1 F(kSi)(l-!!) * 


19. If in Ex. 18 the integrand is 

f (o,*i +o^» + ••• ^ 

prove that the integral becomes ^ 
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20. If in Ex. 18 and Ex. 19 the function F{k(i) is unity, show that 
the values of the integrals are respectively 


r(l+‘) '(t) 

21. If the region of integration is the octant of the ellipsoid 

a:*/a* +y*/6* +**/c* == 1, 

for which and if a, bi, are positive, prove that 

i^dydz o6c 

(tt. +01®* + 6^2/* + 6 aV{(a* + OiO*)(a- +6i6*)(a +CjC*)} * 

22. If the variables are never negative and are such that the sum 
of their squares lies between 0 and 1 (0 and 1 included), prove that 

Ul+*V [r(i)3»' 

23. Prove that 

where the region of integration is bounded by tho sphere x* +2* =a' 
(not merely that octant for which the coordinates are positive or zero). 

24. If I7 = p(*e a>0, 

Jo Jo 

prove that 

g=-3cr, j7=r(f)r(f)e-*»=^«-*«. 

In the integral obtained by differentiation let (^^a^lxy and change 
from X to { ; the integral-when thus transformed is U. 


26. liU 

Too Too foo 

= 1 \ ... \ e-^Odxidx2.,.dx^^i, 

JO Jo Jo 

where 

Jp'ssar, +X| + ... + ,a>0, 



and 

1_1 l.i 

Ossasj* *, » , 

prove that 

^=-nt7, C7=0er»«, 

and 




503 


XV.] BXEBCISBS XXHI 

26. If n> 0, the volume within that part of the surface 
(*/o)"+(y/6)"+(*/c)" = l 

which lies in the first octant is 
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Abel, 491. 

Abel’s, inequality, 157. 
test, 157, 159. 
theorem, 162, 187. 
theorem for integrals, 385, 437 . 
Addition, 10. 

Admissiblo values of variable, 40. 
Aggregate, 25. 

Analytical continuation, 133. 
Andoyor, 201. 

Angle, solid, 366. 

Approximations to numbers, 15. 

Arc to chord, ratio of, 295. 
Archimedes, 9. 

Area, element of, 312, 314, 326, 329, 
352. 

measure of, 298. 
of closed curve, 299. 
of curved surface, 325. 
sign of, 358. 

Argand diagram, 173. 

Asymptotic expansion for log r(a;), 
484. 

Axes, change of, 329. 


Base e, 45. 

Bateman, 143. 

Bell, 128, 328, 354, 371. 

Bernoulli’s numbers, 239-241, 475. 
Bertrand, 456, 466. 

Beta f 'motion, 388, 389, 431, 462. 
Binet’s function /x (»), 481, 484. 
Binomial series, 185. 

Bdcher, 212. 

Bolzano-Weierstrass theorem, 3^. 
268,310,842. 

feomwich, 2, 161, 163, 167, 160, 161, 
165, 189, 187, 201, 213, 226, 238 
396, 443, 466, 463, 478, 486, 496 


39, 196, 201, 877, 481. 


Cauchy's, condensation test, 155, 
first and second theorems, 39. 
integral test, 403. 
tost for sequences, 36. 
test for series, 157. 

CesAro, 53, 165. 

Oesaro’s theorem, 164, 251. 

Change of axes, 329. 

Change of parameters, 330. 

Change of variables in partial deriva- 
tives, 112. 

Chord to arc, ratio of, 295. 

Chrystal, 2, 3, 12, 15, 19, 155, 180, 
209, 217, 235, 238, 241, 244. 
Clausen, 172. 

Closed interval, 17. 

Closed region, 95, 96. 


Columns, 324. 

Complex functions of a real variable, 
181, 397. 

Complex numbers, 173. 
Condensation, point of, 32, 95. 

o in 17. 41. 68-62. 97, 


100-102. 

of integral with respect to a para- 
meter, 304, 415-418, 440. 


uniform, 61, 100. 

!ontinuum, 17. 

Jonvergence of integrals, 376-386, 
408-414. 

absolute, 378, 411. 


uniform, 411. 
uniform in general, 413. 
Convergence of products, 224-236. 
absolute, 227. 

Tannery’s theorem for, 
tests for, 226. 

uniform, 232. i 7 q 

Convergence of senes, 161-164, 173- 
176, 403. 






absolute, 174. 
oonditioi^r 163. 
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CSonvergenoe of series : 
of complex terms, 173. 

Tazmery’s theorem for, 161, 175. 
tests for, 153-158, 403. 
uniform, 158-163, 187. 
Correspondence of number and point, 
1, 16, 25. 

Curve, auxiliary, 409. 
composite, 293, 299. 
of izifinite discontinuity, 408. 
on a surface, 327. 
quadrable, 300. 
rectifiable, 291, 300. 
tangent to, 295, 328. 

Curvilinear integral, 296. 

D’Alembert’s test, 157. 

Darboux, 235, 237. 

Darboux’s theorem, 261, 311. 
Decimal r^resentation, 14. 

Dedekmd, 22. 

Dedekind’s axiom, 2. 

Dependence of functions, 142-146. 
linear, 90-92. 

Derangement, of a product, 230. 

of a series, 151, 166, 175. 
Derivatives, 63, 64, 66. 

change of variables in, 112-120. 
higher, 78-84. 

of complex functions, 181-183. 
of determinants, 88. 
of implicit functions, 134. 
of inverse functions, 68. 
of 46. 
partial, 103-120. 

Determinant, derivative of, 88. 

Hadamard’s, 219. 

Difierential equations, 120-122. 
DifEerentials, 75-77, 105-112. 
higher, 76, 109. 
total, 107. 

Difierentiation, of I>agrange’8 ex- 
pansion, 204. 
of product 233. 

under the integral sign, 307, 426, 
451. 

Digamma function, 248. 

Dini, 473. 

Dirichlet, 492. 

Diriclilet’s, formulae, 334. 
test, 158, 160, 187. 
test for integrals, 386, 438. 
theorem on derangement of series, 
151. 

Discontinuity, 62. 
admissible, 273, 317. 
conre of izifinite, 408, 412. 


Discontinuity, line of, 303. 
normal, 304. 

of integrand, 273, 303, 315. 

of the first or second kind, 63. 

planes of, 344. 

point of, 273. 

point of infinite, 408, 412. 

removable, 62. 

Division, 11. 
by a series, 192. 
consecutive, 257. 
of area of integration, 312. 
of interval, 257. 

Element, of sequence, 25. 
of set, 25. 

Element, of surface, 329. 

of volume, 343, 353. 

Elimination of functions, 120-122. 
Elliptic coordinates, 371. 

Equality, 7. 

Ermakofi’s tests, 406. 

Euclid, 9. 

Eudoxus, 9. 

Euler, 177, 236, 242. 

Euler’s, constant, 51, 246, 404, 478. 
numbers, 244. 

Existence theorems, 131, 134, 139, 
191, 192, 207. 

Exponent of a power, 18. 

Exponential function, 42, 46, 175, 182. 

periodicity of, 177. 

Extension of range of definition of 
function, 49, 400. 

Factorisation of function of two 
variables, 209. 

Fluctuation of function, 263. 

Forms, algebraic, 209-213. 

Fors^h, 119, 122. 

Fourier’s double integral, 464. 
Frobenius, 165. 

Frullani’s integral, 395. 

Functions : 
arbitrary, 121. " 

bounded, 29 («ee also under bounds), 
complex, 181-186, 397. 
continuous, 56, 268 {see also under 
continuity). 

dependent, 90-92, 142-146. 
difierentiable, 63, 64. 
discontinuous, 62, 63 (see also 
under discontinuity), 
ei^axision in series of, 190. 
extension of range of definition of, 
49. 

factorisation of implicit, 209. 
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FunctioxiB: 

impUcit, 130. U2, 206-209, 219, 363. 
independent, 90, 142. 
integrable, 265-276, 314-317, 344, 
378, 379, 382-386. 
inverse, 44, 67, 142. 
limits of, 40. 
monotonio, 28, 263, 269. 
of functions, 66, 102. 
of several variables, 94-122, 130-147. 
osoillation of, 66. 
region of definition of, 94, 96. 
strictly decreasing, 29. 
strictly increasing, 29. 
values of, 41, 07. 
with limited variation, 263, 269. 
(See also under Exponential, 
Beta, Gamma, Logarithmic, Hy- 
perbolic, Hypergeometric, and 
Trigonometric functions.) 


Gamma function, 246-254, 398. 
as an integral, 398. 
asymptotic expansion for log- 
arithm of, 484. 

Gauss’s multiplication formula for, 
252, 483, 490. 

integral for logarithm of, 480, 
487. 

integrals expressible in terms of 
489-495. 

. Tni-nimtim value of, 488. 
product formula for, 246. 

Gauss, 31. 

Gauss’s, multiplication formula for 
r(wi«), 252, 483, 499. 
n -function, 247. 

‘^-function, 248, 249, 486, 496. 
tost, 164. 

Godefroy, 489. 

Goursat, 87, 131, 143, 201, 263, 264 

Green’s theorem, 336, 
general theorem, 360. 


Hadamard’s deter min a nt , 219. 


Halphen, 86. 

TrJ dyr 2, 171, 394, 896, 397, 466, 478, 
Heath, 9. 

Henoite, 72, 201, 203, 488. 

HeMiait, 147. 


Baton, 213, 467. 

Hobwm, 2, 6, 9, 12, 64, 180, 217, 238, 


828,408,411. ___ __ 

Hypwholio fuaotioiia, 178, 286, 287, 
239. 

Hvpemometrio function, 166, 261 
477, 478. 


Index of a power, 18. 

Inequalities, 19, 47. 

Inequality, 8. 

Infi^tesimals, 76, 105. 

Integrability of a function, condition 
of, 265, 314. 

Integrable fimctions, 265-276, 314- 
317. 

Integral : 

as function of a parameter, 302- 
309, 411-415, 426, 436-444, 451. 
as measure of an area, 298. 
curvilinear, 296, 308, 335, 359. 
differentiation of, 279, 307,426,451. 
finite, 375. 

Fourier’s double, 464. 
generalised, 375. 
indefinite, 280. 
infinite, 375. 
integration of, 308. 
of complex function, 181, 183, 
397. 

proper, 375. 
proper double, 408. 
quadruple, 345. 
surface, 365, 368, 360. 
triplo, 343. 

volume, 343, 353, 360. 

Integral, definite, 264, 266, 267. 
as a function of its limits, 279. 
change of variable in (eee under 
transformation of integral), 
continuity of, 279. 
continuity with respect to a para- 
meter of, 304. 
properties of, 276. 

Integral, double, 310-323. 
change of variables in, 332, 345. 
reduction to repeated mtegrals of, 
317. 

Integral, improper, 376-391, 

Abel’s theorem for, 385. 
absolute convergence of, 378. 
as function of its Umits, 384. 
as limit of a sum, 401. 
change of values of integrand in, 

380. 

change of variable in, 380, 388, 
428. 

comparison test for, 391. 
continuity ynih. respect to a para- 
meter of, 416, 440. 
convergence at a singular point ol, 

381. 

convergence at infinity of, 381. 
convergence of, 376. 
differentiation of, 426, 461. 
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Integral, improper : 

Diriohlet's theorem for, 386. 
limit with respect to a parameter 
of, 441, 443, 444. 
mean value theorems for, 387. 
oscillating, 378. 
principal values of, 377, 378. 
singul^ integrals at singular points 
of, 380. 

singular points of, 375. 
tests for convergence of, 381, 382. 
transformation to proper integral 
of, 380. 

uniform convergence in general of, 
413, 436. 

uniform convergence of, 411, 436. 
with range finite, 376. 
with range infinite, 378, 436. 
Integral, improper double, 408-430, 

' 440, 445, 463. 

absolute convergence of, 411. 
change of variables in, 430. 
continuity of, 416, 440. 
evaluation of, 429. 
with infinite limits, 445, 463. 
Integral, multiple, 342. 
improper, 430. 
standard form for, 349. 

Integral, repeated, 317-323, 344, 416- 
426, 445-449, 458-463. 
with one limit infinite, 445. 
with two limits infinite, 458. 
Integrals, upper and lower, 265, 312, 
343. 

Integration by parts, 284. 
Integration, change of order of, 308, 
318, 418-426. 

Integration of series, 468-475. 
Integration, Riemann’s theory of, 264. 
Interval, 17. 
closed, 17. 
division of, 257. 
method of the decreasing, 32. 
open, 17. 

Inversion, 44, 142, 179. 

JcMobi, 81. 

Jacobian, 108, 136-147, 350-354. 
Jordan, 217, 291, 292. 

Kelvin, 128. 

Kepler^s equation, 201, 203. 

Knqpp, 173. 

Kunmier^s test, 153. 

jUgraxige’i, eipatisioa, 198405. 
identity, 83. 


Laisant, 242. 

Lambert's series, 172, 173. 

Lampe, 223. 

Laws of operation, 9-12. 

Lebesgue, 264. 

Legendre, 247. 

Legendre's, coefficients, 84, 170, 189, 
205, 288. 

transformation, 119. 

Length of curve, 291, 292. 

Limiting points, 32, 95, 273. 

Limits, 2$, 32-42, 47, 96. 
existence of, 36, 39, 99. 
maximum and minimum, 34, 35. 
of indetermination, 35, 36, 90, 100. 
theorems in, 45. 

Liouville, 492. 

Lipschitz's condition, 72. 
Logaritlimic, function, 44, 46, 178, 
183. 

series, 184. 

Maclaurin, 403. 

MacRobert, 170, 201, 289. 

Maxima and Minima, 211, 216. 
absolute, 218. 
of implicit functions, 219. 

Mean, arithmetico-geometric, 31. 

arithmetico-harmonic, 31. 

Mean value, theorem of, 70, 105. 

integral theorems of, 277, 316, 387. 
Mellin, 255. 

M4ray, 2. 

Meshes, 310. 

Molk, 235, 237, 244. 

Monotonic, function, 28. 

sequence, 29. 

M-test, 159, 187. 
for integrals, 437. 
for products, 232. 

Multiplication, 11. 
of series, 169. 

Multipliers, undetermined, 193. 

Neighbourhood, 58r94. 

Nielsen, 78, 241, 275, 489, 496, 496, 
499. 

Normal, 328. 

positive and negative direotionc 
of, 357. 

Null sequence, 28. 

Number, 1, 3. 
absolute value of, 11* 
ap|»rozimatkms to, 15. 
ocmespondenoe of, to point, 1, 16. 
decimal re{»eeentaticm of, 14* 
irrational, 1, 3, 6, 8, 15. 



INDEX 


609 


Number, natural, 3, H, 
negative, 7. 
positive, 7. 
rational, 1, 3, 6, 8, 16. 
real, 6-17. 
zero, 7. 

Numbers, sections of, 12. 

Open interval, 17. 

Open region, 06, 96. 

Oscillation of a function, 66, 266, 
267. 

Ostrogradsky, 361. 

Parameter, integral as function of, 
302-309, 411-416, 426, 436-444, 
461. 

Parameters, change of, 330. 

Partial fractions, expansion of func- 
tion in terms of, 236, 239. 

Peano, 211,217. 

IT-funotion, Gauss’s, 247. 

Point, 94. 
admissible, 99. 

correspondence of ntunber and, 
1, 16, 26. 

limiting, 32, 95, 273. 
of condensation, 32, 95. 
of discontinuity, 273. 
of infinite discontinuity, 408, 412. 
singular (see under singularity). 
Poisson, 433. 

P61ya, 406. 

Poussin, 291, 411, 430, 436, 438, 446, 
461, 463. 

Power, 18. 

generalised, 180, 183. 

Power series, 190-206. 
substitution of a power series in 
a, 100. 

Pringsheim, 464. 

Products, infinite, 224-236. 
convergence of (see under conver- 
gence of products), 
derangement of factors in, 230. 
difierentiation of, 233. 
for Gamma function, 246. 
for hyperbolic functions, 236. 
for trigonometric functions, 236. 
^.function. Gauss’s, 248, 249, 486, 
496. 

Quantic, 210. 

Eaabe’s test, 154. 

Eeotification of curves, 291, 300. 
Regions, sequenos <rf debasing, 97. 


Reversion of series, 104. 

Kiemann's theory of integration. 
264. 

Rodrigues, 81. 

Rodrigues’ formula, 84. 

formula for P^ix), 206. 

Rollers theorem, 68. 

Roots, 17. 

Rouch6, 201. 

Schaar, 488. 

SohlOmOch, 78, 86, 222, 301, 339, 
483, 484. 

Schobloch, 499. 

Schwarz’s inequality, 23, 289. 
Section, 2-9, 12. 

Sequence, 25, 34. 
limit of, 28, 36. 
monotonic, 20. 
notation for, 26. 
null, 28. 

of decreasing regions, 97. 
of intervals, 31. 

Series (aee under convergence of 
series). 

binomial, 186. 

CoB^ro’s theorem for divergent, 
164, 251. 

derangement of terms of a, 151, 
166, 176. 

division by a, 192. 
integration of, 468-475. 
logarithmic, 184. 
m^tiplication of, 169. 
power (see under power series), 
reversion of, 194. 

Serret, 201, 202, 206. 

Set, 26. 

bounded, 26, 32, 99. 
finite, 26. 
infinite, 25, 258. 
limiting point of, 32-34, 95. 
point of condensation of, 32, 96. 
Singularity, 376, 376, 381. 
removable, 389. 

Stirling’s approximation, 56, 484. 
Stokes’s theorem, 368. 

Stolz, 217, 430, 433, 463. 
Subtraction, 10. 

Sums, upper and lower, 259, 310, 
842. 

Superposition of divisions, 267. 
Surface, area of a curved, 325. 
curves on a, 327. 
element of a, 329. 
integrals, 356, 358, 360. 
non^ to a, 328, 367. 
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Smfaoe, positiire and negative side 
of a. 357. 

SzegO, 406. 

Tait, 434. 

Tannery, 235, 237, 244. 

Tannery’s theorem, 161, 175. 
for integrals, 443. 
for products, 234. 

Taylor’s theorem, 1 10. 

remainder in, 209, 213, 

Tisaerand, 74, 75, 78. 

Todhunter, 221, 334. 

Transformation of integral, 284, 332, 
345.355, 380, 388, 428, 430. 
Transformation of Laplace’s equa. 
tion, 362. 

Transformation, orthogonal, 354. 
Trigamma function, 248. 
Trigonometric functions, 176, 182. 
infinite products for, 235. 


Trigonometric functions, inverse, 170, 
183. 

series of partial fractions for, 236* 
238. 

Tweedie, 55. 

Variable, continuous, 1, 17. 
Variation, limited, 263, 269. 
total, 263, 264. 

Volume, element of, 343, 353. 
measure of, 324. 

Wallis, 54. 

Watson, 201, 399. 

Weierstrass, 2, 32, 159, 209, 247. 
Whittaker, 201, 399. 

Wolstenholme, 476. 

Wronskians, 91.93. 

Zero, 7. 




